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Forewords

The 10" CzECH-SLOVAK CONFERENCE ON GEOMETRY AND GRAPHICS
took place in Pilsen, the capital of the West Bohemian region, from Sep-
tember 9 to 12. This year the conference was hosted by the Faculty of Ap-
plied Sciences of the University of West Bohemia. Continuing a recent
tradition, it was held as a joint event combining two long-standing confe-
rences organized by national societies for geometry and graphics: the 44th
CONFERENCE ON GEOMETRY AND GRAPHICS from the Czech Republic
and the 33" SymposiuM oN COMPUTER GEOMETRY SCGG 2024 from
Slovakia. This partnership strengthened the collaborative spirit of the
Czech-Slovak community in these disciplines, allowing participants to en-
gage in cross-border exchanges and strengthen professional connections.

About 40 participants from four countries — the Czech Republic, Slovakia,
Austria and Spain — came together to immerse themselves in a compre-
hensive and intellectually stimulating conference program. This program
spanned various disciplines within geometry and graphics, featuring 26
contributed talks that covered a wide range of topics, including applied
and pure geometry, computer graphics, and the educational aspects of te-
aching geometry. The diversity of the presentations provided valuable in-
sights into both theoretical foundations and practical applications of these
fields.

In addition to the contributed talks, participants were treated to three
engaging invited plenary talks, each exploring different facets of geometry
and graphics. These plenary sessions offered fresh insights, making them
a highlight of the conference and broadening participants’ perspectives on
fundamental theories, applications, and didactic issues.

JAN LEGERSKY from the Czech Technical University presented his lecture
on Paradoxical Flexibility: Frameworks and Polyhedra. His talk delved into
the theory of rigidity, specifically whether a bar-joint framework — a graph
realized in d-dimensional space — can undergo continuous deformation
while preserving the distances between adjacent vertices. This topic high-
lighted the fascinating connection between combinatorics and geometry,
along with its extensions.

PAVEL CHALMOVIANSKY from Comenius University in Bratislava delive-
red an invited lecture titled Bridges and Differences of Differential and
Algebraic Geometry. He explored concepts that bridge these two fields,
such as Euler characteristics, genera, and the second fundamental form
related to curvature. Despite the complexity of the general theory, he pro-
vided elementary examples illustrating the intersections and differences
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between differential and algebraic geometry.

JAROSLAV HRDINA'’S talk focused on the role of geometric algebras in ap-
plications and education. He explained that the algebra of quaternions,
essential in computer graphics, offers a faster alternative to matrix cal-
culus. Geometric algebras, increasingly applied across various fields, use
elements of the Grassmann algebra to represent geometric objects and
transformations. This approach leverages multivectors and the ,,sandwich
product” for efficient Euclidean transformations, similar to quaternions
and dual quaternions. Hrdina demonstrated the fundamental principles
of geometric algebras and outlined how they could be incorporated into
an introductory course in analytic geometry.

The conference participants had a memorable experience exploring the
historical center of Pilsen. They enjoyed the sights around the beautiful
central square, which is surrounded by charming streets, colorful facades,
and significant landmarks, such as St. Bartholomew’s Cathedral and the
Renaissance-style City Hall. The setting added a sense of timelessness
to the event, allowing participants to immerse themselves in the city’s
rich architectural and cultural history.

The conference sessions were held at the Museum of West Bohemia, which
provided an inspiring and historic backdrop with its unique genius loci.
The museum’s displays and ambiance contributed to an environment rich
in knowledge and cultural heritage, fostering engaging discussions and a
vibrant exchange of ideas.

As part of the program, attendees enjoyed an excursion to the Plasy Mo-
nastery. This former Cistercian monastery, located north of Pilsen, is an
architectural gem known for its Baroque style and intricate water ma-
nagement system designed by architect Jan Blazej Santini-Aichel.

We would like to invite you to attend the next joint event — the 34th
SYMPOSIUM ON COMPUTER GEOMETRY SCG 2025 and the 45" Con-
FERENCE ON GEOMETRY AND GRAPHICS — which will once again be or-
ganized by representatives from both societies for geometry and graphics.
This event, the 11" SLovaKk-CzECH CONFERENCE ON GEOMETRY AND
GRAPHICS, will be held September 8-11, 2025 in Bratislava, the capital
of Slovakia, a city known for its rich history and vibrant cultural scene.

Praha & Bratislava, November 25, 2024

Zbynék Sir Daniela Velichové
chair of CSGG chair of SSGG
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Very short introduction to Projective
Geometric Algebra.

Jaroslav Hrdina

Institute of Mathematics, Faculty of Mechanical Engineering,
Brno University of Technology
Technickd 2896/2, 616 69 Brno, Czech Republic
hrdina@fme.vutbr.cz

Abstract. Projective Geometric Algebra (PGA) is an effective nota-
tion combining homogeneous coordinates and dual quaternions. It is,
therefore, becoming popular in areas using Euclidean transformations,
especially in computer graphics and robotics. The text presented is a
soft introduction to this topic, using examples of analytic geometry to
present the concepts.

Keywords: analytical geometry, geometric algebra, projective geometric
algebra

1 Introduction

This text aims to provide the reader with an easy insight into calcula-
tions based on projective geometric algebra (PGA). The PGA algebra
combines three principles: the effective use of scalar and vector products,
homogeneous coordinates, and rotation by quaternions H. The text is
freely based on books [7, 6] and text [3] plus videos on the community
server bivector.net. These sources differ in terminology and technical
details, but they have a common focus on the geometric essence of PGA.

The concepts of GA are associated with the four famous mathematics
from the nineteenth century. In the years 1843, 1844, and 1865, three
essential discoveries were made. The concept of Pliicker coordinates was
established in 1865. Julius Pliicker (1801 - 1868) was a German mathe-
matician and physicist. He made fundamental contributions to the field of
analytical geometry. The idea of Grasmannian algebras came form 1844.
Hermann Giinther Grassmann (1809 - 1877) was a German mathemati-
cian, physicist, general scholar, and publisher. His mathematical work
preceded and exceeded the concept now known as vector space. Quater-
nions are sometimes called Hamiltonian numbers. Sir William Rowan
Hamilton (1805 - 1865) was an Irish mathematician, astronomer, and
physicist. Hamilton made his discovery of the algebra of quaternions in
1843.

In 1878, W. K. Clifford published a work, building on Grassmann’s ex-
tensive algebra. He unified the quaternions, developed by William Rowan
Hamilton, with Grassmann’s outer product. William Kingdon Clifford
(1845 - 1879) was a British mathematician and philosopher. Building
on the work of Hermann Grassmann, he introduced what is now termed
geometric algebra.
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Fig. 1: Julius Pliicker, Hermann Giinther Grassmann, Sir William Rowan
Hamilton, William Kingdon Clifford (photo: Wikimedia Commons)

2 Pliicker‘s good old times

In a basic course in analytic geometry, three products are usually defined
in coordinates. We call them scalar -, vector x, and mixed [—] product.
In the case of R?, the definitions have the following standard form

UV = UgVp + UyVy + U Vz,
Uy Uy

U Xv=
v
w1, W2 wWs

[u,v,w] = (uxv) w=|u uz wusl,
V1 U2 V3

Up Uy
Vg Uy

Uy Uy

Vg V|’

y Uz

where | | is the definition of the determinant. Using these products, we
can describe linear objects. If the plane is defined by a point ps and a
normal vector n, the point p; lies on the plane when n- (p; — p2) = 0, and
after a short computation, we get the well-known equation n-p; —n-py =
n-p; —d = 0. If the line is defined by a point py and a directional vector v,
the point p; lies on the line when v x (p1 —p2) = 0 and again, after a short
computation, we get the well-known equation v Xp; —vXps = vXp1—m =
0. These considerations lead to the so-called Pliicker coordinates, which
are invariant to the multiplication by a non-zero scalar and which are
normed as {n,d}, |n| = 1 for plane and [v,m], |n|?> + |m|?> = 1 for line.
With the help of a simple example, we will show how the coordinates can
be used. Consider three (linearly independent) planes {ni,d;}, {na,da}
and {ns,ds}. Their intersection is then the solution of the system

—ny— P1 —d;
S~ ng — p2 | = | —da
—mn3—/ \p3 —d3
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where (« n; —) is a vector n; in the row. By straightforward compu-
tations, we can see that the inverse matrix of the system can be written
using the vector and mixed product, as

1
—ng = 1 ) ll T
—ng — = ————— | N2 XN3 N3 XN N1 XNy
—ng — (n1 X n2) - ng { \ 3

and the resulting solution vector is then in the form

d— dl(ng X 712) + dg(nl X 713) + dg(ng X nl)
(’/ll X Tlg) ‘N3

This is nothing more than a geometric notation of Cramer’s rule, but it is
shown that the consistent use of all products allows an efficient notation,
[7, 6].

If we use homogeneous coordinates (z,y,z) < (x,y,z,1) then the
equation of the plane g = {n,d} can be rewritten as

g-p=(ng,ny,n.,d) - (pz,py,=,1) =0, |n| =1.

Now, the distance of a point p from the plane g can be expressed as g - p,
the projection of the point p onto the normal n of the plane g as (g - p)n
and the projection of the point p onto the plane g as p — (g - p)n. Finally,
the reflection with respect to g can be expressed as P, (x) = p—2(g - p)n.

As was already said in the coordinates, the line is determined by two
vectors: the vector v is called directional, and the vector n is called mo-
ment. The problem is that the direction vector encodes the length while
the moment vector encodes the volume, as seen in the following example.
The line is defined by the two points s and ¢, i.e. the directional vector is
v = s — t and the moment vector is s x t. If we transform both points by
a linear transformation M we can easily see what linear transformation is
induced on the directional vector v and moment vector n.

M(v) = M(s) — M(t) = M(s — t) (1)
M(n) = M(S) X M(t) = (Sle + SyMQ + SZM3) X (tle + tyMg + tZMg)

= (sytz — Ssty) (Mo X M3) + (s.ty — sgt.) (Mg x M)
+ (Smty — Sytm)(Ml X MQ)
= jy iz (M2 X Md) + (zz ix (M3 X Ml)
y z z T
+ ‘Zm ‘zy (M x My) = (s x t)M*
z  ly




14 Jaroslav Hrdina

Calculations (1) and (2) show that the linear transformation on the di-
rection vector acts as a multiplication by matrix M from the left, while
on the moment vector, it acts as a multiplication by adjoint matrix M*
from the right. This nicely demonstrates that the directional and moment
vectors have different geometric natures.

3 Grasmann big revolution

In the previous chapters, we have shown that the geometric nature of
directional and moment vectors differs. A direction vector is a vector
connecting two points that determine a line. The moment vector is the
normal vector of the plane defined by the origin and these two points.

So, we should be able to decide whether it is a vector defining a line or
a plane. We therefore introduce Grasmann algebra AR?, i.e. the algebra
of all linear subspaces of R? = (e, e, e3). We introduce a product A on
R3 called wedge with the property uAu = 0, where v € R3. This property
then induces anti commutativity

(u+v)A(u+v)=uAv+vAu=>uAv=—vAu

on vectors. So we have operation A together with uAv = —vAu, u,v € R3,
distributivity and associativity, i.e. we have 23 = 8 dimensional vector
space

3
AR® = <1,61,62,63,61 A €9, €2 AN €3, €3 A €1,€1 Nea N\ €3>

equipped with multiplication A, i.e. associative linear algebra. We demon-
strate the multiplication with an example

(1+€1/\62)/\(€1/\62+€1/\€2/\€3)
=e; 1 Neg+egNea Nes+ep Nea Nep Neg+ep Neg ANep Aea Nes

=e1 Nex+ep Nea Aes.

Now, we must show how to use multiplication A to represent linear
objects going through the origin, i.e. linear subspaces of R?. We start with
a line passing through the origin. Such a line has coordinates ¢ = {v,0}
and

relesaxhv=0

because of v Aav = —av Av = v Aav = 0. So we can define a line as a
set

Aw) = {z € R® | z Av}.
Let’s think about what linear object then corresponded to the set A(7),
where m = v Aw # 0, i.e. v,w € R? are linear independent. If we express
any point x € R? as = x,v + T,w + 2, where z = 2 (v X w) we get

(L0 + 2w+ 2)AT=2A0vAW=0
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So z € A(m) & & = 2,v+ z,w and the set A(7) corresponds to the plane
{v x w,0}.

An additional on R®, we already have a scalar product u - v. With
the help of the scalar product, we define a new operation on the Gras-
mann algebra AR3, which we will call (left) contraction and denote by
the same symbol. The contraction of the vector x with the vector (line
passing through the origin) £ is defined directly as the scalar product x - £.
Contraction of the vector & and the bivector (the plane passing through
the origin ) m = u A v is defined as

z-(uAv)=(x-u)v—(x-v)u
and the contraction of two bivectors (planes passing through the origin)
as
(@ Ay) - (uAv) = (z-(y- (uAv))).
Through contraction, we can define linear objects passing through the ori-
gin as the following sets in the same way as in the case of wedge operation

A(n) ={z € R? z-n =0},
where n € R®. We see that A(n) represents the plane {n,0}. In the case

A(u A v) we have
z-(uAv)=(z-uwo—(z-v)u=0& (z-u)=(x-v)=0

and A(u A v) represents the line {u x v,0}. Together, we can see that

Alu Av) = Au x v),  A(uAv) = Alu x v).

The next step is introducing homogeneous coordinates to reproduce a
linear object that does not go through the origin. In Gramsann‘s formal-
ism, we add a point in infinity eg to receive AR, where R* = (e, e1, €2, €3)
and the point is represented as

T =ep+ x1€1 + X202 + X363 = €0 + T,
i.e wedge of two points
(eo+x)N(eo+y)=eoA(y—x)+z Ay

represents the line {y — z,z X y}, where y — x is a directional vector and
x Ay moment bivector. Note that a vector is a difference of two points
x —y € (e1,es,e3). A point plus a vector is a point, so we have affine
geometry.

Finally, we can see a point x as an intersection of three planes A(m; A
T2 A T3), 1.e. as a trivector

xres3 Neg ANeg+yer ANes ANeg+ zea Aep Aeg+e1 Aea Aes.

Now, for example, the origin can have two expressions ey or e; A es A e3.
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4 Hamilton on the bridge

The initial idea was to use complex numbers for rotations in the R? plane.
If we implement complex numbers C based on Moivre form

z = |z| exp(0i) = |z|(cos(0) + sin(6)i)

then it is easy to see that the multiplication by a unit complex number
exp(0i) realizes a rotation around the origin in C. Thus, the algebra of
complex numbers also contains Fuclidean transformations. The aim was
to create an algebra to realize the rotations in R®. On the day of 16
October 1978, Hamilton was walking along the Royal Canal in Dublin
with his wife when he discovered the solution in the form of the equation

P==k=-1, ij=—ji=kFk

If the point (x1,z9,z3) is realized as a imaginary quaternion z = z17 +
T2j + w3k, then the rotation about the angle 6 arround the axis n =
n1i 4+ noj + nzk is realized by means of a multiplication gxq, where ¢ =
cos(%) +sin(4)n and g = cos(§) — sin(g)n.

For example, rotation about the z-axis by the angle 6 corresponds to
the quaternion gy = cos( )—I—sm( )k and the following rotation of element

T = x11 + x27 + x3k is

g0z = (cos <g> 4 sin (g) k) (21 + 2] + wak)(cos (g) _sin (g) k)

(cos ( ) © +sin ( ) (1] — w2i — w3)) (cos (g) — sin (g) K)
( )x+sm< )cos (g) (21 — @i — 3)

~ sin (7> cos 7) (—21j + w2i — x3) — sin? (g) (1 + w2j — w3k)
(cos ( ) — sin <7>)(m + 225) + 2sin (g) cos <g) (21 — a2i)

+ a3k = cos (0) (x1i + z27) + sin (0) (x1j — x21) + x3k.

It is clear from the expression above that it is a rotation about the z-axis
with respect to 6.

5 Clifford‘s icing on the cake

Currently, we have Grassmannian algebra equipped with two operations,
wedge product u A v, and contraction u - v. At the same time, we know
how to use the quaternion algebra H for rotations of the space R3. The
last step in defining the GA is defining a geometric product representing
both operations. We define linear algebra

Gs = (1,e1,e2,e3,e1€2, €163, €263, €1€2€3)
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with multiplication determined by €3 = €3 = €% = 1, eiej = —eje; , 1 # J,
distributivity and associativity. So, for example, we can multiply two
elements as

(e1e2 + e3)(e1 + e1e2e3) = e1eze1 + e1ezerezes + ezeq + ezereqes
= —e9 — e3 + e3eq + ees.

In this linear algebra, using geometric product, we can define wedge op-
eration by rulles

1
uNv==(uv —vu),
1
uAvVAW = g(uvw—uwarku—vqurwuv—wvu).

So it is therefore the case that the base AR? is the same as the base G3
because of e;e; = e; Aej, i # 7 and ejejep = e; Nej Neg, @ # j # k.
Simultaneously, on the vectors R?, we can define a contraction

1
u-v= 5(uv+vu),

so we can look at GA as a Grasmann algebra and work with linear objects
defined in Grassman algebra.

The advantage is that geometric multiplication allows us to write for-
mulas more easily. In the operator P, (z) = x — 2(x-n)n of reflection with
respect to the hyperplane {n,0}, we use the definition of contraction by
the geometric product

1
Px)=z—-2x - n)n=x—2 <2(xn—|—mc)n>
=z — (znn +nxn) = — x — nrn = —nan.

So, the reflection with respect to the hyperplane {n, 0} is repressed by the
operator P,(z) = —nzn.

The rotation can then be seen by a series of reflections with respect
to the two hyperplanes {a,0} and {b,0}, i.e. (ba)xz(ab). For example

ab = (cos(a)e; + sin(a)eq)(cos(B)er + sin(B)es)
= cos(a) cos(B) + (cos(a) sin(B) — sin(a) cos(B))eres
= cos(a — B) + sin(a — B)ejea = exp(yeres)
= cos(7y) + sin(7y)eyes.

We can see that (ejez)? = ejeseies = —1 = exp(yeies) = ab, which
corresponds to a rotation about the origin in the plane {es, 0}. If we look
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closely at the bivector space AZR? = (eres, e1e3, ese3) then we see that
A?R? = ImH from the following straightforward computations
(e1€9)® = ereseren = —1, (ezer)? = ezejeze; = —1,
(e2e3)” = ezezeze3 = —1,
(e1ea)(eze3) = eres, (erea)(eser) = eses, (eser)(eses) = eres.

So we have identification eses <> i, e1e3 <> j, e1es +> k, and quaternionic

rotors 9 g 0
2m2 o\ = z in [ 2
n € A°R?) qexp<2n> Cos(2>+sm<2)n

in our algebra. Let’s see how this transformation affects objects in homo-
geneous coordinates on AR*. For example, by rotating the line based on
points z and y, i.e. £ =¢eg A (y —x) + x Ay, we have

qlq=qleo AN (y —x) + A\ y)q
= (qe0q) A q(y — =)q + (qzq) A (qyq)
=eo AN q(y — z)q + (qzq) A (qyq)
and we see that the output is a line determined by points (gzq) and (qyq)
and that is exactly what we expect.
As we have already said, the point is represented in homogeneous
coordinates as p = ey + xe; + yes + zes or as an intersection of three

independent planes p = m; A mo A m3. Now, we must expand the scalar
product to R*. The key is that we define

Gs,0,1 = PGA (Projective geometric algebra)

by choosing €2 = 0. The plane in homogeneous coordinates is determined
by the vector dey + n, where n is an unit normal vector and d is distance
from the origin. A translation can be defined by reflection using two
parallel planes

(d160 + n)(d2€0 + TL) =1+ eon(dl — d2) =1+ egt,t € Gs.

The origin can be defined as vektor eg, or intersection of three perpen-
dicualar planes ejeqses. If these representations of origin are transposed
we recieve
(1 + €0t)€0(1 + €0t) =€
(1+ egt)ereses(l + egt) = ereses + ereaezept + eptereses
— €1€9€3 — €1€2€3t60 + t€1626360
=eresez + (e1 Aeg Aes) ANt Aeg

= ej1€e9€3 + 2(t16263 —toerez + t3€162) N eg
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so the right representation of the origin is ejeses and the point is repre-
sented by embeding

(tl, tQ, tg) > €1€2€3 —+ 2(t1€2€3 + t2€3€1 —+ t36162) A €0.

So in PGA we can work with all linear objects as in AR? and at the same
time use rotation using the quaternions H. The corresponding represen-
tations in the algebra elements are summarized in the Tables 1 and 2.

Table 1: Representations of the PGA objects.

PGA | representation based on -

Point ei1eq2e3 + 2(t1€2€3 + t2€361 + t3€1€2) AN €o
Plane | deg + nie; + naes + nses

Line T A T2

representation based on A

Point | P =eg+ tieg + taes + tzes

Plane | Py AP, A P;

Line P1 AN P2

Table 2: transformations in PGA.

PGA Transformations

Rotation cos(5) + sin(Z)(niezes + noeres + ngeren)
Transaltion 1+ 5 (tiey + taes + taes)eg

General rotation (1 + %teo) (cos (%) + sin (%) n) (1 + %teo)

6 Where to play

Currently, geometric algebras are implemented in almost all standard softwares.
In the case of Maple, it is a package Clifford, [1].

In the case of Matlab, the following two packages are the most popular: pack-
age SUGAR https://github.com/distributed-control-systems/SUGAR, [9]
and package Clifford https://clifford-multivector-toolbox.sourceforge.
io/, [8].

In the case of Python, it is primarily a package Clifford https://clifford.
readthedocs.io/, [4] and its associated package Kingdon https://github.
com/tBuLi/kingdon.

In the case of Julia it is package SimpleGA, https://github.com/MonumoLtd/
SimpleGA.jl, [2].

As online resources, they deserve attention Community Server and Dis-
cord channel https://bivector.net/ and two online playing rooms, Coffeeshop
https://enkimute.github.io/ganja.js/ and Teahouse https://tbuli.github.
io/teahouse/lab/index.html. Enjoy!
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An advantage of GA that we haven’t mentioned is the faster speed with the

right implementation choice. For these purposes, it is possible to use the web
interface http://www.gaalop.de/gaalopweb/, [5].
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Abstract. Algebraic geometry and differential geometry went by paths
which did not have many common points in their beginnings. However,
modern language of mathematics, starting with the notion of algebraic
scheme allowed to formulate many concepts in a way understandable
for both disciplines. We follow the some steps on the long roads of both
disciplines and show what is connecting both areas of geometry. The
problems and solutions obtained during the paths are interesting on
their own, however they formed many new question in both areas and
thus contributed to the development of the geometry in many ways.

Keywords: algebraic variety, differential manifold, scheme

1 Introduction

Algebraic geometry and differential geometry went long time separate
paths. The notion of a scheme, appearing in the end of the 20th century
covers objects we are working with in both areas, the objects of the differ-
ential geometry as well as the fundamental notions of algebraic geometry.
We follow the topics and problems that marked the expected connections
between these areas of geometry and started the building of the common
language used in both areas.

2 Local and global problems of differential geometry
2.1 Classical topics in differential geometry

When starting teaching differential geometry, we usually show the geome-
try of curves (curvature s, torsion 7,.. ., fundamental theorem of curves).
Following the theory of surfaces (curvatures — Gaussian K and mean H ,
Theorema Egregium, surfaces of constant curvature, S”, H" , E", special
curves on surfaces such as geodesics). Geodesics and parallel transport,
holonomy and their relations to the curvature. Local coordinates based
on geodesics form a useful tool.

Learning about the first I and the second II fundamental forms —
metric and embedding of the surface (including further conditions), we
recognize that the determination of I in a coherent way connected to a
smooth manifold leads to the notion of Riemannian manifold.

For applications, shape operator (Weingarten map), principal curva-
tures, orthogonal curvilinear coordinates and the Gaussian curvature as
a ratio of certain areas is significant. Mean curvature is important when
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minimizing area of the surfaces and smooth them. The results so far
belong mainly to the local geometry.

Several global theorems for curves which are moderately difficult to
prove are four vertex theorem, Jordan curve theorem, various variational
results connecting lengths and areas.

Among the very important global theorems of surfaces, Gauss-Bonnet
theorem provides a relation of curvature integral over a surfaces with the
topological invariant x(.5) of the surface known as Euler characteristic.

KdA+/ Kgds + Y a; =2mx(S
J | s o= 2mxts

Minimal surfaces with a fixed boundary are known to minimize certain
area integral connected to the mean curvature, etc.

Given a Riemannian metric on a 2-dimensional surface, can one find
an embedding of the surface into R? that preserves the metric? How does
the embedding depend on the curvature of the surface? The problems
of constructing embedding of a surface is a more difficult one due to
additional conditions required.

Global properties of surfaces like completeness, compactness, and the
behavior of geodesics are mutually influenced by curvature. As a taste of
such theorems, we provide the following ones.

Hadamard’s theorem: A complete surface with negative curvature has
no conjugate points (conj. points can be connected with a one parametric
family of geodesics, consider a sphere), and its universal cover is diffeo-
morphic to the plane.

Hopf-Rinow theorem: A complete Riemannian manifold is geodesically
complete, hence geodesics can be extended indefinitely.

An important issue when constructing objects are conditions of unique-
ness. It is sometimes called flexibility or rigidity of a construction of a
map or a manifold. We know many such conditions.

e Linear map is uniquely determined by the values on a basis.

e A polynomial f of one indeterminate is uniquely given by the values

of deg f + 1 distinct points.

e A holomorphic function is determined by a germ at a point.

e A harmonic function on a disc is determined by the values on the
boundary of the disc.

e Liouville’s rigidity — a conformal mapping f: R® — R, n > 3, is
given only by global conformal mappings of the ambient space which
are Mobius transformations.

e Mostow rigidity theorem isometry of a complete, finite volume hy-
perbolic manifold is determined only by a rigid motion of a hyper-
bolic space, more precisely by an element of its fundamental group.
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e Cohn-Vossen’s rigidity theorem states that a compact convex surface
in R? is uniquely determined (up to rigid motions) by its intrinsic
metric.

e Nash’s embedding theorems solve the question “Can every Rieman-
nian manifold be embedded isometrically into Euclidean space?”

3 Global and local problems of algebraic geometry

3.1 Classical algebraic geometry questions

Algebraic geometry around a century ago provided only a set of ap-
proaches for particular problems without any developed and summarized
theory. The problems which were solved covered solutions of various
(systems of) polynomial equations (Cardano), implicit function theorem
(Cauchy), curves in (projective) space (Pascal, Desargues), quadrics (many),
abelian integrals (Hilbert).

A classical set of problems was counting problems represented by a
question “How many solutions are there for some construction described
by polynomials?”. Some answers for finitely many solutions was pro-
vided by Bézout. When the solutions formed an infinite set, a notion of
algebraic variety appeared. Classification of such varieties upto an iso-
morphism is a too general question which generated subquestions. What
are invariants? (degree, genus, geometric invariant theory,...) What kind
of isomorphisms should we consider?

In the course of development, Hilbert’s Nullstellensatz and ideal-variety
correspondence translate the classification problem into a ring theory. A
particular place took localization of a ring as a translation of the global
problem to the set of local problems.

As was soon observed, it wajs necessary to cover the geometry of pro-
jective varieties, their basic constructions and subvarieties (e.g. Veronese
and Segre embeddings describe special classes of varieties in projective
space).

3.2 Now also classical questions of algebraic geometry

In the last century, the development of algebraic geometry formed one of
the main flows in mathematics.

Intersection theory studies how algebraic subvarieties of a variety in-
tersect. A starting point is a well known Bézout’s theorem (1779). A
classical way is to calculate integer numbers, which count (with multiplic-
ity) how many points two subvarieties of certain dimensions meet at, or
more generally, how subvarieties intersect. The computation is done in
Chow ring of the variety.

Birational geometry deals with isomorphisms of the open subsets of
varieties. It leads to the minimal model program which seeks to classify
varieties by transforming them into a canonical form (either a minimal
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model or a Mori fiber space) through a series of birational transformations
like blow-ups and blow-downs.

Resolution of singularities (Hironaka 1964) provides an insight into
a world of singularities of algebraic varieties, which are their common
part. There are many types, simple (4,,, D,, F,), canonical singularities
(Whithney’s umbrella,...) belong to the easiest to describe. Moreover,
singularities are important invariants of an algebraic variety from certain
point of view. One might roughly say that regularity in any approach
ends by some kind of singular situation.

An important shift in the development was a generalization of a “point”
which correspond to an ideal. A point in a space started to be viewed as
the set of solutions of certain ideal which is dual point of view similar to
linear projective geometry.

This lead to looking for functions defining the points. An indispensable
tool for exploring such spaces is a line bundle over a curve/variety. It is an
algebraic system of lines associated to the curve. Its section is something
like a function over the curve. Nowadays, it is a basic tool for a description
of algebraic spaces. A wish is to understand whether spaces are isomorphic
iff the spaces of their functions are isomorphic.

The classical Riemann-Roch theorem provides a formula for the di-
mension of the space of sections of a line bundle over a complex curve
with prescribed poles and zeroes, genus and degree of the curve

¢(D) — (K — D) = deg(D) — g + 1.

Hence, a classification of all spaces of certain kind started to be a
question. A moduli space is a geometric space that parameterizes all
varieties (or other objects) of a given type up to an isomorphism. For
example, it is known the moduli space 9, of algebraic curves of a fixed
genus g. Understanding its structure, topology, and the properties of
families of varieties over it form a lot of open questions. Moduli space
might not be a scheme. We need something more general. This leads to
stacks and derived categories.

Since the questions in algebraic geometry are more-less of global na-
ture, the topic of reducing global questions to a series of local questions
was addressed by Zariski’s main theorem. It explores how local informa-
tion about a variety, such as local rings and function fields, can help us
understand the global structure of the variety.

Many questions of arithmetic number theory were translated into this
language which made the are of algebraic geometry vast.

4 Topology is important in the study of geometry

As is generally known in mathematical community, topology plays a fun-
damental role. One has intuition built on Euclidean topology. Coarse,



Bridges between algebraic and differential geometry 25

but many times good enough is Zariski topology. However, it is not good
for cohomology. Hence étale topology was devised. Open sets are arbi-
trary étalé morphisms to a scheme X, which means the morphisms are
flat (locally defined by same relations) and unramified (all preimages are
simple — multiplicity 1). Intersections of open sets are the fiber products
of the corresponding morphisms.

4.1 Homology and Cohomology

In global study, we work in a set of all subvarieties, spaces of all function,
differential forms, polynomials, modules, etc. These structures are usually
huge in “number of elements”. The results are required “up to change of
something” (e.g coordinates, rational equivalence, group action, isotopy,
etc.). The standard technique is to consider equal all the objects which
change one into another by some class of a change.

Rational equivalence of the varieties provides the base of the homol-
ogy and cohomology of the algebraic varieties. Standard calculus (chain
complex, exact sequences, homotopy chain complex) of computing with
homology groups is applied. The techniques here are comprehensive and
well known in general. There are many homology/cohomology (Cech7
étale,...) theories leading to derived catogories.

5 Where differential and algebraic geometries overlap

Scheme (introduced by Lerray) is a generalization of both algebraic variety
and differentiable manifold and contains both algebraic and topological
data. Hence, we are able to describe smooth as well as singular situations
via algebraic relations. Sheaves are used extensively in both algebraic and
differential geometry. They allow the local-to-global transition of many
properties.

In differential geometry, a smooth system of vector spaces or modules
or groups connected to a manifold in a specific way. In each point we may
pick an element of the corresponding object. One can do this locally and
smoothly. Such a construction is called sheaf. The fundamental property
is that it can be built from enough local information and local information
is included in such a description.

In algebraic geometry, (quasi-)coherent sheaves are of interest. They
correspond in some sense to modules over algebraic varieties. An impor-
tant property is that they correspond to the local sections of the modules
and are locally finitely generated. Of course, the picking of the values
over a point is done locally and in algebraic way.

An examples of a common object in differential geometry of surfaces
that is a sheaf is a tangent bundle — all tangent planes to a surface form
a sheaf of tangent planes. Moving slightly in a manifold changes the
tangent plane slightly in a tangent bundle. The question whether some
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set of planes can be tangent bundle of a surface is a subtle one. The way
of neighboring has to be specified.

A common example of algebraic sheaf is a sheaf of rings, e.g. coordinate
ring of an algebraic variety. It is a sheaf of local rings of regular functions.

Another example of sheaf of ideals provides a description of sub-
schemes. A subscheme Y of a scheme X is defined by a sheaf of ideals
(in a neighborhood U C X, the part of the scheme Y is determined by an
ideal I(U) in the local ring R(U) of the scheme X.

5.1 Connecting both disciplines

Complex algebraic geometry and complex manifolds are objects of both
disciplines already long time. Holomorphic structure is fairly rigid and
brings complex projective varieties close to the corresponding complex
manifolds.

There are many theorems known as Serre’s GAGA Theorems. This
principle provides a correspondence between algebraic geometry over C
(algebraic varieties) and complex analytic geometry (complex manifolds).
They show that the category of coherent sheaves on a projective complex
algebraic variety is equivalent to the category of coherent analytic sheaves
on the corresponding complex manifold.

In differential geometry, de Rham cohomology is used to study the
topology of smooth manifolds via differential forms. In algebraic geome-
try, there is an algebraic analogon known as algebraic de Rham cohomol-
ogy, which provides a way to study algebraic varieties using similar ideas
and techniques.

The forms are grouped together in the space of all forms if they differ
by an exact form (it has preimage under exterior derivative). A manage-
able space structure remains.

As a result, the comparison theorems show how the algebraic de Rham
cohomology of a smooth algebraic variety over the complex numbers coin-
cides with the usual de Rham cohomology of the corresponding complex
manifold.

In a context of schemes, the usage of this cohomology leads to the im-
portant Hirzebruch-Riemann-Roch and Grothendieck-Riemann-Roch the-
orems, which connect cohomology, characteristic classes, and geometry of
a scheme.

Intersection theory and characteristic classes study how subspaces in-
tersect within a variety or manifold. The tools of intersection theory in
algebraic geometry (like Chow rings — multiplication is the intersection
operation upto a rational equivalence) have analogons in differential ge-
ometry, where characteristic classes (such as Chern classes) play a similar
role. In differential geometry, these classes (such as Chern, Pontryagin,
and Euler classes) are used to study vector bundles and their properties
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which are basic tools of description of many properties. In algebraic geom-
etry, Chern classes can also be defined algebraically, hence the approach
can be used in the study of vector bundles over algebraic varieties.

6 Conclusion

Roughly speaking, big picture of geometry is covered by both algebraic
and analytic methods. Obtained results provide us with understanding
and insight on sides of both approaches. Sometimes we might also ob-
tain hints what and how to compute (or not to compute) in practical
applications.

The practical realization of constructions and computation is however
many times strongly supported by numerical mathematics or combinato-
rial and statistical computation. All these are techniques of approximation
due to the simple fact, that precise computation cannot be done in most
of the above mentioned cases for generic data. Hence, the importance of
abstract theory as well as computational part of mathematics has to be
supported.
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Abstract. One of the main questions of rigidity theory is whether
a bar-joint framework, which is a graph with a realization of its
vertices in the d-dimensional space, allows a continuous deformation
preserving the distances between adjacent vertices. If yes, the fra-
mework is called flexible, otherwise rigid. For a fixed graph, either all
generic frameworks are rigid, or all generic ones are flexible. However,
non-generic realizations might behave differently yielding for instance
paradoxical motions. A few years ago, we have characterized the
existence of a (non-generic) flexible realization in the plane for a
given graph in terms of special edge colorings, called NAC-colorings.
Here we summarize this surprising interplay between combinatorics
and geometry and its various extensions shall be presented. We focus
also on polyhedra with triangular faces, which can be considered as
bar-joint frameworks in the 3-space. In particular, we mention a new
result on the smallest flexible polyhedron without self-intersections.

Keywords: rigidity, flexibility, flexible polyhedron, graph realization

Klicovd slova: tuhost, pohyblivost, pohyblivy mnohostén, realizace grafu

1 Uvod

Strukturaln{ teorie tuhosti (angl. rigidity theory) se zabyvé otdzkou, jestli
je danou realizaci grafu v roviné mozné spojité deformovat pti zachovani
délek vsSech hran, tedy vzdélenosti mezi sousednimi vrcholy. Podle toho
rozliSujeme realizace nasledovné:

Definice 1.1. Realizace grafu G = (Vg, Eg) je zobrazeni p : Vg — R?
takové, ze p(u) # p(v) pro kazdou hranu wv € Eg. Pohybem realizace p
(angl. flex) je spojité zobrazeni t — p;, t € [0,1) do prostoru realizaci
grafu G takové, ze py = p a pro kazdé t € [0,1) a hranu uwv € Eg plati

ot (w) = pe(0)]| = [lp(w) — p(v)]-

Pohyb je trividini, pokud rovnice vyse plati pro vSechny vrcholy u,v € Vg
at €[0,1). Realizace p je pohyblivd (angl. flexible), jestlize ma netrividlni
pohyb, jinak je tuhd (angl. rigid).
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V definici vySe se jednd o realizace grafu v roviné, ale nahrazenim R?
muzeme samoziejmé uvazovat realizace v prostoru ¢i na sfére.

Je zndmo, ze pro dany graf jsou bud skoro vSechny realizace tuhé, nebo
jsou skoro vSechny realizace pohyblivé. Muzeme tedy mluvit o (genericky)
tuhgch, respektive (genericky) pohyblivgch grafech. Graf je minimalné tuhy
(angl. minimally rigid), pokud je tuhy a zdroven odebrdanim libovolné
hrany vznikne graf pohyblivy, priklad je na Obr. 1.
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Obr. 1: Graf trojbokého hranolu je minimalné tuhy v roviné, tedy skoro
vSechny realizace jsou tuhé (vlevo), ale existuji i pohyblivé (vpravo).

o

Pollaczek-Geiringer dokézala v roce 1927 nasledujici vétu, pomoci kte-
ré lze charakterizovat tuhé grafy a kterou poté znovu dokazal Laman
v roce 1970. Poznamenejme, ze charakterizace tuhych graft realizovanych
ve tii a vice-dimenziondlnim prostoru je dlouho otevienym problémem.

Véta 1.2 ([14, 18]). Graf G = (Vg, Eg) je minimdlné tuhy v roviné prdvé
tehdy, kdyz |Eq| = 2|Vg| — 3 a |Eg| < 2|Vy| — 3 pro kaZdy podgraf H
grafu G s alespon, dvéma vrcholy.

Zatimco je NP-t&zké rozhodnout, jestli je dand realizace tuhd [19], tak-
zvané pebble game algoritmy [15] umoznuji rozhodnout v polynomidlnim
Case, jestli je dany graf genericky tuhy.

Nasim hlavnim tématem je paradoxni pohyblivost, tedy pohyblivé rea-
lizace genericky tuhych grafii. Takovato situace mtze nastat pro specialné
zvolené realizace, jak jde vidét napiiklad na Obr. 1. Dale Obr. 2 ukazuje
dva typy pohyblivych realizaci kompletniho bipartitniho grafu K3 3 navr-
Zené Dixonem [7] v roce 1899. O vice nez sto let pozdéji bylo ukdzano, ze
tento graf z4dné jiné prosté pohyblivé realizace nemé [21].

V tomto c¢lanku se nejprve zamérfime na charakterizaci graft, které
pripoustéji pohyblivou realizaci v roviné (Sekce 2), pomoci jistého obar-
veni hran. V Sekci 3 se budeme vénovat rotacné a zrcadlové symetrické
varianté tohoto problému. Na zavér se posuneme z roviny do prostoru,
konkrétné k pohyblivym mnohosténtm. Na ty muzeme také nahlizet do
jisté miry jako na realizact grafi.
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Obr. 2: Genericky tuhy graf K33 ma dva typy pohyblivych realizaci.

Spoluautory zde shrnutych poznatkii jsou Sean Dewar, Matteo Gallet,
Georg Grasegger a Josef Schicho. Vysledky jsou v ¢lancich [4, 5, 8, 9, 13],
odkud jsou také prevzaty nékteré obrazky.

2 Existence pohyblivych realizaci

V této casti zavedeme obarveni hran, které charakterizuje existenci po-
hyblivé realizace. Také naznac¢ime dikaz tohoto tvrzeni a uvedeme, jak
souvisi s existenci pohyblivé realizace na sfére.

Definice 2.1. Obarveni hran 6 : Eg — {modr4, ¢ervend} grafu G se
nazyva NAC-obarveni (angl. NAC-coloring'), jestlize je surjektivni a pro
kazdy cyklus v grafu G plati, Ze je bud jednobarevny, nebo obsahuje ale-
spon dvé modré a dvé ¢ervené hrany.

Priklad NAC-obarveni je na Obr. 3. Poznamenejme, ze existence NAC-
obarveni je NP-tiplny problém [10]. Nyni mtuzeme vyslovit kombinatoric-
kou nutnou a postacujici podminku pro existenci pohyblivé realizace.

Véta 2.2 ([13]). Souwvisly graf md pohyblivou realizaci v roviné prdvé
tehdy, kdyz md NAC-obarvend.

N
/N L2

Obr. 3: Graf vlevo ma az na prohozeni barev jedno NAC-obarveni, zatimco
graf vpravo nema zadné, a tedy pro néj neexistuje pohybliva realizace.

1Zkratka NAC pochézi z anglického No Almost Cycle.
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Naznak dikazu. Ma-li graf NAC-obarveni, mizeme jeho vrcholy umistit
do mrizky tak, ze kazdd modra hrana je v ramci jednoho radku a kazda
Cervend v rdmci jednoho sloupce (Obr. 4). V mfiZzce tedy nejsou thlo-
pricky a muzeme ji tudiz sklapét, aniz bychom ménili vzdalenost v ramci
jednoho sloupce ¢i fadku. Podminka na cykly zarucuje, ze zadné dva sou-
sedni vrcholy nejsou umistény do stejného bodu miizky (pro nesousedni
to nastat muze).

Obr. 4: Konstrukece pohyblivé realizace z NAC-obarveni grafu.

Naopak méme-li pohyblivou realizaci p, uvazujme néasledujici soustavu
polynomialnich rovnic pro soutradnice vrcholi x,,y, pro u € Vg:

(g — 20)* + (Yo — y0)* = N2, pro vSechny hrany uv € Eg ,
Tg =Yz =Y =0,

Ty = Auw

kde Ay = ||p(u) — p(v)]| a uv je libovolné zvolend hrana, kterou fixujeme,
abychom vyloucili trividlni pohyby. Soustava ma nekone¢né mnoho real-
nych feseni, nebot p je pohybliva realizace. Mizeme tedy v mnoziné feseni
nad komplexnimi ¢isly uvazovat ireducibilni algebraickou krivku M. Jeji
komplexni téleso funkei C(M) je podilové téleso soufadnicového okruhu
krivky M, coz je okruh polynomt v proménnych x,, y,, kde u € Vg, mo-
dulo idedl kiivky M. Koneéné valuace komplexniho télesa funkei C(M)
je zobrazeni v : C(M) \ {0} — Q takové, ze

1. v(ab) = v(a) + v(b) pro viechna a,b € C(M) \ {0},

2. v(a+b) > min{v(a),v(b)} pro viechna a,b € C(M)\ {0} takové, ze

a+b#0,a

3. v(C\{0}) = {0}.
Vyuzijeme toho, ze pracujeme nad C a pro uv € E¢g definujeme nasledujici
funkce, jejichz soucin je A2, :

Wu,’u = (mu - va) + i(yu - yv)
Zu,v - (xu - xv) - Z(yu - yv)
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Ziejmé pro libovolny (orientovany) cyklus v grafu G plati >~ W, , =
0 = > Z,., kde s¢itdme pres vSechny hrany tohoto cyklu. Jednim ze
zékladnich tvrzeni o valuacich je fakt, ze pokud se suma rovna nule, potom
se minimum valuaci s¢itanctt nabyva alespon dvakrat. V nasem piipadé
se nabyva dvakrat i maximum, nebot v(W,,,) = —v(Z,,,) diky vztahu

0 =v(\uv)?) = VWywZuw) =v(Wyw) +V(Zy0) .

Tudiz obarveni ¢ definované nésledovné je NAC-obarvenim:

)

modrd,  jestlize v(W, ) <0.

B =

Suw) = {éervené, jestlize v(W,,,) > 0,

Podrobny dikaz véetné zdivodnéni existence v je v ¢lanku [13]. O
Jeden z vysledku ¢ldnku [8] 1ze formulovat nésledovné:

Véta 2.3 ([8]). Souwvisly graf md pohyblivou realizaci na sfére prdvé tehdy,
kdyz md nezdvisly vrcholovy Tez.

Pripomenme, ze vrcholovy fez souvislého grafu je mnozina vrcholu,
jejichz odebranim vznikéd nesouvisly graf, a mnozina vrcholu je nezavisla,
pokud neindukuje zadné hrany.

Diky [13, Véta 4.4] dostavame, ze kazdy souvisly graf, ktery mé pohyb-
livou realizaci na sféfe, ma pohyblivou realizaci i v roviné. Zajimavé je, ze
ne kazda pohybliva realizace na sféfe ma svoji analogii v roviné: zatimco
jediné dva zpusoby, jak ziskat pohyblivou realizaci kompletniho bipartit-
niho grafu K33 3 jsou naznaceny na Obr. 2, na sféfe existuje krom analogii
téchto dvou konstrukei jesté tteti, zvany constant angle motion [3].

3 Symetrické realizace

V této sekci se zamérime na pohyblivé realizace, které jsou rotacné ¢i
zrcadlové symetrické a tato symetrie se zachovava i béhem jejich pohybu.
Po zavedeni zékladnich pojmu se budeme vénovat kazdé symetrii zv1ast.

Definice 3.1. Méjme graf G, ktery méa cyclickou podgrupu grupy auto-
morfismt grafu G faddu n takovou, ze vrcholy, jejichz orbita ma méné nez
n prvku, jsou invariantni a tvori nezavislou mnozinu. Automorfismus w
generujici tuto podgrupu nazveme rotaci grafu. Realizace p grafu G je
rotacné symetrickd, jestlize p(w(v)) = Op(v) pro kazdy vrchol v € Vg,
kde © je rotaéni matice o 27 /n.

Definice 3.2. M¢jme graf, ktery ma netrivialni automorfismus o takovy,
ze 02 je identita. Automorfismus ¢ nazveme zrcadlenim grafu. Realizace p
grafu G je zrcadlové symetrickd, jestlize p(ov) = ('9) p(v) pro kazdy

vrchol v € V.
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Definice 3.3. Rotacné, resp. zrcadlové, symetricka realizace grafu je ro-
tacne, resp. zrcadlove, symetricky pohyblivd, pokud ma netrividlni pohyb,
jehoz vsechny realizace jsou rotac¢né, resp. zrcadlové, symetrické.

3.1 Rotacni symetrie

V tomto pripadé umime kompletné charakterizovat existenci pohyblivé
rotacné symetrické realizace.

Definice 3.4. Necht § je NAC-obarveni grafu G s rotaci w. Cervend kom-
ponenta je komponenta souvislosti podgrafu (Vg, {e € Eg : 6(e) = Cerv.}),
analogicky definujeme modrou komponentu. Mnozina H C Vg je cdstecné
invariantni, pokud existuje k € {2,...,n — 1} takové, ze w*(H) = H.

NAC-obarveni § je rotacné symetrické, pokud d(w(e)) = d(e) pro
vsechny hrany e € Eg a zadné dvé cervené, respektive modré, ¢astecné
invariantni komponenty nejsou spojeny hranou.

Soustavu polynomu z ndznaku dukazu Véty 2.2 1ze upravit tak, aby vy-
nucovala rotacni symetrii. Tyto podminky a upravend konstrukce pohyb-
livé realizace pak slouzi k diikazu nasledujici véty ilustrované na Obr. 5.

Véta 3.5 ([1]). Souwvisly graf md rotacné symetrickou pohyblivou realizaci
praveé tehdy, kdyzZ md rotacné symetrické NAC-obarvend.

> > AT
2 < SMAX /\ 4\>
K 7 / °\N \7 / 2 \

/

\
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Obr. 5: Pohyb grafu odpovidajici zobrazenému rota¢né symetrickému
NAC-obarveni, ktery je symetricky vici otoceni o 120°.

3.2 Zrcadlova symetrie

Na rozdil od rota¢ni symetrie, v zrcadlové symetrickém piipadé musime
uvazovat obarveni tfemi barvami, které navic definujeme ve dvou krocich.

Definice 3.6. Méjme graf G se zrcadlenim o. Obarveni hran § : Eg —
{€ervena, modr4, zlatd} grafu G se nazyva pseudo-RS-obarveni,” pokud:
1. {€ervend, modra} C §(F¢) C {Cervend, modra, zlata},

2Zkratka RS pochézi z anglického reflection symmetric.
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2. §(e) = Cervend <= d(o(e)) = modré pro vSechny hrany e € Eg, a

3. prebarveni vsech zlatych hran na modro ddvd NAC-obarveni.
Cyklus je témér modro-cerveny obsahuje-li pravé jednu zlatou hranu.
Definice 3.7. Pseudo-RS-obarveni § grafu G je RS-obarvenim, pokud

1. (G,6) nemd zadny témér modro-Cerveny cyklus, nebo

2. kazdy témér modro-cerveny cyklus ma hrany eq, es stejné barvy ta-

kové, ze néjaké pseudo-RS-obarveni ¢’ splituje §'(e1) # &' (ez).
Na obrazcich 6 a 7 jsou ptiklady (pseudo-)RS-obarveni.

I\ I\

O L L0 \\”/

Obr. 6: Pseudo-RS-obarveni, prvni t¥i jsou také RS-obarveni.

AN AN

K/y\ﬁ K/X\ﬁ
Va Va

Obr. 7: Dvé RS-obarveni grafu, které sobé navzajem zarucuji splnéni pod-
minky pro témér modro-cervené cykly.

Prekvapivé je zrcadlové symetricky pripad podstatné komplikovanéjsi
nez ten rotacné symetricky: neumime pro néj ukazat podminku, kterd by
byla zaroven nutné i postacujici.

Véta 3.8 ([5]). Jestlize md graf zrcadlové symetrickou realizaci, potom md
RS-obarveni. Naopak ma-li graf RS-obarveni bez témer modro-cervenych
cykld, pak md zrcadlové symetrickou pohyblivou realizaci.

Konstrukce pohyblivé realizace je mozna v pripadé absence témér
modro-Cervenych cykld vylepsenim obecné konstrukce, ale pri jeji aplikaci
na témér modro-Cerveny cyklus dochézi ke splynuti sousednich vrcholi,
coz nedovolujeme (je to dulezité pti pouziti valuace). Pro graf na Obr. 7
pohyblivou realizaci zkonstruovat umime [5, Véta 5.5], ale pouzity piistup
zdaleka nepokryva vsechny grafy, které maji RS-obarveni.
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4 Pohyblivé mnohostény

Nyni se zamérime na realizace v prostoru pro grafy, které lze ziskat jako
kostru konvexniho mnohosténu s trojuhelnikovymi sténami. Pohyblivost
mnohosténti je dlouho studovanym tématem: Cauchy [2] v roce 1813 uké-
zal, ze konvexni mnohostény jsou tuhé. Bricard [1] popsal t¥i typy pohyb-
livych realizaci osmisténu v roce 1897. V roce 1974 Gluck [11] dokézal,
Ze skoro vSechny realizace mnohostént jsou tuhé. Connelly [3] zkonstruo-
val v roce 1978 prvni pohyblivy mnohostén, ktery je vloZeny, neboli kazdy
prunik dvou stén je trivialni, tedy je hranou ¢i vrcholem. Jen o rok pozdéji
nasel Steffen [20] vloZeny pohyblivy mnohostén o pouhych deviti vrcho-
lech. Otazka, jestli existuje néjaky mensi vlozeny pohyblivy mnohostén
byla zizena v roce 2008 Maksimovem [16] na jeden jediny otevieny pri-
pad: mnohostén, ktery ziskdme z pétibokého dvojjehlanu pridanim nového
vrcholu tak, ze rozdélime jednu sténu na tii.

Protoze rozdéleni jedné stény na tii nezméni pohyblivost, zamérili jsme
se na pohyblivé realizace pétibokych dvojjehlanti. Inspirovéni ¢ldnkem [17]
jsme ukazali, jak slepenim dvou uré¢itych pohyblivych osmistént ziskat po-
hyblivy pétiboky dvojjehlan. Diky této konstrukci 1ze najit jeho realizaci
takovou, Ze vSechny netrividlni pruniky stén se odehravaji v jedné sténé,
Obr. 8. Rozdélenim této stény na tii se mizeme vsem nezadoucim pruni-
ktim vyhnout a ziskat tak vlozeny pohyblivy mnohostén s pouhymi osmi
vrcholy.

Véta 4.1 ([9]). Pétiboky dvojjehlan s jednou sténou rozdélenou na 7 md
pohyblivou realizaci v prostoru, ve které se stény protinaji pouze v hrandch
¢t vrcholech.

Obr. 8: Ruzné pohledy na pohyblivy pétiboky dvojjehlan, jehoz vSechny
netrividlni priniky stén zahrnuji zlutou sténu.
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5 Zavér
V ¢lanku jsme shrnuli nékteré nedavné poznatky o existenci pohyblivych
realizaci grafii v roviné véetné dvou symetrii. Dodejme, ze je lze rozsirit
i na nekonecéné grafy [6] a pro realizace tvorené trojuhelniky a rovnobéz-
niky miuze existence NAC-obarveni urcovat, jestli je pfimo dana realizace
pohyblivd, nejen jestli néjakd existuje [12].

Pohyb vloZzeného mnohosténu na osmi vrcholech popsany v [9] je velmi
limitovany, ve smyslu, ze brzy dojde k netrividlnimu priniku stén. Do bu-
doucna by bylo zajimavé zkonstruovat realizaci s vétsim rozsahem pohybu.
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Clanek vznikl za podpory Grantové agentury Ceské republiky, projekt
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Abstract. The aim of this paper is to point out the differences in the teaching of
geometry in Sweden and the Czech Republic. Our country has a lot in common
with Sweden, but at the same time we can find some differences between them,
not only cultural differences, but also differences in mathematics teaching. To
begin with, the curricula for primary and secondary schools in both countries will
be compared, with a focus on the teaching of geometry. The primary school
curriculum in Sweden was revised in 2022 and in the Czech Republic the new
version is being finalised, so we can compare the current trends in both countries.
As for the secondary school curriculum, | will compare the Czech RVP for
grammar schools with the Natural Science programme, which is one of the most
frequently chosen secondary school curricula in Sweden. The second aim of the
paper is then to present some interesting high school geometry problems that
appear in Swedish final exams.

Keywords: geometry, teaching of geometry, mathematics, czech curricula,
swedish curricula

Klicova slova: geometrie, vyuka geometrie, matematika, Cesky vzdélavaci
program, $védsky vzdélavaci program

1 Uvod

Tento piispévek se bude vénovat porovnani vyuky geometrie ve Svédsku a
v Ceské republice. Nage zemé mé se Svédskem mnoho spoleéného, ale soudasné
mezi nimi mizeme najit i néjaké rozdily, a to nejen kulturni, ale i rozdily ve
vyuce matematiky. Na zacatek budou porovnany vzdélavaci programy pro
zakladni i stiedni $koly v obou zemich se zaméfenim na vyuku geometrie.
Vzdé&lavaci program pro zakladni §koly [4] byl ve Svédsku revidovan v roce 2022
a v Ceské republice je nova verze [3] pravé dokonCovana, takZe miZzeme
porovnat aktualni trendy v obou zemich. Co se tyée stiedoSkolského
vzdélavaciho programu, bude porovndvano ¢eské RVP pro gymnazia [1] se
studijnimi plany programu Natural Science [4], ktery je jednim z nejéastéji
volenych studijnich obort ve Svédsku. Druhym cilem piispévku je pak piedstavit
nekolik zajimavych stfedoskolskych geometrickych tloh, které se objevuji ve
$veédskych zavérecnych testech.
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2 Porovnani vzdélavacich programiu

Na zacatek si ve stru¢nosti pfedstavime $védsky vzdélavaci systém. Povinna
$kolni dochazka zadina ve Svédsku v 7 letech a trva devét let. V tomto ohledu je
systém srovnatelny s Ceskou republikou. Nicméné ve Svédsku se zakladni §kola
déli na 3 stupné vzdy po tfech letech.

Stiedni §kola [7] trva ve Svédsku 3 roky a studenti si mohou vybrat z 18
studijnich programti. Na vybér maji 12 praktickych obort (srovnatelné s nasimi
ucnovskymi obory) a 6 vysSich programt, které pfipravuji studenty k dal§imu
vysoko$kolskému studiu (Business Management and Economics, Arts,
Humanities, Natural Science, Social Science, Technology).

Co se tyCe vyuky matematiky, tak ta se na stfedni Skole vyucuje v 5
jednoletych kurzech. V pribéhu jednoho ro¢nikii tak miZe student mit
zapsanych vice kurzi matematiky najednou. Praktické obory maji povinné 2-3
kurzy a vyssi programy 3-5. Dale jsou jednotlivé kurzy matematiky rozdéleny
jesté na 3 urovné a-c, kde kurz c je nejvice pokroc€ily. Nejvétsi mnozstvi kurzi
matematiky musi absolvovat studenti oboru Technology a Natural Science.

2.1 Vzdélavaci programy pro zakladni Skoly

Na nésledujicich fadcich si miZeme detailné prohlédnout vzdélavaci program
z matematiky pro jednotlivé stupné zakladnich $kol jak ve Svédsku [4], tak i
v Ceské republice [2].

7S — Svédsko (1.-3. roénik)

- béZna slova pro popis polohy objektl a prvki v prostoru.

— zakladni geometrické dvourozmérné objekty a koule, kuzel, valec a
kosoctverec. Vlastnosti téchto objekti a jejich vztahy. Konstrukce
geometrickych objekti.

— porovnavani a odhadovani veli¢in. Métfeni délky, hmotnosti, objemu a
¢asu pomoci béznych modernich a starych mérnych jednotek.

- pomeér v jednoduchém zmensSeni a zvétSeni.

- Symetrie v kazdodennim Zivot¢ a zptisoby konstrukce symetrie.

ZS — Svédsko (4. -6. ro¢nik)

-  zékladni geometrické dvourozmérné a trojrozmérné objekty a jejich
vlastnosti a vzajemné vztahy. Konstrukce geometrickych objektt s
digitalnimi nastroji i bez nich.

- porovnavani, odhad a méteni délky, plochy, hmotnosti, objemu, Casu a
uhlu s pouzitim standardizovanych mérnych jednotek a souvisejicich
zamén jednotek.

- metody urCovani a odhadovani obvodu a plochy riznych
dvourozmérnych geometrickych utvart.

— pomér pii zmenSovani a zvétSovani a pouziti poméru v situacich
zamétenych na zaka.

— Symetrie v rovin¢ a zplisoby konstrukce symetrie.
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7S — Svédsko (7. -9- roénik)

7S - CR

7ZS - CR

zakladni geometrické dvourozmérné a trojrozmérné objekty a jejich
vlastnosti a vzajemné vztahy. Konstrukce geometrickych objektt s
digitalnimi nastroji i bez nich.

porovnavani, odhad a méfeni délky, plochy, hmotnosti, objemu, casu a
uhlu s pouzitim standardizovanych mérnych jednotek a souvisejicich
zameén jednotek.

metody urcovani a odhadovani obvodu a obsahu riznych
dvourozmérnych geometrickych utvarti.

pomér pii zmensSovani a zvétSovani a pouziti poméru v situacich
zaméfenych na zéka.

Symetrie v rovin¢ a zptusoby konstrukce symetrie.

(1. = 5. ro¢nik)

zakladni Utvary v roviné — lomena cara, ptimka, polopfimka, isecka,
¢tverec, kruznice, obdélnik, trojuhelnik, kruh, ctyfthelnik,
mnohouhelnik

zakladni Gtvary v prostoru — kvadr, krychle, jehlan, koule, kuzel, vélec
délka usecky; jednotky délky a jejich pfevody

obvod a obsah obrazce

vzajemna poloha dvou piimek v roviné

osove soumérné utvary

(6. -9. ro¢nik)

rovinné Utvary — piimka, polopiimka, Gsecka, kruZnice, kruh, thel,
trojuhelnik, ctyfthelnik (lichobéznik, rovnobéznik), pravidelné
mnohouhelniky, vzajemnad poloha piimek v roviné (typy uhld),
shodnost a podobnost (véty o shodnosti a podobnosti trojihelniki)
metrické vlastnosti v roviné — druhy uhli, vzdalenost bodu od piimky,
trojtihelnikova nerovnost, Pythagorova véta

prostorové Gtvary — kvadr, krychle, rota¢ni valec, jehlan, rotaéni kuzel,
koule, kolmy hranol

konstrukéni tlohy — mnoziny vSech bodi dané vlastnosti (osa usecky,
osa thlu, Thaletova kruznice), osova soumeérnost, sttedova soumérnost

Ve §védském vzdélavacim programu si muzeme v§imnout, ze je zde kladen

duraz na

vyuzivani digitalnich néstroji jiz od 4. roéniku. Také je zde zminéno

pouzivani i star§ich mérnych jednotek. Oba aspekty jsou zahrnuté v pripravované
revizi RVP. Zajimavy je také nasledujici bod z kurikula pro prvni tii ro¢niky ve

Svédsku:

»Zakladni geometrické dvourozmérné objekty a koule, kuzel, vilec a

kosoctverec,” z néhoz neni srozumitelné, co se mysli zakladnimi geometrickymi
dvourozmérnymi tvary. Posledni véc, co stoji za zminku u §védského kurikula
je vypocet objemu téles jiz béhem prvnich 3 let studia, zatimco ¢esti studenti
pocitaji objem vétSiny téles az na druhém stupni.

V Ceském kurikulu mizeme vyzdvihnout zaméteni na prostorové objekty a
praci s nimi. Dale se v porovnani se Svédskem vyucuji na zakladnich $kolach
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v Ceské republice metrické vlastnosti v roving - druhy uhld, vzdalenost bodu od
ptimky, trojihelnikova nerovnost, Pythagorova véta. A dal$im tématem, které je
navic obsazené v ¢eském kurikulu jsou konstrukéni llohy zaméfené na mnoziny
vSech bodt dané vlastnosti (osa usecky, osa uhlu, Thaletova kruznice).

2.2 Vzdélavaci programy pro stiedni Skoly

Déle si uvedeme vystupy z geometrie ze $védskych stfedoskolskych kurza [4] na
urovni ¢. Kurz 4 uz neni ¢lenén do arovni a kurz 5 zde neni zahrnut, protoze se
v ném geometrie nevyuuje. Pro porovnani si uvedeme vystupy z RVP pro
gymnazia [1].

Kurz 1c — Svédsko
Trigonometrie a vektory

- Sinus, kosinus a tangens. Pojem inverzni funkce v kontextu
goniometrickych funkci.

-  Metody vypoctu vzdalenosti a thld v soufadnicovych systémech a v
pravouhlych trojuhelnicich.

- Vektor. Zobrazeni vektori v soufadnicovych systémech a zapsané v
soufadnicovém tvaru.

- Metody vypoctl s vektory, véetné s¢itani, od¢itani, vypoctu absolutnich
hodnot a nasobeni skalary.

Kurz 2¢ — Svédsko
Logika a geometrie

- Pojmy implikace a ekvivalence.

— Pojmy definice, véta a dtikaz.

- Pouziti a zdivodnéni zakladnich klasickych vét geometrie o uhlech a
rovinnych utvarech a Pythagorovy véty, vcetné ptikladi zahrnujicich
vypocty v soufadnicovych systémech.

Kurz 3c — Svédsko
Trigonometrie

- Pojem jednotkové kruznice.

—  Definice trigonometrickych pojmu z jednotkové kruznice.

— Dikaz a pouziti sinové a kosinové véty.

Kurz 4 - Svédsko
Trigonometrie

- Upravy trigonometrickych vyrazi. Diikaz a prace s trigonometrickymi
vzorci, véetné trigonometrickych a s¢itacich vzorci.

— Vlastnosti trigonometrickych funkci, véetné periody. Metody urcovani
trigonometrickych funkci. Metody feseni trigonometrickych rovnic.

- Pojem radian.

- Zdavodnéni a prace s pravidly pro derivace funkci sinus, kosinus a
tangens.
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— ZdGvodnéni a odvozeni metod pro uréovani integrald funkei sinus a

kosinus.
RVPG - CR

- Geometrie v roving — rovinné Utvary (klasifikace), obvody a obsahy;
shodnost a podobnost trojuhelnikl, Pythagorova véta a véty Euklidovy;
mnoziny bodl dané vlastnosti; thly v kruznici, shodna zobrazeni (osova
a stfedova soumérnost, posunuti, otoceni), stejnolehlost, konstrukéni
Glohy.

— Geometrie v prostoru — polohové a metrické vlastnosti; zakladni télesa,
povrchy a objemy, volné rovnobézné promitani.

- Trigonometrie — sinova a kosinova véta; trigonometrie pravothlého a
obecného trojahelniku.

-  Analytickd geometrie v roving — vektory a operace s nimi; analyticka
vyjadieni pfimky v roving, kuzelosecky (kruznice, elipsa, parabola a
hyperbola).

Na zakladé¢ predlozenych obsahi vzdélavacich programii si muiZeme
povsimnout, ze ¢ast uciva kurzu 2c ,,Pouziti a zditvodneni zakladnich klasickych
vét geometrie o uhlech a rovinnych utvarech a Pythagorovy véty.« je v eskych
Skolach vyu€ovéna jiz na zakladnich Skolach. Déle se na $védskych stfednich
Skoldch nevyucuji konstrukéni ulohy ani stereometrie. Na druhou stranu,
vzhledem K pokro¢ilé urovni analyzy v ramci vyuky na $védskych stfednich
Skolach, se $védsti zaci jiz v ramci stiedoskolského uéiva seznami s derivovanim
a integrovani goniometrickych funkei, coz je ucivo, které se objevuje prevazné
jen na Ceskych primyslovych $kolach a pak ve volitelnych seminaiich na
gymnaziich.

Oproti §védskému kurikulu se v ¢eském RVP pro gymndzia objevuji navic
kapitoly jako Euklidovy véty, mnoziny bodl dané vlastnosti, stejnolehlost a
konstrukéni tlohy. Jak uz bylo zminéno vyse, na Ceskych stfednich $kolach se
zaci vénuji 1 geometrii v prostoru, a také se Cesti zaci uci vice do hloubky
problematiku analytické geometrie, kde se sezndmeni s kuZeloseckami.

2.3 Vybrané tlohy z geometrie

V této podkapitole zminime nékolik loh ze zavére¢nych testi z roku 2022,
které zaci psali po absolvovani kurzu 2c a 3c. Zadani dloh nebude uvedeno
z davodu nedostatku mista v piispévku, ale jsou dohledatelné v odkazech
uvedenych ve zdrojich. U zadani najdete také vzorové feseni §védskych studentt.

Prvni Gloha &islo 23 ([5], str. 4) navazuje na obsah kurzu 2c, kde se v ramci
geometrie probira téma ,,definice, véta a dikaz“ a po zacich se chce dokazat
vztah mezi jednotlivymi thly nekonvexniho ¢tyfuhelniku. Druha tloha ¢islo 28
vyzaduje vyuziti podobnosti trojuhelniki ([5], str. 6).



46 Berdnkova Eliska

V testu z kurzu 3¢ miizeme najit tilohu ¢islo 24 ([6], str. 3), kde je ovéfovana
znalost sinové a kosinové véty. Dale miizeme zminit tlohu &islo 28 ([6], str. 5),
kterd uz vyzaduje znalost a aplikaci derivaci v prib&hu feSeni geometrické tlohy.

3 Zavér

V zavéru muzeme konstatovat, ze Ceské kurikulum je vzhledem k vyuce
geometrie obsahlejsi nez Svédské. Také eské stiedoskolské kurikulum obsahuje
vyuku stereometrie, ktera se na §védskych stfednich Skolach viibec nevyucuje.
Ve Svédsku je kladen vétsi diraz na vyuku funkci a modelovani situaci, coz lze
vidét i v zavérecnych testech. Pii vyuce geometrie se ve Svédsku jiz na prvnim
stupni dle daného kurikula vyuzivaji digitalni technologie, coz je smér, ktery
muzeme zaznamenat i v pfipravované revizi vzdélavaciho programu pro
zékladni Skoly.

Podékovani

Tento ¢lanek vznikl za podpory projektu Ukazatel P — pedagogické studijni
programy 2024 PiF UPOL.
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Origami Tessellations
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Abstract. This article concentrates on a project that aims to provide our students
with a fresh perspective on the world of geometry surrounding us. Origami
tessellations are made from a single piece of paper, which is folded in a repeating
pattern with flatly overlapped facets. Their construction combines elements of
design with the use of geometry and mathematics. In addition, the topic
strengthens knowledge of wallpaper symmetry groups and tessellations in
general. Students work with inexpensive material that can be simply folded to
create variations of colour shades and shapes. To achieve a good result, students
need to be familiar with the basic geometric principles of plane tessellations and
need to be able to work with paper carefully (origami).

Keywords: Ornament, origami, tessellations, wallpaper symmetry group

1 Introduction

When assigning course projects in the subject of descriptive geometry at the
Faculty of Architecture, we aim to seek out topics which shed light onto the
world of geometry around us, perhaps in a slightly different way than is typical
within the realm of classical teaching. Origami tessellations provide the perfect
challenge. The hands-on experience of folding the paper allows students to
directly observe the geometric structure they are creating and thus gain a deeper
understanding. Furthermore, this method may help them to visualize the
transition from 2D to 3D. In addition, origami tessellations incorporate a use of
ornamental patterns, knowledge of the general principles of tessellations, and
teach students to work with great precision.

2 Historical background

The history of folding paper dates back to the 7% century, when the invention
of paper reached Japan, soon followed by the adoption of this tool in teaching.
More recently, paper folding was used, for example, by the Bauhaus school in
the 1920s to prototype designs. As the concept of origami developed, so did its
use. In the 1960s, Shuzo Fujimoto, a Japanese chemistry teacher, was the first to
explore twist-fold tessellations in a systematic way, coming up with dozens of
patterns and establishing the genre in the mainstream origami world. Around the
same time, Ron Resch patented some tessellation patterns as part of his
explorations into kinetic sculpture and developable surfaces. Since then many
artists have followed in their footsteps, for example, Chris Palmer: an artist who
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has explored tessellations extensively, finding ways to create detailed origami
tessellations out of silk. An advancement in the digitalization of creation was
made by Robert Lang and Alex Bateman, who developed a computer program to
generate origami tessellations.

A summary of basic axioms for folding paper emerged in the 1980s, owed to
French mathematician Jacques Justin, Japanese-Italian mathematician Humiaki
Huzita, Japanese mathematician Koshiro Hatori and American physicist Robert
Lang.

Origami may be used to solve a range of mathematical problems: for
example, to determine the square or cube root of a number, or in problems
involving a trisection of angles, among others.

Folding encourages the development of spatial and geometrical thinking, as
well as fostering creativity.

,, Origami tessellations are geometric designs folded from a single sheet of paper,
creating a repeating pattern of shapes from folded pleats and twists.
Tessellated origami pieces range from simple square tiling to extremely intricate,
complex pieces inspired by Islamic art. Tessellated shapes can form everything
from twisted architectural flourishes to realistic faces.

(Eric Gjerde, 2009)

3 Examples of course projects produced by students at FA
CTuU

Students were given the task of creating a basic origami tessellation and
assigning it into one of 17 categories of wallpaper patterns. Finally, through
making modifications, they altered the resulting type of ornament. To determine
the type of ornament, the students referred to a table provided to them through
electronic teaching resources. The system categorizes ornaments based on their
symmetry.

Origami tessellations were always created using either a triangle or square-
based grid.
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Fig. 1: Examples of used networks (Cegakova)
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Fig. 2: An example of a course project produced by a first-year student of FA
CTU Antonin Vitousek — classification of an ornamental pattern in models
produced with its use
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Our students mostly based their work on the publications of Eric Gjerde
(Gjerde, 2009) and video instructions from the portal “gatheringfolds”. Photos
of other models are published here:

https://media.cvut.cz/cs/foto/20240627-origami-tessellations

4 Conclusion

The topic of origami tessellations was met with positive feedback from the
students. The possibilities for exploration in the field of origami tessellations
have not been depleted: so far, we have not yet created a representation of each
of the 17 types of ornament. The students’ completed projects will be displayed
at the exhibition Archigami in the “Galerie Na ochozu” at FA CTU.
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Abstract. Working with error in teaching is a powerful pedagogical tool that finds
its application not only in mathematics but also in other disciplines. This paper
focuses on the specifics of teaching stereometry, which tends to be challenging
for many students, mainly due to their lack of spatial imagination. Students often
feel that despite knowing the procedures, they may not be successful, which can
lead to a decrease in their self-confidence and motivation. Errors in teaching,
whether teacher or student, can have a significant psychological effect. If
ateacher makes a mistake that is detected by students, it can boost their
confidence and bring them closer to the teacher as a person who is also fallible.
Moreover, discovering mistakes provides students with a sense of achievement
and can be used as a tool to increase their interest in the subject. In this paper, we
will focus on specific examples of student errors in stereometry and present
methods to effectively use these errors to develop spatial imagination and
improve overall understanding of stereometric concepts.

Keywords: Error, stereometry

Klic¢ova slova: Chyba, stereometrie

1 Uvod

Vyuka stereometrie predstavuje naroCnou oblast geometrie, kterd vyzaduje
u zakd rozvoj prostorové predstavivosti a schopnost pracovat s trojrozmérnymi
na stfednich Skolach se vyuka dale prohlubuje, zejména v tématech, jako jsou
objemy, povrchy a fezy téles. Ramcové vzdélavaci programy vsak ne vzdy
dostate¢né specifikuji naro¢nost téchto témat, coZz mize vést k tomu, ze jim neni
vénovana dostate¢na pozornost. Analyza statnich ptijimacich zkousek a maturit
(Plinta, 2024) ukazuje, ze stereometrické tlohy jsou zastoupeny jen okrajove,
coz muze negativné ovlivnit piipravu studenti. Tento pfispévek se zamétuje
na problematiku chyb ve vyuce stereometrie, piedev§im v oblasti fezi téles, kde
Casto dochazi k chybam pfi vizualizaci, zejména v souvislosti s volnym
rovnobéznym promitanim. A proto téchto chyb chceme vyuzit i jako mozny
nastroj pro uditele.
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2 Aktualni stav ve vyuce stereometrie

R

na prvnim stupni zakladni Skoly, jak uvadi Rdmcovy vzdélavaci program pro
zéakladni vzdélavani (RVP ZV). V ramci ocekavaného vystupu M-3-3-01 by méli
Zaci rozpoznat, pojmenovat, vymodelovat a popsat zakladni rovinné utvary
a jednoducha télesa, pficemz se v realném svété uci nachazet jejich reprezentace.
Mezi zakladnimi télesy, se kterymi se zaci setkavaji, jsou naptiklad kvadr,
krychle, jehlan, koule, kuzel a valec. Na druhém stupni zakladni Skoly se vyuka
prostorové geometrie rozsifuje. Zaci se uéi télesa nejen charakterizovat
a nacrtnout, ale také sestrojovat sité zakladnich prostorovych ttvart. Ocekava
se, ze zvladnou nejen nadértnout obraz jednoduchych téles v roving, ale také
odhadnout a vypocitat jejich objem a povrch. RVP ZV zde zanechava skoldm
volnost ve vybéru konkrétnich téles, na kterych budou tyto dovednosti zakt
rozvijeny. Na stfedni Skole se zaci setkavaji s prostorovou geometrii v SirSim
rozsahu. Podle Ramcového vzdélavaciho programu pro gymnazia (RVP G)
pronikaji hloubé&ji do vlastnosti prostorovych utvarti a ¢asto pfi feseni téchto uloh
vyuzivaji nacrty. RVP G zahrnuje také volné rovnobézné promitani, které se
uplatiiuje pii konstrukcich hranoltl a jehlani, véetné rovinnych fezt téchto téles.
Nicméné program neupfesiuje, do jaké miry by méli zaci zvladnout polohové
a metrické vlastnosti utvarti v prostoru. Objemy a povrchy téles, ptestoze jsou
v maturitnich zkouskdch z geometrie bézné¢ vyzadovany, nejsou v RVP G
konkretizovany ani podrobné rozpracovany.

V ramci diplomové prace M. Plinty byla provedena pilotni analyza
vybranych Skolnich vzdélavacich programti (Praha, Brno, Ostrava), které autor
porovnal navzijem a s Ramcovym vzdélavacim programem (RVP G). Plinta
napftiklad zjistil, Ze na jedné ze zakladnich skol v Ostrave se zaci v 9. ro¢niku uci
osové fezy a narysy teles a na zédkladni skole v Praze se jiz od 7. rocniku vyuziva
digitalni prostfedi pro modelovani a manipulaci s prostorovymi objekty. Analyza
také odhalila rozdily mezi jednotlivymi stfednimi Skolami v rozsahu vyuky
prostorové geometrie. Zatimco gymnazium v Brné poskytuje konkrétni vycet
vyucovanych prostorovych téles, gymnazia v Ostravé a Praze se omezuji
na obecnéjsi popis o¢ekavanych vystupti. V nékterych piipadech navic chybi
dostate¢né propojeni mezi planimetrii a stereometrii, coz muze vést k tomu, ze
je problematika prostorovych Utvari ve vyuce marginalizovana. Pro rozvoj
hlubsiho pochopeni prostorové geometrie nabizeji vSechna analyzovana
gymnadzia volitelné pfedméty, jako jsou seminaie z matematiky nebo deskriptivni
geometrie, které poskytuji zakiim moznost dale rozvijet své znalosti v této
oblasti.

Zajimavym pohledem na vyuku stereometrie je jeji role v klicovych milnicich
vzdélavaci drahy zakt, zejména v ramci pfijimacich zkousek na stfedni skoly
a maturitni zkouSky z matematiky. Analyza provedend Plintou (2024) se
zamétila na zastoupeni stereometrickych tuloh ve statnich pfijimacich
a maturitnich zkouskach, pti¢emz byla zkoumana kvantita uloh spadajicich pod
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stereometrii v souladu s o¢ekavanymi vystupy. Vysledky analyzy poukazuji, ze
ulohy zaméfené na vypoCty povrchit a objemu téles jsou Castéji zastoupeny
vV obou zkouskach. Grafické znazornéni vysledki (viz Obr.1, Obr.2) ukazuje

v

vyrazné nizsi frekvenci uloh zaméfenych na stereometrii v porovnani s jinymi
tématy. Tento nedostatecny diiraz na stereometrii mize pfispét k tomu, ze ucitelé
se prioritné zaméfuji na jiné typy uloh a nasledné jsou studenti nedostatecné
pripraveni v dal$ich oblastech stereometrie, coZ se miiZze negativné projevit pii
klasifikaci v bézné vyuce.
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Obr. 1: Procentualni zastoupeni stereometrickych uloh v pfijimacich
zkouskach na stfedni $koly (Plinta, 2024)

Procentudlni zastoupeni stereometrickych dloh v maturitnich didaktickych

testech z matematiky
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m Ostatni Glohy (nestereometrické)
m Zakladni metrické vlastnosti, sité

m Povrchy a objemy téles

Obr. 2: Procentualni zastoupeni stereometrickych uloh v maturitnich
didaktickych testech z matematiky (Plinta, 2024)
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3 Chyby a jejich role ve vyuce stereometrie

Chybovat je lidské (,,Errare humanum est®) — toto znamé latinské ptislovi, které
je Casto pripisovano Senecovi, nas provazi uz vice nez dva tisice let. Chyby jsou
nedilnou soucasti kazdodenniho zivota. Od utlého véku se prostrednictvim chyb
ucime a rozvijime. Déti ziskavaji dovednosti pravé na zaklade svych chyb, kdy
je rodi¢e vedou k poznani spravného feSeni. V détstvi se tak chyba stava
prirozenym prostiedkem k uceni, k rozvoji novych schopnosti a porozuméni
okolnimu svétu. Tento koncept se vSak Casto vytraci s ndstupem Skolniho véku,
kdy je na chybu nahliZzeno jako na néco, ¢emu je tfeba se vyhnout.

Navzdory tomu, Ze chyby jsou pfirozenou soucasti lidského uceni,
ve vzdé€lavacim systému je stale Casto vnimame jako selhéni, misto abychom je
vyuzili jako ptilezitost k dalSimu rozvoji. V této souvislosti je dtlezité zmenit
pohled na chybu a pfijmout ji jako nastroj, ktery miize vyrazné ptispét k rozvoji
zakl. Hejny a kol. (2004) zddraziuji, ze v posledni dobé je chyba povazovana
za prfirozenou soucast uceni, a spoleCnost na ni zacind nahlizet jinak.
Z psychologického hlediska je pfitom zasadni, aby chyba nebyla vnimana jako
selhéni, ale jako ptirozeny krok k poznani (Kosikova, 2011). Podle Capa (1993)
muze spravné vyuzita chyba plnit nejen poznavaci, ale i motivaéni funkci, kdyz
jeji néprava vytvari konfliktni situace, které stimuluji zdjem a aktivitu zaku.
V tomto kontextu je tfeba chybu chapat jako nastroj, ktery miize vést k hlubsimu
porozuméni uciva, pokud je vcas diagnostikovana a spravné vyhodnocena.

Kuli¢ (1971) definuje chybu jako odchylku od piedepsané normy nebo
feSeni, které mtize vést k cili bud’ pfimo, nebo s velkymi ztratami. V ramci uceni
z chyb je klicové, aby zaci dokazali rozpoznat chybna feSeni a pfistupovali k nim
jako k pftilezitostem k uceni. U¢eni pokusem a omylem, jak ho popisuje L. E.
Thorndike, ptedstavuje chybu jako selektivni mechanismus, ktery posiluje
uspésné reakce a vylucuje ty neuspé$né (Kuli¢, 1971). Tento mechanismus je
nezbytnou soucasti procesu uceni, kdy chybné vykony nejsou nutné chapany
jako negativni, ale jako nezbytny krok k rozvoji spravnych forem chovani.

Teorie kognitivnich chyb, jak uvadi Kuli¢ (1971), vidi kazdou odpoveéd’ ¢i
¢innost jako smysluplny akt, ktery je tieba analyzovat, at’ uz je spravny nebo
chybny. Ucitelé by proto neméli zaktim okamzité poskytovat spravné odpovédi,
ale spiSe je vést k tomu, aby sami chyb¢é porozuméli a dokazali ji korigovat.

3.1 Chyby vyskytujici se pii konstrukcich rezu téles

V ramci piispévku jsme se zaméfili na oblast fezl téles, kterd vyzaduje
vysokou miru prostorové piedstavivosti a schopnost manipulovat s objekty

v

stereometrie, protoze studenti musi byt schopni vizualizovat, jak rovina prochazi
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télesem a jaké vysledné rovinné tvary vznikaji. Obtiznost roste s komplexnosti
télesa a polohy roviny fezu.

Jak autofi zminuji v knize (Hejny, 1990), stereometrie je rozclenéna do
nekolika urovni ndroc¢nosti. Na zacatku vyuky studenti rozvijeji svou
prostorovou piedstavivost prostiednictvim jednoduchych tloh, jako jsou hry s
kostkami nebo modelovani zakladnich téles. Postupné se seznamuji se
Vyvrcholenim je prace s fezy téles, ktera predstavuje vrchol této hierarchie a
vyZzaduje pokroc¢ilé schopnosti manipulace s télesem v piedstavach.

Rezy téles nejen vyzaduji technickou dovednost, ale ¢asto jsou zdrojem chyb
zpusobenych nedostatenou vizualizaci, zejména pii pouziti volného
rovnobézného promitani, které je bézné vyuzivano k zobrazovani téles ve vyuce.

3.2 Chyby vyplyvajici z vizualizace p¥i volném rovnobéZném
promitani

Volné rovnobézné promitani je standardni metodou pro vizualizaci téles ve
stereometrii. UCitelé a studenti obvykle pouzivaji tthel zkoseni 45° a koeficient
zkraceni Y, coz vede k zjednodusené vizualizaci objektl. PfestoZe tato metoda
je efektivni, casto pfinasi problémy s pfesnym zobrazenim prostorovych vztahd,
protoZe informace z tfetiho rozméru je Casteéné ztracena. To vede k urcitym
chybam, které mohou studenty zmast.

Mezi nejcastéjsi chyby zptisobené volnym rovnobéznym promitanim patii:

e Piekryvani hran t€lesa — nékteré hrany télesa se v promitani
prekryvaji, coz vede k tomu, Ze studenti nemaji jasnou piedstavu o
skute¢ném uspotadani hran v prostoru.

e  Poloha bodu na jiné hran¢ — bod fezu se miize v promitani jevit jako
lezici na jiné hrané, nez kde se skuteéné nachazi, coz zplsobuje
chybné interpretace fezu.

e  Piekryvani spojnice fezu s hranou télesa — spojnici fezu Ize zaménit
s hranou télesa, coz vede k nespravnému zobrazeni vysledného tvaru
fezu.

e  Pseudoprusecik mimobéznych hran — body fezu se mohou jevit, jako
by lezely na priseciku mimobéznych hran, coz ve skutecnosti neni
spravné.

e Nevhodné intuitivni oznadeni rovin — roviny fezu mohou byt
nespravné oznaceny nebo interpretovany, zejména pokud maji
spole¢nou prusecnici, coz muze vést ke zmateni pii nasledné
konstrukci fezu. (Ferdianova, Plinta, Prochazkova, 2021)
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Tyto chyby prameni z nedostate¢né vizualizace a mohou byt pro studenty
velkou pfekazkou v pochopeni prostorovych vztaht. Zaroven mohou podkopavat
jejich sebeduvéru pfi feSeni stereometrickych tuloh, protoze se jim zda, ze
vysledky jejich feseni nejsou v souladu s ocekavanim, i kdyz chybuji predevsim
kvtli problémiim s vizualizaci.

Chyby vznikajici pii fezech téles tedy nejsou pouze technické, ale vyzaduji
hlubsi praci s rozvojem piedstavivosti a lepsi pochopeni vizualiza¢nich nastroji,
jako je volné rovnobézné promitani. Pro pfedchazeni chyb a zlepSeni vizualizace
si miizeme napomoci jiz takovou jednoduchou véci jako je zména thlu zkoseni
technologii (3D modely v GeoGebie, AR, VR, 3D tisk apod.) TaktéZ je moznost
se dat cestou vyuziti chybovych zadani na zakladé studentskych feseni.

4 Ukazky konkrétnich uloh s chybou

Pi.1. (Vondra, 2014) Sestrojte fez krychle ABCDEFGH rovinou PQR. Body P a
R lezi po fadé na sténovych thlopii¢kach DE a BD a bod Q lezi na polopiimce
GF.Plati, 7e |ED| = |EP| = |BD|: |BR| = 3: 1a|GQ| = T |GF|.

Zadné dva zadané body neleZi ve stejné roving, proto je nelze piimo spojit
ani vyuzit rovnobéznosti. Je nutné nejprve najit prusecik pfimky PR s rovinou
pravé boéni stény, ve které lezi bod Q. Pravothlymi praméty bodd P a R do
roviny pravé stény jsou body P;, Ry, bod P; leZici na thlopiiéce stény CF a R,
lezici na hrané BC. Hledanym prusecikem je bod K, ktery vznikne jako prisecik
poloptimek P;R, a PR. Spojenim bodl K a @ se sestroji hrana fezu LM v pravé
stén€. Nasledné 1ze pomoci rovnobézek nebo pfimym spojovanim bodil sestrojit
zbylé hrany fezu a urcit viditelnost jednotlivych casti.

Jednou z nejcastéjSich chyb v tomto piipadé¢ je chybné umisténi bodu Q. Pfi
konstrukci mtze dojit k tomu, ze je polopiimka GF prodlouzena a splyne
s uhlopftickou stény AF, coz zplsobi, ze bod Q se zda byt bodem piedni stény,
atim dochazi k nespravnému feSeni. Tato chyba se muiZe objevit bud’ pii
spojovani bodu K s bodem @, coz vede k chybnému vysledku, jak je znazornéno
na obrazku 3a, nebo jiz na zacatku feSeni, jak ukazuje obrazek 3b. Chybu lze
opravit napfiklad zménou uhlu zkoseni, jak je vidét na obrazku 3c, nebo
vizualizaci ve 3D, jak znazorfiuje obrazek 3d.
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A

(d) 3D vizualizace pf. 15

(c) Spravné feseni pf. 15 (a = 30°)

Obr. 3: Iustra¢ni feseni k tloze (Plinta, 2024)

Pi.2. M¢jme dany jehlan ABCDV a fez rovinou GHI. Rozhodni, ktera
z nasledujicich konstrukci fezu je chybna a napis, kde nastala chyba, popiipadé
proc.

Obr. 4: Ukazka zadani pro praci s chybou
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Piiklad vznikl na zaklad¢ studentskych chyb v feSeni na spfateleném
pracovisti jedné z ostravskych skol. Pivodni zadani znélo: Méjme dany jehlan
ABCDV . Sestrojte fez rovinou GHI. Ulohu nasledné studenti odzkouseli o tyden
pozd&ji vramci vyuky, kdy jim byla zpfistupnéna v GeoGebra classroom.
Vétsina studentd oznadila prvni obrazek za chybny a zdtvodnila nemoznost
vyuziti rovnobézek u této konstrukce.

Pt.3. M¢&jme zadanou krychli ABCDEFGH abody XYZ. Al zkonstruovala fez
rovinou XYZ nasledné, je navrh feSeni spravny? Pokud ne, nalezni chybu.
D C

E

Obr. 5: Ukazka tesené tlohy pomoci Al (Chat-GPT 4.0)

Al fez nedokoncila a oznacila trojuhelnik XYZ jako vysledny fez, coz neni
spravné. Cilem ukolu neni jen prace s chybou, ale také rozvoj kritického mysleni,
které ukaze, ze uméla inteligence zatim neni dokonala pii feSeni geometrickych
uloh. Pokud by studenti méli k dispozici pocita¢ nebo mobil, mohli by se naucit,
jak pomoci spravné formulovanych promptd postupné dospét ke spravnému
vysledku. Pfi zadani promptu, ve kterém bylo Al vysvétleno, jak vznika fez
krychle a Ze se jedna o rovinny utvar, Al ptidala dalsi body fezu, ale vysledek
byl stale nespravny. Po dal$im upozornéni, Ze feSeni stdle neni spravné, Al
piidala dalsi body a modrou barvou oznadila vysledny fez (Obr. 6). Studenti se
navic u¢i formulovat pfesné a cilené otazky, na které potfebuji jednozna¢nou
odpoved.
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D Py c
Py
H G
v
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yi
¢
E X

Obr. 6: Ukazka tesené tlohy pomoci Al (Chat-GPT 4.0) po n¢kolika
upfesnujicich promptech.

5 Zavér

Stereometrie piedstavuje ve vyuce geometrie klicovou oblast, ktera vyzaduje
od studenti rozvoj prostorové piedstavivosti a schopnost pracovat
S trojrozmérnymi objekty. Jak ukazuji vysledky, nedostatecné zastoupeni
stereometrickych uloh ve statnich zkouskach mize vést k mensimu zaméteni na
tuto oblast ve skolni vyuce. Prostorova geometrie, zejména obtiznéjsi tlohy jako
fezy téles, jsou pro studenty narocné a casto pfinaseji chyby pramenici
z vizualiza¢nich problémi. Prace s témito chybami je v8ak cennym nastrojem
pro rozvoj kritického mysleni a lepsSiho porozumeéni stereometrickym
konceptim. Dilezitym zjisténim je, ze chyby pii vizualizaci fezu téles Casto
vznikaji kvili nedostatkim volného rovnobézného promitani, coz je technika
bézné pouzivand ve vyuce. Ucitelé by méli tyto chyby aktivné vyuzivat
k diagnostice obtizi zaki a zavadét nové metody, které podporuji spravné
pochopeni stereometrie, jako napfiklad prace s 3D modely nebo rozsifenou
realitou. TaktéZ je jiz mozné pouzit i prostfedkii umélé inteligence, kdy je
navrzen podrobny postup kfeSeni zadané tlohy. Pokud ma student
programatorské znalosti, Al dokaze vygenerovat i vizualizaci vysledkt ulohy,
naptiklad prostfednictvim obrazkl vytvotrenych v TeXu. Moznosti Al generatori
obrazku (napt. DALL-E) jsou v8ak zatim omezené, takze je lze vyuZit piedevsim
jako inspiraci nebo pro nalezeni chyb v navrhu technického vykresu (viz Obr. 7).
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Obr. 7: Navrzeni kiizové klenby v technické dokumentaci pomoci DALL.E
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Abstract. If we are teaching complete beginners how to program, it is necessary
not only to give the pupils information about the syntax of the language and its
meaning, but it is also necessary for the pupils to spend some time on their own
writing and debugging programs, when it is not a matter of learning new
procedures or tools, but of getting acquainted with program design, task
decomposition, writing source code and finding bugs.

In high school, teaching in some text-based programming language is assumed,
where the outputs often have a textual form and are not attractive. Therefore, we
tried to create a module for the Python language, allowing ones to create and
transform basic spatial shapes using simple commands. The task that the pupils
solve can then be, for example, "Build a wall" or "Create a castle".

In addition to using loops, conditions, and creating custom functions in the
programming language correctly, the student must also solve orientation in
space for such a task, have an idea of the mutual position of objects, and use a
three-dimensional coordinate system for writing the scene.

We have successfully used the module when teaching programming in a course
for teachers.

Keywords: Programming, teaching, motivation, Python, 3D scene, function,
parameters

Klicova slova: Programovani, vyuka, motivace, Python, 3D prostiedi, funkce,
parametry

1 Motivace — vyuka programovani

Naucit se programovat vyzaduje ziskat nejen znalosti, ale také nezbytnou praxi,
naptiklad von Hausswolff (2021) [1] trefné ptirovnava vyuku programovani
k vyuce plavani.

Zaci na zékladni $kole obvykle za¢inaji programovat v blokovych
programovacich jazycich, pro které je typické grafické prostiedi, které praci
zatraktiviluje a pomaha s motivaci.

Na stifedni Skole wuz studenti programuji v néjakém textovém
programovacim jazyce, dnes typicky v jazyce Python, a tlohy, které fesi, maji
Casto také textovy vystup: Cislo nebo fadu disel, textovy fetézec... Ovéfit
spravnost feSeni mize byt pracné ¢i naro¢né na pozornost, vysledek ,neni
vidét a takové tlohy nebyvaji dost motivujici.
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Pro rtizné programovaci jazyky jiz existuji grafické knihovny, které umozni
tesit ulohy vice graficky zamétené — naptiklad ,,zelvi grafika“ pro Python.

My jsme se pokusili vytvotit modul pro Python, ktery by zminény problém
efektivné fesil a prinesl novy rozmér nejen tim, ze dovoli vytvaret prostorové
objekty, ale zejména tim, ze pro jeho uziti jsou potieba jen minimalni
dodate¢né znalosti, vysledky feSeni jsou ihned vidét, je pfivétivy, pouziva
Cestinu a ptinasi rychly motivaéni efekt. Modul jsme nazvali Stavitelka.

Zaroven vime, Ze jiz existuji projekty zaméfené na 3D grafiku, napiiklad
Geometry3D [2] nebo Open3D [3], ale jejich cilem je spiSe opravdova prace

vvvvv

je podpora pfi vyuce programovani.

2 Reseni — Stavitelka

V modulu jsou k dispozici pouze tii zakladni objekty: Kvadr, koule a vélec.
Kazdy z nich ma vychozi vlastnosti — parametry (poloha, rozméry a otoceni)
- S vhodné pteddefinovanymi hodnotami, o které se autor scény nemusi starat,
dokud je nepotiebuje zménit. Pokud chceme zobrazit kouli, sta¢i zavolat funkci
Koule () zmodulu a zobrazit scénu. Cely program (ktery muiZeme spustit
tieba pfimo z shellu Pythonu) ma tedy jen tii piikazy:

import stavitelka as st

st.Koule ()

st.ZobrazScenu ()

Chceme-li kulicku obarvit, zplostit ve svislém sméru a ptidat stonek,
nahradime prostfedni piikaz dvojici piikazd, kde nékterym parametrim
zménime hodnoty (Obr. 1 vlevo):

st.Koule(sy=0.1l,barva=(1,1,0))

st.Valec(y=-2,s5x=0.1,s52z=0.1,sy=2,barva=(0,0.5,0)),

Vv

for i in range(20):
st.Koule(sy=0.1,barva=(1,1,0),rx=1*18)
st.Koule(sx=0.1,barva=(1,1,0),ry=1*18)

Obr. 1: Vlevo jedna transformovana koule, vpravo dva samostatné cykly



Stavitelka 65

Pro vyuku a motivaci zaki je podstatné, Ze vysledek, tedy ikazdou
provedenou zménu, vidi zak okamzité po spusténi programu.

Modul obsahuje i funkei, diky niz lze ze zakladnich objekti vytvofit
(definovat) novy tvar, opét s vySe uvedenymi parametry — nové definované
tvary tedy lze také posouvat, $kalovat a otacet. Zatimco tedy ,.kytiCku“ na
Obr. 2 vlevo sestavime diky jednomu cyklu, v némz dilek ota¢ime kolem jeho
stiedu:

for i in range(6):

st.Koule(sx=0.1,s2z=0.1,sy=2,

rz=1*30+10,barva=(1,1,0))

st.Valec(..),
pro kyticku vpravo bychom bud’ museli pocitat soufadnice stfedd jednotlivych
otacenych ,,okvétnich listki“ (pomoci goniometrickych funkei) tak, aby lezely
na kruznici kolem stfedu kyticky, nebo mizeme kolem osy z otacet posunuty
listek. Ten definujeme jako novy TVAR ,listek“ — jako deformovanou
kouli posunutou v ose x:

st.TVAR zacatek definice("listek")

st.Koule (x=0.6,s2z=0.15,sy=0.15,barva=(1,1,0))

st.TVAR konec definice ()

LHlistek* pak nékolikrat oto¢ime kolem osy z:

for i in range(9):
st.TVAR ("listek", rz=i*40+10)

st.Valec(..)
QAlL

7N

Obr 2: Vlevo otaceni dilku kolem stiedu objektu, vpravo novy objekt

Tvary mizeme vnofovat do sebe a postupné tvofit slozitéjsi casti scény:
st.TVAR zacatek definice("listek")
st.Koule(x=1,s52=0.2,sy=0.6, rx=30,barva=(1,0,0))
st.TVAR konec definice ()

st.TVAR zacatek definice ("kytka")
POCET = 17
for i in range (POCET) :

st.TVAR ("listek", rz=i*360/POCET)
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st.Koule (sz=0.5, barva=(1,1,0))

st.Valec(sx=0.2,sz=0.2,sy=2,y=-2,2=0.2,
barva=(0,0.5,0))

st.TVAR konec definice ()

Vlastni tvar , kytka“ pak pouzijeme K vytvoteni kvétinového pole (Obr. 3):

import random
POLE = 10
for x in range (POLE) :
for z in range (POLE) :

smer = random.randrange (360)

st.TVAR ("kytka",x=3*x, z=3*z, y=4, ry=smer)
st.Hranol (x=2*POLE, z=2*POLE, sx=5*POLE, sz=5*POLE,

barva=(0.2,0.2,0))

st.ZobrazScenu ()

Obr 3: Pole , kytek* definovanych jako TVAR

2.1 Co je uvnitf

Poslednim piikazem celého python scriptu (viz vySe) je piikaz Stavitelky
ZobrazScenu(), ktery zavola webovy prohlize¢ a pfeda mu modulem
sestaveny kod scény. Tento kod jsme pievzali ze star§iho projektu Projektor
[4], ktery je urCeny pro zjednoduSené ,,pismenkové“ kodovani 3D scény
a popsali jsme ho v [5].

Scéna se zobrazuje v html strance ve vnofeném x3dom [6], jehoz scéna se
generuje z vyse zminéného ,,pismenkového* kodovani vnofenym javascriptem.

Stejny ,,pismenkovy* kod lze poté prenést do Projektoru, v némz je mozné
nastavovat a ptepinat nastaveni kamery, ale také ukladat konstrukce a vytvaret
ucitelské a zakovské ucty.
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2.2 K ¢emu lze Stavitelku pouZzit p¥i vyuce programovani

Kromé porozuméni syntaxi jazyka Python a nacviku uziti cyklt a podminek lze
Stavitelku pouzit pro nacvik dekompozice. Napfiklad pfi zadani ,,Postavte hrad
podle obrazku“ (viz Obr. 4) by si Zaci méli v§imnout, ze se v konstrukci
opakuji nékteré ¢asti, a tudiz by bylo vhodné jejich tvorbu vy¢lenit do funkce.
Zaroven ale nemusi jit vzdy o identickou kopii, a proto by takova funkce méla
mit své parametry — a rozhodovani, jaké parametry funkce bude mit, tvoii dalsi
¢ast vyuky programovani.

Obr 4: Obrazek k zadani tlohy ,,Postavte hrad podle obrazku*

Jesté vyssi uroven prace potom piedstavuje situace, kdy zaci maji spolecné
nebo vanocni betlém. V takovém piipad¢ se musi domluvit na fad¢ bodu, jako
kdo bude mit jakou roli v tymu, kdo bude délat jakou ¢ast scény, jak budou tyto
¢asti rozmistény v prostoru, ptipadné kdo je rozmisti, jak se budou jmenovat
soubory s jednotlivymi ¢astmi, jaké tyto Casti budou mit rozhrani... Zaroven
u toho mohou Zaci zazit, jak snadno mohou vznikat nedorozuméni, jak muze
byt tézké se domluvit pfesné a jednoznaéné, ito, kolik Casu zabere spojit
hotova dil¢i feSeni.

2.3 Dalsi vyuziti — vizualizace

Kromé vyuky programovani muzeme Stavitelku vyuzit i pro vizualizaci feSeni
formulovat geometricky. Naptiklad zjistovani kolik riznych prostorovych
atvart 1ze slepit z daného poctu stejné velkych kosticek nebo kolika zplisoby
lze rozdélit krychli na dvé souvislé &asti, jsme popsali jiz v [5] a[7], ale
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mizZeme tfeba i zobrazovat vysledky hledani moznosti, jak pomoci zahnutych
¢asti trubky (,.kolen*) vyplnit krychli (Obr. 5).

Obr 5: Vyplnéni krychle pomoci kolen (Easte¢né fesent)
— zleva doprava krychle 4x4x4, 6x6x6, 8x8x8.

3 ZkuSenosti

Stavitelku jsme zatim vyzkouSeli pouze na stfedoskolskych ugitelich,
udastnicich Letni $koly ucitelt informatiky. Zku$enosti napovidaji, Ze takovyto
jednoduchy modul s okamzitou viditelnosti trojrozmérnych vysledkd ma
potencial zaky zaujmout.
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Abstract. Refining schemes are widely used in practical applications,
e.g. in computer graphics, data-fitting, solid modelling and especially
in the video game industry. We describe a non-linear planar scheme for
polygonal lines with normals at the vertices, which refines using locally
computed parabolas. We show several examples of the application of
this scheme and prove some properties such as shift invariance and
fixing parabolas.

Keywords: Non-linear subdivision, approximation, parabola.

1 Introduction

Subdivision schemes generate smooth curves or surfaces from discrete data
by infinitely repeated refinements. The topic of non-linear smoothing is
currently quite popular. The paper [3] by Evgeny Lipovetsky from the
year 2022 deals with a non-linear refinement using circles. In our previous
paper [1], we presented a new non-linear subdivision scheme that refines
using all conics at once. This year, a paper [2] was published that also
deals with refinement using conics. These schemes mainly differ in the
refinement rules.

In this paper, we present a new non-linear planar refinement scheme
that refines using only parabolas. Currently, there is no scheme that
refines only with parabolas. In the method described below, the basic
construction step consists in fitting a parabola to a pair of adjacent points
and associated normals. Newly generated points are then selected from
it. The normal is determined as the normal of the parabola.

2 Pipeline of the parabola-preserving scheme

In this part, the process of the proposed scheme is presented and the basic
steps of the scheme are discussed in more detail.

Process of one refinement iteration

Input data:
Sequence The first The second Output:
of pairs main step: main step: Update
of points Assign Point-normal sequence
and vectors parabolas insertion {(pi, 7:)}

{(pi, 1)}
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Our goal is to obtain a limit curve with the required properties (such as
smoothness and finite length of the limit curve) after a given number of
refinements.

2.1 The first step: Assign parabolas

Consider two different points p;, p;+1 € R?, where i € N, with correspond-
ing normal vectors 7i;, ;11 € S' = {(x,y) € R?: 2% + 4% =1} lying in
one half-plane with respect to the segment formed by the points p; and
pi+1. The parabola P is defined by the equation

P(z,y) = ax® + 2bxy + cy* +2dx +2ey + f =0, a,b,c,d,e, f €R (1)

and the condition ac — b2 = 0. The function (1) minimizes the objective
function

F((L,b, c, d7€,f> = sz(pz)2 + wi+1P(pi+1)2 +
+4]| 7 P(pi) — Wil [? 4+ @ig1]| 7 P(piy1) — figall?, (2)

where w; > 0 is the corresponding weight to the point p;, and w; > 0 is
the weight assigned to the normal vector 7;. The user chooses weights at
the beginning of refinement, which do not change during refinement. The
objective function (2) measures weighted algebraic distance between the
point and the parabola and weighted deviation between the normal and
the gradient of the parabola. Then the task is to find

arg F(aab7 C, d7eaf)a

min
a,b,c,de, fER
hence, to solve a system of linear equations with unknowns a, b, ¢, d, e, f

oF oF OF oF OF OF
520,520,520,%:0,5— - =0, (3)

in order to find stationary points of F'. As we show below, the solution
of the system of equations (3) together with the condition ac — b? = 0 is
invariant with respect to Euclidean transformations. Thus, the following
coordinate system

pi = (-7,0), pit1=(r,0), ;= (cosn,sinn), 741 = (cos@,sing),

can be considered, where r > 0 and 7, ¢ € R. Any two non-identical
points with given associated normals can be mapped to this situation
using a Euclidean transformation.
If Vi: w; = w; = 1 in objective function (2), then the coefficients for
the parabola P are as follows
cos ¢ — cosn sin ¢ — sinn —(sinn — sin ¢)?

“ 4r ’ 4r ¢ 4r(cosn — cos @)’ )
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cosn + cos ¢ __ sinn +sin¢

7 COS1 — I COS @
e = Mt A tith
4(r2 +1) 4 ’

d:
4

f= (5)

If we consider non-zero weights, then the only case where a solution does
not exist is the case when the normal vectors are equally oriented, so n =
¢. In this case, the new point is determined as the center of neighboring
points with the same oriented normal. In the remaining cases, the solution
is unique. The computed parabola only approximates the input data, so
the original points do not have to lie on the parabola, see Fig. 1.

2.2 The second step: Point-normal insertion

The second step is to find a new point-normal pair for the next iteration.
Optimizing the objective function F', the coefficients for the prescription
of the parabola are obtained. Then a new inserted point ¢; is obtained
from the intersection of the axis of the line segment of points p;, p;+1 and
the parabola P. By this intersection we can get one or two solutions, see
Fig. 2. If two solutions are obtained by intersection, the one that is closer
to the original points is selected, see Fig. 2 on the right. Then the new
normal is determined by the normal of the parabola.

Pi+1

Fig. 1: Examples of assigning a parabola to point-normal pairs.

Fig. 2: Left — inserting a new point-normal pair if we have only one solution.
Right — choosing a new point-normal pair if we have two solutions.
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3 Properties of the parabola-preserving scheme

The parabola-preserving scheme can be applied to any data: open or
closed polygonal line, convex or non-convex polygons, symmetric or non-
symmetric data and so on. An example of the application of the parabola-
preserving scheme is shown in Fig. 3. We can observe a smooth transition
of normals and the distance of neighboring points converges to zero.

Theorem 3.1. A non-linear parabola-preserving subdivision scheme is
invariant with respect to rotation and translation.

Proof. The task now is to verify that if we have two points p; and p;;1
together with the corresponding normal vectors 7i; and 7i;41, then after
minimizing the objective function (2) we obtain the same parabola as
when the points p;, p;+1 and the normals 7i;, 7,11, we move it by the
vector (xg,yo) and rotate it by an angle w. Thus, the relations between
the points p; and p} is as follow

pi = p; = (k(z —z0) + s(y — yo), —s(x — x0) + k(y — vo)),

where £ = cosw, s = sinw. If k = 1, s = 0 (the angle w = 0) then
the transformation is a pure translation and if zo = y9 = 0 then the
transformation is a pure rotation.

The same parabola can be represented by two similar quadratic equa-
tions in the two systems of coordinates:

P(z,y) = ax®+2bxy+ cy? +2dx +2ey+ f =0, (6)
P’(m',y') _ a’x’2—|—2b'x'y/—|—c’y'2+2d'm'+26/y'+f':0, (7)

where a,b,¢,d, e, f,a’, b, ¢, d' ¢, f' € R. We substitute

(ZL’, y) = (xO + kx/ - sylv Yo + le + ky/) (8)

S1 — S4

Fig. 3: An example of applying the parabola-preserving scheme to a convex
symmetric polygon. On the left — input data. In the middle — the 1th iteration.
On the right — the 4th iteration.
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into equation (6)

P(z,y) = a(zo + kz' — sy')* + 2b(xo + ka' — sy') (yo + sz’ + ky') +
+e(yo + s’ + ky')? + +2d(zo + ka' — sy') + 2e(yo + 2’ +ky' )+ f=0

and we compare the corresponding members. Then the relations between
the coefficients are

d = ak?®+ 2bks + ks?, (9)
¥ = (c—a)ks+bk?—s?), (10)
d = as®—2bks+ck? (11)
d = k(axo+byo + d) + s(bxo + cyo + e€), (12)
¢ = —s(axo+ byo +d) + k(bxo + cyo + ¢), (13)
= axd+2bxoyo + cyd + 2dxo + 2eyo + f = Plxo,y0).  (14)

After substituting the coordinates of the point p} into the objective func-
tion (2) and subsequent minimization, the coefficients a’ — f’ are obtained.
These coefficients are the same when the coefficients a — f are substituted
into the equations (9-14). This showed that the solution of the system of
equations (3) is invariant with respect to the Euclidean transformation.
O

Definition 3.2. Consider the input data from the parabola P. The re-
finement scheme preserves parabolas if the original parabola from which
the input data was used is obtained as the limit curve.

Theorem 3.3. The parabola-preserving scheme preserves parabolas if
Vi: w; = w; = 1 in objective function (2).

Proof. The general equation of a parabola is
y = hi(z — hs)® + hs, (15)

where hi, hs, hs are parabola parameters and x € R. Consider the
input data from the parabola, i.e. p; = (x,hi(z — h2)? + h3), piy1 =
(x + & hi(z + & — ha)? + h3), where £ € R and 7i; = (2hy(x — pa), —1),
flit1 = (2h1(z + & — p2), —1). Then the solution of the linear system of
equations (3) is

1
a=h, b=0, ¢=0, d=-hhy e=-g, f = hih2 + hs. (16)

After substituting the solution (16) into (1), we get

9(x,y) = hx® —2hihy —y + hah3 + hy = 0. (17)
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By expressing y from equation (17), we get the parabola defined by (15).
If any two points and the corresponding normal vectors are taken from
the parabola, the original parabola is obtained by minimizing the objec-
tive function. The new point is generated by the intersection of the axis
connecting the points p; and p; 1 and the calculated parabola. So the
newly inserted point is taken from the original parabola. What had to be
proven.

It is good to notice that only parabolas whose axis is parallel to the
y-axis were considered. Since the presented scheme is invariant with re-
spect to Euclidean transformations, it was sufficient to consider only these
parabolas. O

4 Conclusion

This paper dealt with the process of refining a polygonal line with nor-
mals at the vertices. We presented a new non-linear planar method and
described the fundamental steps of the refinement process. The presented
scheme is still in the process of development, when we are looking for
its advantages and disadvantages. The parabola-preserving scheme works
well for close points as well as distant ones. In the future, we would
like to extend the parabola-preserving method to curve constructions in
3D and then focus on the creation of surfaces using the tensor prod-
uct construction. Based on the experimental results, we claim that the
parabola-preserving scheme behaves convergently. In the future, we want
to show the convergence of the parabola-preserving scheme and thereby
the resulting G''-continuity.
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Abstract. One of the tasks of teacher training programs is to provide
students with an environment enabling their education and the deve-
lopment of their competences in interaction with appropriate methods
and means, which is so inspiring and stimulating that it naturally leads
them to do so creatively and effectively, according to the current state
and needs of human knowledge. In the background of completely new
revelations about the use of two well-known algebraic curves to trisect
an angle the contribution presents specific student projects solved by
the prospective mathematics teachers. The prerequisite for success was
not only the knowledge of the geometric subject matter, but also the
ability to apply it creatively and the skill of effective presentation of
the obtained results.

Keywords: Cycloid of Ceva, GeoGebra, quadrifolium, angle trisection,
trisector, 3D printing.

Kli¢ovd slova: Cevova cykloida, GeoGebra, kvadrifolium, trisekce uhlu,
trisektor, 3D tisk.

1 Uvod

Jednim z tkolu studijnich programu piipravy ucitelu je poskytnout stu-
dentum prostiedi umoznujici jejich vzdélavani i rozvoj jejich kompetenci
v interakci s odpovidajicimi metodami a prostiedky, které je pfi tom na-
tolik inspirativni a podnétné, ze je prirozené vede k tomu, aby tak ¢inili
kreativné a efektivné, dle aktualnich moznosti a potteb lidského poznani.

Prispévek na pozadi zcela novych poznatku o uziti dvou zndamych al-
gebraickych kiivek k trisekci thlu predstavuje konkrétni projekty resené
studenty ucitelstvi matematiky Pedagogické fakulty Jihoceské univerzity
v Ceskych Budéjovicich. Predpokladem tispéchu pfitom byla nejenom zna-
lost geometrického uciva, ale také schopnost jeho kreativniho aplikovani
a dovednost prezentace ziskanych vysledku.

Konkrétné pojednavame dvé metody trisekce 1ihlu uzitim algebraickych
kiivek Sestého stupné, Cevovy cykloidy [2] a kvadrifolia [10], které dle
nasich znalosti nebyly dosud publikovany. Kfivky nejprve stru¢né uve-
deme, potom popiSeme predmétné postupy jejich vyuziti k trisekci thlu
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a nakonec predstavime vysledky studentskych projektu zalozenych na 3D
tisku pomucek pro realizaci téchto postupu.

2 Cevova cykloida

Ve své latinsky psané knize Opuscula mathematica [1], publikované v roce
1699, predstavil Tommaso Ceva (1648-1737), mladsi bratr Giovanniho
Cevy (1647-1734), na strandch 31-32 tiidu kiivek, kterym fikal cycloi-
stupné

(2 +y%)° —1*(32% — y*)* =0, (1)
kde 7 je polomér jeji zakladni kruznice m, ktera je opsana dvojici mensich
smycek kiivky, viz Obr. 1. Jako jednu z jejich vlastnosti Ceva uvadi vhod-
nost k trisekci thlu, tj. k neeukleidovskému konstrukénimu rozdéleni dhlu
na tii stejné ¢asti. Prislusny princip je ziejmy z Obr. 1. Od doby vydani
knihy je tak kiivka s trisekci thlu spojovana a v dostupnych zdrojich je
zminovéna jako Cevova trisectrix [2] nebo jako Cevova cykloida [11].

Obr. 1: Cevova trisectrix; vytvoieno v GeoGebie, [7]

Jak bylo uvedeno, zde predstavime jinou metodu pouziti Cevovy kiivky
k trisekci thlu. Metodu, ktera pracuje s jinou orientaci kiivky a, na rozdil
od metody uvedené Cevou, vyuzivd mensi z jejich smycek. Tato metoda
je snadnéji proveditelna, a navic ji lze vyuzit k vytisknuti jednoduché
pomtcky pro trisekci, jak bude zanedlouho ukédzéno.

3 Kvadrifolium
Druhou kfivkou, kterou zde v souvislosti s trisekci thlu predstavime, je
kvadrifolium

(2* +y*)° —r?(a® —y*)? =0, (2)
kde r je polomér kruznice m ji opsané, viz Obr. 2. Kfivku predstavil italsky
matematik Guido Grandi (1671-1742) v roce 1728 ve své latinsky psané
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Obr. 2: Kvadrifolium; vytvoreno v GeoGebrte, [8]

knize Flores Geometrici ex Rhodonearum [3].

Co spojuje obé tyto kiivky, kromé jejich stupné a vhodnosti pro tri-
sekci thlu? Obé patii do rodiny tzv. rulet, kvadrifolium je konkrétné hy-
potrochoidou [8], Cevova cykloida potom trochoidou [7], viz Obr. 1 a 2.
Za pozornost bezesporu stoji i skute¢nost, ze kvadrifolium je kisoidou Ce-
vovy cykloidy. Vice o obou kfivkach a o novych metodach jejich pouziti
k trisekci thlu najde ¢tendfr v [4, 5]. Nadéle se zaméfime predevsim na
projekt 3D tisku pomucek pro trisekci na téchto metodach zalozenych.

4 Trisekce uzitim danych kiivek

Detailni pojednani novych metod trisekce thlu uzitim Cevovy cykloidy
a kvadrifolia, i s formulacemi piislusnych vlastnosti a jejich dukazy, jsou
dostupnd v [5, 6]. Zde se omezime na pouhé predstaveni principu téchto
metod.

4.1 Cevova cykloida

Viz Obr. 3, kde je zobrazena ¢édst Cevovy kiivky (Gervend kiivka) dané
rovnici

(2% +3%)° = r?(2® = 3y*)* = 0. (3)

Potom pro libovolny ostry thel ¢ = ZA’OA, jehoz rameno OA’ je totozné
s kladnou poloosou = a jehoz druhé rameno protind zakladni kruznici
m kiivky (3) v bodé A v prvnim kvadrantu, je jeho tfetinou ihel % =
/A’OB, kde B je prusecik kolmice vedené z A na osu z s mensi smyckou
kiivky (3).
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Obr. 3: Cevova kiivka spolu s kvadrifoliem a jejich role v trisekci thlu;
vytvoreno v GeoGebie

4.2 Kvadrifolium

Viz Obr. 3, kde je, spolu s Cevovou kiivkou, zobrazena ¢ast kvadrifolia
(modrd kiivka)
(@® +9°)° = r?(2® —y?)* = 0. (4)

Potom pro libovolny ostry tihel ¢ = ZA’OA, jehoz rameno O A’ je totozné
s kladnou poloosou z a jehoz druhé rameno protina zakladni kruznici m
kiivky 3 v bodé A v prvnim kvadrantu, je jeho tfetinou ihel % =/A'0OD,
kde D je prusecik (Thaletovy) kruznice nad prumérem OA se smyckou
kvadrifolia (s ¢dsti, kterd lez{ uvniti ZA’OA) o rovnici (4).

4.3 Navrhy pomucek

~

Obr. 4: Pomucky pro trisekei, uzitim Cevovy kiivky (vlevo) a kvadrifolia
(vpravo); vytvofeno v GeoGebfe
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Na zdkladé vySe uvedenych vztaht obou kiivek k trisekci tihlu lze
snadno navrhnout principy fungovéni piislusnych pomtcek, jak vidime
na Obr. 4.

5 Projekt 3D tisku

Pokud bychom méli pomucku ve tvaru modré oblasti na Obr. 4, mohli
bychom ji doplnit pravitko a kruzitko, a pomoci téchto ti{ ndstrojua bychom
byli schopni provést trisekci daného 1ihlu. To byla zakladni myslenka, ktera
se stala impulsem k zadéni studentskych projektu pro tisk takovychto
pomucek, zalozenych na Cevové kiivkce nebo kvadrifoliu. Vybrané arte-
fakty, vytisknuté na tiskdrné Prusa i3 MK3S+ (https://www.prusa3d.
com) jsou zachycené na Obr. 5.

Béhem préace na projektu zaci dosdhli viditelného pokroku ve svych
kompetencich a znalostech relevantnich pro dany tkol. Zpocatku se jim
nedarilo vytisknout pozadovanou ¢ast, o cemz svédcila fada neuspésnych
pokusu. Klicovym bodem zlomu pro jejich tspéch bylo zjisténi optimalniho
zpusobu geometrické reprezentace objektu pro 3D tisk. Po netspésnych
pokusech vytisknout model piimo na zdkladé parametrické reprezentace
v programu GeoGebra, dospéli k zavéru, ze vhodnéjsi je nahradit plochu
ohranicenou kfivkou a useckou polygonem. Pro jeho konstrukeci pouzili
software GeoGebra 6 a pro zpracovani modelu program PrusaSlicer 2.7.4.
Kvalita vysledného produktu byla nakonec velmi dobré (viz obr. 5).

Obr. 5: Pomucky pro trisekci vytisknuté na 3D tiskarné Prusa i3 MK3S+

6 Zaveér

Soucasné védecké studie zabyvajici se vzdélavanim STEM jako zptsobem
pripravy zaku a studentu na neustéle se ménici svét se do znatné miry
shoduji na tom, ze pii jeho realizaci hraji vyznamnou roli pojmy jako
kreativita, schopnost ucit se a aplikovat nové poznatky, dovednosti fesit
problémy a provadét autentické zkoumani. K ambicim pfispévku patiilo
ukézat, jak 1ze tyto dovednosti procvicovat a rozvijet na zdkladé histo-
rického tématu, konkrétné fesenim konkrétniho studentského projektu,
v némz se aplikuje zdkladni matematické uéivo na feSeni problému vy-
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chézejicich z vhodné shromdazdénych a prezentovanych historickych ma-
teridlu. Ukézalo se, ze v rdmci takového projektu studenti nejen procvicuji
a rozvijeji vyse uvedené dovednosti ve spojeni se svymi digitalnimi kom-
petencemi, ale také provadéji technicky navrh a vyrobu ptislusného arte-
faktu.

Podékovani
Clének vznikl za podpory projektu GA JU 041/2022/8S.
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Abstract. Sonic tree tomography is an application problem from high
school geometry. I created this task for the Math4U project in which
our MENDELU team is participating. It is a task inspired by our
arborists from the Faculty of Forestry and Wood Technology.

Keywords: Real word problem, analytic geometry, quadrilateral.

Klicovd slova: Aplikacni dloha, analytickd geometrie, ¢tyfihelnik.

1 Uvod

Stranka projektu Math4U je dostupnd na adrese https://math4u.vsb.
cz/. Portél je bezplatny a funguje v péti jazykovych verzich. Obsahuje
tlohy k procviceni stfedoskolské matematiky rozdélené do 12 tematickych
oblasti. Z geometrickych témat jsou to trigonometrie trojuhelniku, geo-
metrie (zde jsou obsazeny stereometrické tlohy) a analytickd geometrie.

Ukolem naseho tymu je sestavit 50 aplikacnich tloh ze SS matematiky
a geometrie. Tyto ulohy maji byt ruznorodé ndmeétem, obtiznosti a mate-
matickym obsahem. Maji byt pouzitelné jak v hodiné matematiky na SS,
tak k samostatnému studiu. Kromé tivodu do dané problematiky obsahuji
kokrétni slovni zadani iloh a také feSeni krok za krokem. K nékterym
tloham jsou pripojeny i priklady k samostatnému feseni.

Stromovy tomograf je nazev jedné z geometrickych tloh, které jsou v
projektu zahrnuty. Jde o feSeni skuteéného problému, ktery mél kolega
arborista z nasi Lesnické a dievaiské fakulty. Rozsah ¢lanku nedovoluje
vlozit plné znéni ulohy, feSeni je proto zkraceno.

2 Stromovy tomograf

Zdravotni stav stromu je dulezité znat napiiklad v méstskych parcich
kvuli bezpecnosti obyvatel. Kontroluji se hlavné staré stromy, u nichz
je pravdépodobnéjsi, ze by nemusely byt zdravé. Kmen poskozeného ¢i
nemocného stromu se muze pii zvySené intenzité vétru zlomit a zpusobit
nékomu zranéni ¢i hmotné skody. I majitelé mensich nemovitosti maji
mnohdy v blizkosti domu stary strom a nechtéji, aby spadl a poskodil jim
napiiklad stfechu.

Zdravi stromu je schopen posoudit arborista, ktery kontroluje, zda
strom prosperuje nebo za¢ind schnout. Po obvodu stromu hledd dievokazné
houby a také mista, kterd jsou viditelné poskozend. Svoje pozorovani
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pak muze doplnit méfenim pomoci stromového tomografu nebo muze
vyuzit tahové zkousky. Poté muze navrhnout ruzna opatieni zvySujici
bezpectnost. Napiiklad profezani vétvi v koruné stromu, aby v piipadé
velkého vétru ptili§ nezatézovala kmen.

Tahova zkouska funguje tak, ze se do urcité vysky kmene pfivaze lano
a za né se potom taha. K paté kmene jsou umisténa c¢idla, kterda méti
pruhyb kmene a jeho deformaci. Arborista ma k dispozici mnoho vzor,
jak se ma ktera drevina chovat, a podle vysledki méfeni se porovnava
konkrétni piipad s nejlépe odpovidajicim vzorem. Vysledkem je zjisténi,
v jakém stavu je kofenovy systém stromu, a zda se muze zlomit v kmeni.
Tato metoda je pomérné draha. Méfeni trva relativné dlouho a navic
je potieba technik, ktery vyleze na strom a pfivaze k nému lano, a po
ukonéeni méfeni ho zase sunda. V posledni dobé se proto uz tato metoda
moc nepouziva, misto toho je lepsi vyuzit stromovy tomograf.

Meéfeni stromovym tomografem

Stromovy tomograf funguje na principu pfenosu zvuku. Po obvodu kmene
stromu se v urcité vysce umisti 12 senzoru na hiebech. Hieby se zatlucou
skrz kiru stromu az ke dievu. Umistuji se vidy do aktivniho rostlinného
pletiva, zde totiz strom dokéze velmi rychle regenerovat, a tak ho tyto
hieby nijak neposkodi.

Arborista pak postupné klepe kladivkem na jednotlivé senzory. P¥itom
se méfi rychlost, za kterou zvukovy signél dorazi k ostatnim senzorum.
Zdravym dievem zvuk projde rychle zatimco ve dfevé postizeném vnitini
vadou se doba prenosu signalu prodluzuje. Porovnanim nameéfené a refe-
ren¢ni hodnoty se proto da najit napiiklad dutina ve dievé uz v rané fazi
jejtho vyvoje.

7 namérenych rychlosti prenosu zvuku se da sestavit tzv. rychlostni
graf (viz. Obr. 1). U tsecek, které spojujf jednotlivé body je dulezitd jejich
barva. Ta udava rychlost, jakou zvukovy signél prosel od jednoho bodu
ke druhému. Pocitacovy program potom z naméfenych rychlosti sestavi
vysledny tzv. tomogram. Jde o dvourozmérny obraz, ktery znazornuje
z6ny s ruznymi vlastnostmi pfrenosu zvuku.

Na jednom stromé nesta¢i promérit jediny prufez. Arborista jich nameé-
¥ nékolik a pfitom se zaméfuje na mista na kmeni, kterd jsou viditelné
poskozena. Ze vSech ziskanych informaci si poté utvoii prehled o celkovém
zdravi stromu.

Kdyz je v kmeni zjisténa dutina, nemusi to jeSté znamenat vyznamny
problém, pokud je vnéjsi obvod kmene zdravy. Neni mozné pfesné fict,
kolik zdravého dieva musi po obvodu byt. To zalezi na druhu dfeva, stafi
stromu a na jeho pruméru. Princip je stejny jako u ocelové trubky. Ta
je taky pevnd, i kdyz je ty¢ dutd a material je jen po obvodu. Existuje
zde nékolik pravidel. Jedno z nich iikda, ze v poradku je, kdyz je zdrava
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Obr. 1: Rychlostni graf a vysledny tomogram kmene s dutinou.

tfetina prutfezu kmene stromu. Jiné pravidlo tvrdi, Ze u velmi starych
stromu postaci, kdyz je po obvodu jen tficentimetrova vrstva zdravého
dfeva. Problém vsak mohou byt kofeny.

Stromovym tomografem se d4 pomérné piesné uréit i stav kofenového
systému. Provede se méfeni aplné u zemé a pak v nékolika dalsich vyskach.
Pokud z vysledku programu je vidét, ze se hniloba §ifi kmenem zespodu
nahoru, je pravdépodobné, ze koteny také nejsou v poradku.

I tomograf ma své omezeni. Méfeni se neprovadi v zimé kdyz mrzne,
protoze zmrzlou mizou se zvuk §iti jinak a vysledek by mohl byt zkresleny.

K sestaveni tomogramu je potfeba znat vzdalenosti mezi vSemi pouzity-
mi senzory. Tato vzdalenost se d4 zmétit pomoci posuvného métitka. U
velmi starych a mohutnych stromu vsak muze byt s posuvnym méiitkem
problém - jednoduSe nemd potiebny rozsah. Co délat, kdyz se tedy ne-
daji zmérit vechny potiebné vzdalenosti mezi senzory? Pro jednoduchost
problém omezime na vzdalenosti mezi 4 senzory.

Uloha 1

Uvazujme obecny ¢tyithelnik ABC'D. V tomto ¢tyiidhelniku zname délky
vSech 4 stran a, b, ¢, d a délku jedné uhlopiicky AC. Urcete délku druhé
uhlopticky BD. Ta uz je prilis velkd a nejde zmérit nasim méridlem.
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Reseni

Nejjednodussi feseni je samoziejmé planimetrické. Sestrojime nejprve tsec-
ku AC. Zname délky stran ctyithelnika AB a BC muzeme tedy nad

thlopfickou AC sestrojit trojihelnik ABC'. Podobné sestrojime trojihelnik
ADC a pak uz staci jen zmétit délku uhlopticky BD.

D

Obr. 2: Zadéani tlohy 1.

Toto feseni provedené tuzkou na papir nebude ptili§ presné. Narysuje-
me-li vSak totéz v rysovacim programu na poéitaci (muzeme pouzit tieba
GeoGebru), presnost vysledku uz bude dostacujici.

Problém je, pokud arborista tento vypocet musi provést ne jednou,
ale mnohokrat. Pak uz by planimetrické feseni bylo Casové naro¢né a
nevyhodné. Lepsi by bylo mit program, stacila by tabulka v Excelu, kam
by se zadaly naméfené hodnoty a chybéjici délku by spocital pocitac.
Uloha 2
Stejny problém vyfteste analyticky.

Reseni
Zacéneme vhodnou volbou soufadné soustavy. Poc¢atek souradné soustavy

umistime do bodu A, osu x zvolime tak, aby na ni lezel bod C. Pro nasi
volbu potom budou soufadnice vrcholu ¢tyiihelnika

A[0,0], Cl[u,0], Blby,bs], D[dy,ds].

Potiebujeme ur¢it souradnice by, by, di a do, pak uz bude snadné

vypocist hledanou délku thlopficky v jako délku vektoru ﬁ pomoci
vztahu

v=|BD| =D - B=\/d —b:1)’+ (d — b)’.
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Obr. 3: Volba soufadné soustavy.

Nejprve budeme pracovat s trojuhelnikem AACD, abychom ziskali
soufadnice bodu D. Uréime vektory AD a C

AD =D — A= (dy,ds),
CD=D—C=(d —u,dy),

a vypocteme jejich délky

|AD| = \/d? +d3 = d,
ICD| = \/(di — u)? + &2 = .

Umocnénim dostdavame soustavu dvou rovnic o dvou neznamych d; a ds
2 2 _ 2
di +d; = d-,
2 2 2
(di —w)* +d5 = c*.

1
@:%uﬁmhm% dy = \/d? — d3.

Podobnym zpusobem z trojihelnika AABC vypocteme soutradnice

Resenim je

bodu B. Vyuzijeme vektory AB a C@ . Odsud ziskdame

1
ngm%whm% by = —y/a% — b2

Znaménko — v posledni rovnosti je zpusobeno tim, ze bod B mé y-ovou
soutadnici zapornou (body B a D lez{ v opaénych polorovindch uréenych
piimkou AC.)
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Uloha 3 — k samostatnému reSeni

K zadani pfiddme dalsi senzor Z. Budeme znat vzdalenosti Z od vrcholu
A a D, tkolem bude urc¢it vzdélenost bodu Z od bodu B.

3 Zaveér

Pouzit{ aplika¢nich tiloh ve vyuce matematiky a geometrie na SS je dilezi-
tym motivacnim prvkem. Zaroven ale takové tlohy bézné nejsou dostupné
ve znamych ucebnich textech. Pro ucitele tedy muze byt problém v nékte-
rych partiich matematiky vhodné tdlohy najit. Tento stav se ndm snad
podaii diky projektu zménit, mdme nakonec i nékolik moc péknych ge-
ometrickych tloh. Piiklady dostupné na diive zminéné strance portalu
Math4U hned po jejich odpilotovani ve vyuce.

Podékovani

Clanek vznikl za podpory projektu Math4U 3: Math Exercises for You 3
(2022-1-CZ01-KA220-SCH-000086821).
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Abstract. In the node-based programming environment Grasshopper,
distributed with Rhinoceros CAD software, user can chain together gra-
phically represented commands and operations to create an algorithm
capable of generating parameter-defined 3D geometry. Grasshopper
is useful primarily when geometries more complex that those easily
created through manual means are desired. In this paper two use cases
are presented - an interactive implementation of the de Casteljau
algorithm for Béziere surfaces and a proposed parameter-driven CAD
representation of the geometry of lower human airways idealized
geometry.

Keywords: CAD, programming, visualization
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1 Uvod

3D modelaf Rhinoceros je na Fakulté strojni CVUT rozsffenym néstro-
jem vyuzivanym napriklad pri vyuce predmétu Pocitacova grafika a obe-
znamenost s nim je pomérné vysokd mezi zaméstnanci i studenty. Jde
o CAD systém uzptusobeny pro praci s definiécnimi geometriemi NURBS
objektu, které uzivateli intuitivné zpristupnuje jak graficky, tak pii po-
uzivani vestavénych néstroji. Rhinoceros obsahuje vlastni vyvojové pro-
stfedni Grasshopper, které umoznuje za pomoci implementovanych na-
stroju vlastniho vizualniho programovaciho jazyka a knihoven vytvaret
skripty a programy generujici pozadované geometrie. Grasshopper ma
vlastni uzivatelské rozhrani, pres které se daji v redlném case ovladat
vstupni parametry téchto programu a tim je ¢init interaktivnimi.

Pro ukazku vyuziti schopnosti uzivatelského rozhrani bude v kapitole
2 predstaven projekt Interaktivni vizualizace de Casteljau algoritmu pro
Bézierovy plochy, jako piiklad price zamérené na programovani CAD ge-
ometrie pak v kapitole 3 projekt Parametricky CAD model idealizované
geometrie ¢asti dolnich cest dychacich.
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2 De Casteljau algoritmus

V ramci vyuky predmétu Pocitacova grafika jsou studenti sezndmeni s Bé-
zierovymi plochami a de Casteljau algoritmem pro konstrukei jejich bodi.
Pro potreby vyuky bylo vyhodné vytvorit interaktivni vizualizaci tohoto
algoritmu pro vétsi pribliZzeni jeho funkce.

Obr. 1: De Casteljau algoritmus na Bézierové ploSe [1]

Aby studenti mohli vizualizaci sami ovladat a dale ji prozkouméavat co
nejpristupnéjsi cestou, byla vytvorena v grafickém programovacim pro-
stredi Grasshopper v rdmci modelafe Rhinoceros. Vizualizace je univer-
zalni a de Casteljau algoritmem nalezne bod s unikatnimi w, v souradni-
cemi jakékoliv jednoplatové Bézierovy plochy s uniformni parametrizaci
I=10, 1]2. Utzivatelské rozhrani pouzivané pro ovlddani vizualizace bylo
vytvofeno z grafickych komponent (bloki) Grasshopper a umozinuje vy-
brat predem vymodelovanou plochu, na které se ma konstrukce vygenero-
vat. Bod, pro ktery se konstrukce vykresli, je zadavan pomoci kfivocarych
soufadnic z oboru parametrizace. Souradnice se daji zadat bud pro kazdy
parametr zvlast (umoziiujici snadné ukotveni jednoho z nich na pozado-
vané hodnoté) nebo interaktivngji z takzvané UV mapy, kde jsou z 2D
oboru parametrizace hodnoty parametri vybirdny pfimo mysi, coz umoz-
nuje s vykreslenym bodem po zadané plose volné ,plout*®.
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Obr. 2: Pouziti vizualizace v Rhinoceros

Rekurzivni prvky de Casteljau algoritmu byly napsany v jazyce Py-
thon v rdmci vyvojového prostiedi Grasshopper a prezentovany detailnéji
na konferenci Studenstké tviréi éinnosti FS CVUT [1]. Moznost psani
Python skripti je v Grasshopper implementovana pomoci bloku ,Py-
thon“, ktery muze prijimat vstupy z ostatnich bloki a také generovat
vystupy interpretovatelné jinymi bloky v zavislosti na vnitiné spousté-
ném skriptu. Knihovna ghpythonlib pro Python zpiistupnila ptrikazy
Grasshopper a vytvareni geometrie tak bylo velmi pfimocaré. Jako vstupni
parametry algoritmu se nacetly fidici body zvolené Bézierovy plochy, jeji
stupné ve smérech jednotlivych parametru a kiivocaré souradnice kon-
struovaného bodu plochy. V Python skriptu jsou nésledné dopocitany
veskeré konstrukce de Casteljau algoritmu a souradnice jeho vyznacénych
bodu. Na jejich zakladé jsou pomoci piikazu z pouzité knihovny vytva-
feny geometrické objekty, které jsou roztiidény do vystupnich seznam.
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Obr. 3: Ovladani vizualizace v Grasshopper

Vsem prvkim z jednotlivych vystupnich seznami jsou mimo programo-
vaci jazyk Python, za pomoci grafickych néstroji Grasshopper, prifrazeny
materialy a jsou vykresleny na obrazovce. Materidly, resp. nastaveni ome-
zend pouze na difizni barvu a prithlednost, jsou vytvareny pomoci bloki
Grasshopper a jsou interaktivné nastavitelné kdykoliv v prubéhu vizuali-
zace. Stejné tak se daji upravit vlastnosti ¢arkovanych car, vykresleného
bodu plochy a zobrazeni plochy samotné.

Rhinoceros tuto geometrii interpretuje jako kazdou jinou, a tak lze pomoci
uzivatelskych nastaveni softwaru se zobrazenim dale pracovat. Ukazkou
je rozdil neupraveného vzhledu na obrazku 2 a upraveného na obrazku 1.

3 Geometrie dolnich lidskych cest dychacich

Zmnalost geometrie vzduch distribuujicich struktur v lidskych plicich je
nedilnou soucasti vyzkumu proudéni vzduchu a depozice jim unésenych
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¢astic v pravé téchto strukturach. Bézné metody snimani a méreni struk-
tur v plicich jsou stale zna¢né omezeny rozliSenim a ¢asovou narocnosti na
rekonstrukci pozadované snimané geometrie. Je tedy zadouci vytvorit po-
pis idealizovany, ktery je reprezentativni ndhradou skutec¢nych struktur.
2]

Obr. 4: Vyslednd idealizovand geometrie ¢4sti dolnich cest dychacich [3]

V prostredi Grasshopper modelaie Rhinoceros byl vytvoren skript ge-
nerujici pradusky a jemnéjsi struktury hloubéji v plicich na zédkladé péti
soubort vstupnich rozmérovych parametri, za aplikace postupu predsta-
veného v [3]. Rozmérové parametry byly zvoleny na zdkladé nékolika nej-
popularnéjsich morfometrickych studii a umoznuji vygenerovat geometrii
z jakékoliv sady méfenych i generovanych dat. Geometrie je generovana
pomoci skriptu napsaného v jazyce Python. Samotny postup generace
jednoho vétveni (zobrazeno na obrazku 5) se skladé z nékolika manipulaci
s vygenerovanou geometrii a jeji modifikaci jako je ofiznuti a obecné pro-
storové transformace. Vysledny idealizovany model lze pouzit jako vstupni
geometrii v sitovacich programech pro potreby simulaci tekutin.
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ttrukL

Obr. 5: Ukdzka ¢asti konstrukee vétveni idealizované geometrie [3]

4 Zavér

Schopnosti skriptovacich néstroju vyvojového prostiedi Grasshopper mo-
delafe Rhinoceros byly predstaveny na dvou projektech vypracovanych
béhem studia na FS CVUT. Grasshopper umoziiuje vytvafeni jak inter-
aktivnich programi, tak i téch zamérenych na generovani jednoho vystupu
s velkym poctem operaci potfebnych k jeho vytvoreni.
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Abstract. Algebras of quaternions and dual quaternions are used as
a representation of Euclidean transformations in space. Polynomials
over these algebras parametrize motions, spherical or spatial. A
natural question to ask, is whether such motion can be realised via
physical mechanism, constituing of rigid links and movable joints. The
factorization of given polynomial also reveals what should the desired
mechanism look like. In this paper we provide basic algorithms for
factorization and apply it to creation of mechanisms.

Keywords: Quaternions, dual quaternions, polynomials, factorization.

1 Introduction

The use of quaternions and dual quaternions in geometry is well known.
The unit quaternions are a 2 : 1 cover of SO(3) — group of rotations in
3-space about an axis through origin. The unit dual quaternions are sim-
ilarly a 2 : 1 cover of SE(3), which includes all euclidean transformation
in space. Adding a real parameter allows us to change the transformation
in time, hence parametrizing a rational motion (see [5]). Spherical in the
case of quaternions, spatial in the case of dual quaternions.

Since (dual) quaternion multiplication corresponds to composition in
SO(3) (and SE(3)), the factorization of said polynomials corresponds to
decomposition of given motion. This has been of interest in mechanism
theory ([3], [4]), since mechanical joints can only realise limited types of
motion, typically rotations and translations. Hence a prescribed motion
needs to be decomposed into a series of simpler ones.

In this paper we look into the factorization procedure for polynomials
over both algebras. We will bear the application in mechanism construc-
tion in mind and provide examples. In section 2 we deal with the case
of polynomials over quaternions. The section 3 will deal with the case of
dual quaternions. We explain the issues of working with the dual numbers
in 3.1 and conclude with description of Bennett’s mechanism in 3.2.

The section 3.1 on pitfalls of dual quaternions, as well as all examples
and pictures are an own work. The factorization algorithms are already
well-known.

2 Factorization of quaternion polynomials

By quaternion polynomial, we understand a polynomial in single indeter-
minate ¢, with quaternion coefficients. In our case, the ¢t will commute
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with the quaternions. This is a natural behaviour, since it represents a
real time parameter of our motion.

2.1 Computing factors

It is important to note, that the factorization of quaternion polynomial is
not unique, due to their non-commutativity. However, there are classes
of quaternions, which are unique to the polynomial (see [2]), and which
determine what factors are possible at each step. Those classes are defined
by their characteristic polynomials, see [1]. The characteristic polynomial
of quaternion ¢ is the real polynomial

Py(t) = (t—q)(t — q) = #* =2 Re(q)t + |q|”.

The classes related to a polynomial P(t) appear naturally when we
multiply the polynomial by its conjugate P(t). Since the conjugation
flips the order of factors, for a potential factorization P(t) = (t — q1)(t —
@2) -+ (t — qn) we get

P(t) Pt)=(t—q)t—q) - (t—aq) (t—=7y) - E—G)(t—7)

A characteristic polynomial of ¢, formed in the middle. Since it is real
and hence commutes with the other factors, we can move it out of the
way and obtain other characteristic polynomials. The result is as follows

P(t) - P(t) = Py, (t) - Py, (t) - .- Py, (t).

The polynomial P(t) - P(t) is called the norm polynomial of P(t), we will
denote it PP(t). Observe, that P,(t) is a norm polynomial of ¢ — q.

More importantly, we can use the factorization of PP(t) to factorize
P(t). Using some quadratic factor R(t) of PP(t), we can find a quaternion
polynomial Q(¢) and quaternions a, b such that P(t) = Q(¢)R(t) + at + b.
From definition of PP(t) it is clear, that R(t) is a factor of

(at +b) - (@t +b)
and therefore a characteristic polynomial of —a~'b. The linear polynomial
(t + a~'b) is then a common right factor of P(t) and R(t).

2.2 Example
Let us consider a quaternion polynomial P(t) = > — (i+j+ k)t +j — k.
Its norm polynomial is

PP(t) = t* + 3% + 2,

which can be factored as PP(t) = (t> + 1) - (t> + 2). This means that
the factors of P(t) belong to the classes defined by t? + 1 and t? + 2
respectively.
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Fig. 1: Motion given by polynomial P(t) enacted by rotational linkage
(black). Trajectory of the point (5/13,12/13,0) is drawn in red. The first
link rotates the axis of second rotation along the blue trajectory. Second
link rotates the point itself.

For the class given by t? + 1, we may see that
PHy=1-+1)+(-i-j-kt-1+j-k

Denoting a = —i—j—k and b = —1 + j — k, we may compute the right
factor t + a~'b = t — i. Dividing the polynomial P(t) from the right will
get us the first factorization

Pit)=(t—j—Kk)-(t—1i).

This gives us a way to decompose the spherical motion into two rota-
tions given by (¢t —j—k) and (¢ — i) respectively. The decomposition then
allows us to create a mechanical linkage, whose joints would correspond
to the described rotation. We may see how this linkage moves a point on
a sphere in figure 1.

The right factor of the class given by t? + 2 is t — # Hence the
second factorization has the form

P(t) = (t_ —1+23J+2k) ' (t—41+;+k).

This allows us to create a different linkage, that represents the same mo-
tion, see figure 2.

3 Factorization of dual quaternion polynomials

The history of factorization of dual quaternion polynomials started just
over a decade ago with [3]. The idea is simple — repeat the work we
did for quaternions. However, the dual unit ¢ makes things a bit more
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Fig. 2: Motion given by polynomial P(t) enacted by different linkages
(blue and black).

complicated. The dual quaternions are not a division algebra, namely
division by multiples of ¢ is impossible.

Some of these issues can be avoided by restricting ourselves on specific
types of polynomials. In some cases these restrictions may be too strong
and a factorization may not exist. However, this can be mitigated in
applications, see [4].

3.1 Pitfalls of dual quaternions

Just like in the case of quaternions, we may define the characteristic poly-

nomial of dual quaternion h to be P (t) = (t — h)(t — h) and the norm
polynomial of dual quaternion polynomial H(t) as HH(t) = H(t) - H(t).
In general, both these polynomials have dual coefficients. To be able to
factor the norm polynomial, we prefer to work with real numbers.

The first practical trick is to restrict ourselves to such polynomials,
whose norm polynomial is real. This is referred to as the Study’s condition.
From the geometric point of view, this is no loss of generality. All rational
motions can be expressed by polynomials over dual quaternions, whose
norm polynomial is real, see [5]. The polynomials satisfying the Study’s
condition are called motion polynomials.

The second restriction tightens our options for characteristic polyno-
mials. We will factor the norm polynomial into real characteristic polyno-
mials. From geometric point of view, we restrict ourselves to rotations and
translations (see [7]). However, other motions, like the Darboux motion,
can also be expressed by linear dual quaternion polynomial.

So let us see what happens if we repeat the steps of factorization of
quaternion polynomials. Let us write our polynomial as H(t) = P(t) +
eQ(t), where P(t) and Q(t) are polynomials with quaternion coefficients.
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The norm polynomial can be expressed as
HH(t) = P(t) - P(t) +e(P(t)Q(t) + Q1) P(t)),

which for a motion polynomial H(t) is equal to PP(t). Now, we factor
the norm polynomial into quadratic real polynomials and choose an arbi-
trary factor M (t) to be our characteristic polynomial. We get one of the
following:

1. M (t) is not a divisor of P(t). Then, similarly to the quaternion case,

the common factor of M (t) and H(t) is unique.
2. M(t) is a divisor of both P(¢) and Q(t). Then any factor of M(¢) is
also a factor of H(t).

3. M(t) is a divisor of P(t) and a divisor of QQ(t). Then any common
factor of M(t) and H(t) is one of the common factors of M (t) and
Q).

4. M(t) is a divisor of P(t), but not a divisor of QQ(t). Then there is
no common factor of M (¢) and H(t).

Cases 2 and 3 yield infinitely many factors. The possible choices for
each case are described in [7]. The case 4 does not yield a factor and
in some cases may be unavoidable, meaning there is no factorization for
given polynomial. We may still decompose the motion itself, see [4].

3.2 Example
Let us now consider the motion polynomial

Ht) =4+ (—i—K)t+(1+i—-K) +e((+2Kt+(2—2i+])).

Its norm polynomial is HH(t) = t* + 4t? + 3, which can be factored as
(t> + 1) - (t* + 3). Note, that neither t> + 1 nor ¢*> + 3 are divisors of
P(t) = t*+ (=i — k)t + (1 + i — k). Hence both options lead to case 1,
where the right factor is unique.

The choice of t> + 1 as a characteristic polynomial leads to the factor
t — j+e(—i— 2k) and the first factorization

Hit)=(t—i-j—k+ei—j) (t—j+e(—i—2k)).
The second factorization can be obtained by using t? + 3. We get
H(t)=(t—j+ei) (t—i+j—k+e(—i+j+2k)).

We can also use the fact that HH(t) is a real polynomial and that it
can be factored using the known factorizations of H(t) as
HH(t)=(t—-i—j—k+e(i—]j) (t—j+e(-i—2k)):
(t+i-j+k+eli—j—2k)) - (t+]j—ei).
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Fig. 3: Bennett’s mechanism based on the factorizations of polynomial
H(t). Stationary on the left, in various states of motion on the right.

This defines another mechanical linkage. Since these four joints com-
pose to an identity, we may close the first and the last link in a loop,
creating a Bennett’s mechanism, see [6]. In generic case, a spatial mecha-
nism with four links and four joints has a —1 degree of freedom, hence it
should not move. However Bennett’s mechanism moves. A version based
on our polynomial can be seen in figure 3.

4 Conclusion

We have described the factorization process for polynomials with quater-
nion and dual quaternion coefficients. In the future we plan to study
polynomials over Clifford algebras.
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Abstract. Henrici’s flexible hyperboloid consists of rods chosen as
generators of both reguli of a one-sheeted hyperboloid. If each crossing
point between two rods is materialized as a spherical joint, then the
hyperboloid can vary within a confocal family terminated by two flat
poses. After presenting the main properties of Henrici’s hyperboloid, we
restrict the variation to a quadrangle with sides along generators. This
induces a one-parameter transformation of the quadrangle where the
side lengths are preserved. When we connect points of opposite sides
by taut strings along additional generators, then the strings remain
taut during the transformation. However, a continuous transformation
is possible only with spherical joints at the four vertices.

As an alternative, we can pick out two sufficiently close poses. Then,
it is possible to find appropriate revolute joints at the vertices that
enable a physical model of this spatial four-bar to snap from one pose
into the other, provided that the material of the bars and clearances
of the joints admit tiny deformations. Also a converse is true: For
each snapping four-bar we find a hyperboloid such that the two poses
originate from a Henrici flex. Consequently, a net of taut strings
spanned along additional generators of the hyperboloid is compatible
with the snapping of the quadrangular frame.

Keywords: Henrici’s hyperboloid, confocal quadrics, spatial four-bar,
snapping structure.

1 Introduction

At the turn from the 19*" to the 20" century it became fashion to
produce physical models for visualizing mathematical objects and phe-
noma. These models were spread all over the world due to catalogues in
form of books [5]. Today only at a few places some of these historical
models are available, e.g., at the Vienna Institute of Technology under
https://wuw.geometrie.tuwien.ac.at/modelle/.

We begin with the explanation of Henrici’s hyperboloid (Figure 1).
It was found in 1874 by Olaus Henrici, a German mathematician, who
became director of the Laboratory of Mechanics at the University Col-
lege London. The flexibility of this structure follows from properties of
confocal central quadrics (see, e.g., [2]). A similar structure exists for
hyperbolic paraboloids.

The restriction of the hyperboloid to a quadrilateral of four generators
leads to a flexible quadrangle where the flex is compatible with a net of
taut strings spanned along additional generators between opposite sides.
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Fig. 1: Left: Henrici’s flexible hyperboloid. Right: H. Wiener’s design of
approximate spherical joints.

We discuss the question whether the spherical joints can be replaced by
revolute joints which extends the quadrangle to a spatial four-bar, i.e.,
a closed kinematic 4R-chain. It is well-known that a spatial four-bar is
continuously flexible only in three cases: Either the axes are parallel or
concurrent, or the common perpendiculars between neighboring axes form
an isogram, i.e., a quadrangle with opposite sides of equal lengths. In the
latter case we obtain a Bennet mechanism (see, e.g., [2, p. 555-559]).

2 Henrici’s hyperboloid

The one-parameter family of quadrics being confocal with the triaxial
ellipsoid £ with semiaxes a, b, ¢ is given as

932 y2 22

Pk Bk 2tk M
with the parameter k € R\ {—a? —b% —c?}. If a > b > ¢ > 0, then this
family contains (see Figure 2)

Fk(zvyv Z) :

—?2 < k< oo triaxial ellipsoids,
for ¢ —b* <k < —c* one-sheeted hyperboloids, (2)
—a? < k < —b?> two-sheeted hyperboloids.

Their curves of intersections with the coordinate planes share the respec-
tive focal points. As the limits for & — —c? and k& — —b? occur ‘flat’
quadrics bounded by one of the focal conics (see [1, p. 137]).



Henrici’s flexible hyperboloid and snapping spatial four-bars 101

Fig. 2: Confocal central quadrics. The curves of intersection between the
triaxial ellipsoid £ and the confocal hyperboloids H and H?) are lines of
curvature on €.

Through each given point P in space away from the common planes
of symmetry, the confocal family sends three mutually orthogonal sur-
faces, one of each type (Figure 2). Due to Dupin’s theorem, the confocal
surfaces intersect each other along curvature lines. The respective pa-
rameters (ki1, ko, k3) of the ellipsoid, the one-sheeted and the two sheeted
hyperboloid passing through P are called elliptic coordinates of P, where
ki > —c* > ko > —b? > ks > —a®. They are related to the Cartesian
coordinates (z,y, z) via

2 @+ k)(a®+ ko) (@®+ k) 5 (024 k) (0 + ko) (07 + Ks)
@ - -c2) 7 (% =) (0 —a?) 7 (3)
o (PHE)(P+ ko) (c®+ ks)
GGG

Apparently, eight points in space, symmetrically placed w.r.t. the coordi-
nate frame, share the elliptic coordinates.

Suppose that the coordinate ko varies, while k1 and ks and the signs
of Cartesian coordinates remain constant. Then, this induces a smooth
transformation of the one-sheeted hyperboloid H within the confocal fam-
ily, while its points run along orthogonal trajectories of the hyperboloids.




102 Stachel Hellmuth

From (3) follows that aligned points of H, i.e., points which are mutually
conjugate with respect to H, remain aligned during the flex. Thus, H
undergoes an affine motion. During the variation of ko the angle between
any two intersecting generators of H varies as well as the distribution pa-
rameter of the generators. Therefore spherical joints are necessary at all
crossing points of Henrici’s hyperboloid (Figure 1, right).

Theorem 1. Referring to the elliptic coordinates as explained before,
when ko varies, while ki, ks remain unchanged, then during the induced
smooth transformation of the hyperboloid H the points placed on any gen-
erator remain aligned and their mutual distances are preserved.

A similar result holds for confocal hyperbolic paraboloids.

3 Snapping spatial four-bars

Let Py P,P3P, be a quadrangle with sides located on generators of the
hyperboloid H. Then during the flex of H we obtain spatial quadran-
gles P{PyPyP; with equal side lengths, i.e., P;P;y1 = P/P/ , for all
i € {1,...,4} (subscripts modulo 4); we call two quadrangles with equal
side lengths isometric. Moreover, as shown in Figure 3, in the interior of
the quadrangles additional generators of H can be materialized as strings,
and they remain taut during the flex.

For any given quadrangle, there exists a two-parametric set of isomet-
ric quadrangles, up to rigid motions, since there is a free choice of the
interior angle 4 Py P P> and of the bending angle along the diagonal P, P,
between the planes [Py, P1, P2] and [P, Ps, Py]. The pairs of isometric
quadrangles P; ... Py and Py ... Pj obtained by Henrici’s movement are
in a particular relative position: The pedal points of the common perpen-
dicular between the lines [P;, P;+1] and [P;, P;11] are corresponding under
the induced isometry between the generators. Also a converse is true.

Theorem 2. For any two isometric quadrangles Py ... P, and P|...P;
there exists either a hyperboloid H or a hyperbolic paraboloid P pass-
ing through the sides of Py ... Py such that we obtain a congruent copy
of P ... P, according to Henrici’s transition from H or P to a confocal
quadric.

The proof is based on the singular-value decomposition of the unique
affine transformation the sends P; ... Py and P ... P;. This result reveals
that Henrici’s flexing hyperboloid is not such a particular event as one
could presume.

From now on we concentrate on two poses of a flexing isometric quad-
rangle and ask if the spherical joints at the vertices can be replaced by
revolute joints. This results in a spatial four-bar which possibly can snap
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. /
pep, m=x =D

Fig. 3: Snapping spatial four-bar with the poses P ... Py and Pj ... P},
while the base ¥; with P, P, and the axes p; and ps is kept fixed.

between two poses, due to slight deformations of the sides and clearances
of the joints. We speak of a snapping four-bar (Figure 4).

Contrary to the situation in the plane or on the sphere, in space there
is a difference between spatial quadrangles and spatial four-bars: The
quadrangle P; ... P, consists of four sides only, while the four-bar is a
loop of four rigid bodies X1, ..., %4 with four revolute joints. We assume
that the body 3; for i € {1,...,4} contains the vertices P; and P;;1, and
the corresponding revolute axes p; and p; 1. Then, the two poses of any
snapping four-bar define four displacements

! / / / /
0t X = X5, P By, Pir— Piyy, pi = Dis Dit1 = Pigq-

The composition d; - 11 0d; must be a rotation as it keeps the point P; fixed.

Consequently, once the displacements 4y, ...,d4 are defined, the axis p;
is uniquely determined as the line which remains pointwise fixed under
62_— 11 9 (Sl

This leads to a four-parametric choice of revolute axes for any two
given isometric quadrangles. We emphasize one solution which is based
on the Henrici-position according to Theorem 2. We define §; for all 4
as the screw motion along the common perpendicular of [P;, P,y;] and
[P/, P/ 1], that sends the quadrangle’s side P;P;;1 to P/ P/ ;.

As shown in Figure 3 with the fixed body X1, the displacement of Y3
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Fig. 4: Physical model of a snapping four-bar, produced by D. Huczala

to X% is induced by the rotations ps about ps through ¢4 and p; about
p1 through ;. However, the same displacement is the composition of the
rotation p3 Lof X5 against Xy about ps through —ps and Py L about po
through —¢9. This means,

props=pyops. (4)

Conversely, this condition implies that the displacement of X3 to X% can
be obtained in two ways which defines a 4R-loop-structure. This condition
can easily be expressed in terms of dual unit quaternions. When expanded
in coordinates, it results in necessary and sufficient conditions for snapping
four-bars in the form of the solvability of an overdetermined system of six
equations for the unkonwn angles 1, ..., @q4.

Note that this condition for snappability depends on the relative po-
sitions of the revolute axes pi,...,ps, but not on the specification of the
vertices P; on the respective axes p;. With other words, one snapping
four-bar implies a four-parametric set of snapping four-bars, since the
four vertices of the quadrangle can independently be modified on the cor-
responding axes. This means, for example, that each Bennet-mechanism
leads to numerous continuously flexible four-bars just by changing the
vertices P; on the corresponding axes p;.
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Abstract. As part of the Math4U project, I created examples on
the topic of twisted prism and origami. These examples are mainly
intended for teaching in secondary schools, but even our university
students have struggled to solve them. In my paper I will present the
examples and show the connection between the two topics.
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1 Uvod

N&s tym na MENDELU spolupracoval na tvorbé piikladia pro vyuku na
stfednich skolach, ve kterych jsou priblizeny aplikace matematiky a geo-
metrie. Kazdy priklad mé motivaéni iivod a feSené tlohy na dané téma.
Dva z ptikladu, které jsem vytvérela, zde budu prezentovat, a to na téma
zborceny hranol a origami (z duvodu omezeného prostoru bez feseni).

2 Zborceny hranol

V designu nébytku se objevuje tvar, ktery je zajimavy i z geometrického
hlediska. Lze ho vytvofit z pravidelného ¢tyibokého hranolu rozdélenim
kazdé boc¢ni stény na dva trojihelniky pomoci jedné z thlopficek a po-
otocenim horni podstavy o 90° (Obr. 1). Pfi zachovéni délek hran a
thlopticek soucasné dochéazi ke zméné vysky hranolu. Vysledny tvar je
specidlnim piipadem tzv. zborceného hranolu (v angli¢tiné twisted prism).

Obr. 1: Zborceny hranol vytvoreny z kolmého ¢tyibokého hranolu pri
zachovani délek hran
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Tento tvar je nejjednodussi vytvorit tfeba z krabicky od détského si-
rupu nebo oénich kapek. Muzeme pouzit nésledujici postup (vizuédlné také
na Obr. 2).

e Odklopime vicka krabicky a krabicku slozime do roviny.

e Vsechny bo¢ni stény rozdélime uhlopfickami v jednom sméru.

e Vsechny vzniklé ihlopticky prolomime mirné smérem dovniti.

e Provedeme prekiizeni. Spodni ¢ast pridrzime, vrchni ¢ast vezmeme,
nadzvedneme a presuneme smérem doleva.

e Jednou rukou pfidrzime misto, kde nad sebou lezi vsechny zvyraznéné
uhlopiicky. Soucasné se snazime druhou rukou rozlozit horni nebo
dolni ¢ast krabicky do prostoru.

e Pokud se ptedchozi krok podafil, zbyva uz jen zaviit vicka krabicky.

a2l

\ T\, P 'V'?E Y

Obr. 2: Postup tvorby ¢tyibokého zborceného hranolu z vhodné krabicky

Uloha 1: Chceme vytvotit stolicku ve tvaru zborceného hranolu a mame
k dispozici nékolik vhodnych kartonovych krabic. Tyto krabice maji stejné
¢tvercové podstavy o délce hrany 40 cm, ale ruzné vysky. Mdame odzkousené,
Ze ndm vyhovuje vyska stolicky 50 cm. Jaka vyska krabice (s délkou hrany
dolni podstavy 40 cm) je idedlni pro vyrobu stolicky ve tvaru ¢tyrbokého
zborceného hranolu o vysce 50 cm?

Resenf vyzaduje pouze znalost Pythagorovy véty a trochu prostorové
predstavivosti. Tu lze podpofit pravé vytvorenim modelu.

Zborcené hranoly mohou vzniknout z kolmych hranolu, jejichz dolni
podstava je pravidelny n-thelnik. Postup pro jejich tvorbu z papiru (uve-
deny vyse) je mozné aplikovat pouze pro sudd n. Pro lichd n je rozdil
v tom, Ze po vytvofeni sité plasté neni vhodné lepit spoj v boéni hrané
predtim, nez vytvoiime pozadovany tvar.

Pro dalsi dlohu potiebujeme vytvorit zborceny hranol z pravidelného
Sestibokého hranolu. Protoze krabicky tvaru kolmého Sestibokého hra-
nolu nejsou obvyklé, vysta¢ime si pro vytvoreni modelu k nasledujicimu
prikladu pouze s plastém hranolu z Obr. 3.
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Obr. 3: Sit plaste kolmého Sestibokého hranolu véetné budoucich hran
zborceného hranolu

Obr. 4: Postup tvorby Sestibokého zborceného hranolu (pouze boénich
stén)

Postup tvorby modelu Sestibokého zborceného hranolu (Obr. 4) je ob-
dobny tomu u tvorby étyrbokého zborceného hranolu z vhodné krabicky.

Uloha 2: Jak z4visi vygka h Sestibokého zborceného hranolu (ktery vznikne
z pravidelného Sestibokého hranolu pii zachovani délek hran) na vysce
puvodniho hranolu v a na délce hrany dolni podstavy a?

Uloha 3: Jakd je omezujici podminka pro vznik modelti z pfedchozich
dvou loh?

Uloha 4: Sestrojte sitf vazy tvaru zborceného hranolu, jestlize je déna
vyska véazy h = 110mm, hrana ¢tvercové podstavy a = 65mm a thel
rotace horni hrany vazy oproti dolni podstavé je o = 45°.

S

By W y A

N

A A

Obr. 5: Vlevo je pohled shora na dolni podstavu a na horni podstavu
pootocenou o 45°. Napravo jsou znazornény i vSechny hrany vzniklého
objektu.
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3 Origami

Origami nachézi uplatnéni ve vesmirném programu, robotice, stavebnictvi
¢i designu. Vznikaji nové druhy materidlu pouzivajici origami struktury.
Vzory téchto origami jsou ¢asto zalozeny na pravidelném déleni plochy.
Na né se zaméfime v nasledujicich tlohach.

3.1 Miura-ori

Jednim z nejznameéjsich origami vzoru je Miura-ori (také zndmy jako
Miura fold). Tuto techniku skladéni vynalezl japonsky astrofyzik Koryo
Miura.

Tento vzor je jednoduché vytvorit. Zaéneme s obvyklym formétem A4.
Pro plynulé rozevirani a zavirani vzoru je vhodné rozdélit strany na lichy
pocet dilki. Reknéme tedy Ze kratsf strany rozdélime na 5 stejné velkych
dilu a poskladdame jako harmoniku.

Jednu z delsich hran nynf rozdélime na 7 dilki. Jednim z bodu déleni
povedeme usecku, ktera svird jiny nez pravy tihel s delsi hranou. Ostatnimi
body déleni vedeme rovnobézky s touto tseckou.

| ——

V téchto vzajemné rovnobéznych useckach harmoniku pfehneme.

Harmoniku rozlozime a preskladame tak, aby se z jednotlivych lo-
menych ¢ar staly hiebeny a udoli a to stfidavym zpusobem.
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Uloha 1: Na Obr. 6 jsou dvé varianty toho, jak muze vysledny vzor
ve slozeném tvaru dopadnout (pii stejném vychozim formétu papiru a
stejném poctu dilku délen{). Na jakych parametrech zévis{ vyslednd délka?

Obr. 6: Dvé varianty vzoru Miura-ori.

Uloha 2: Jak zévisi délka = (Obr. 7 napravo) zékladniho vzoru Miura-ori
ve slozeném stavu na velikosti ihlu a a délce d (Obr. 7 nalevo).

s vz

Obr. 7: Zékladni ¢ést vzoru Mirura-ori v rozlozeném a slozeném tvaru

3.2 Skladani kolem dokola

Zkuste provést sklady na prouzku papiru tak, aby se dal slozit do roviny
a soucasné abyste se po nékolika krocich s kratsimi konci prouzku papiru
dostali k sobé (zatim staci pfiblizné). Soucasné nesmi dojit k piekiizeni
delsich okraju prouzku (dolni okraj musi zustat dole, horni musi zistat
po celou dobu nahote). Nékolik moznych feseni je na Obr. 8.

Uloha 3: Pro piedchozi typy FeSeni urcete pfesny vzor skladu prouzku
papiru, tak aby se sklady pravidelné opakovaly a aby se oba konce prouzku
papiru potkaly pfesné a Sly slepit.

Obr. 8: Ukdzky moznych feseni
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3.3 Souvislost zborcenych hranolt a origami

Souvislosti ptedchozich dvou témat jsou dvé. Zaprvé jde o predchozi tlohu,
konkrétné o posledni dva prouzky, jejichz Feseni je na Obr. 9. Ve slozené
podobeé se vlastné jednd o zborcené hranoly (pfesnéji jejich plasté) nulové
vysky. PovSimnéte si, ze jeden z prouzku ma pudorys obdobny jako vaza
z Obr. 5.

Obr. 9: Cast fesen{ predchozi tlohy
Druhou souvislost{ je to, ze existuji rovinné origami (vzniklé pouze
skldddnim, bez stithdni a lepeni), jejichz ¢dsti jsou zborcené hranoly o

nulové vysce. To, jak se da vytvofit zborceny hranol z tvodni tlohy o
nulové vysce, ilustruje Obr. 10.

s

Obr. 10: Vznik vzoru pro slozeni zborceného hranolu s nulovou vyskou

4 Zaver

Priklady by mély motivovat studenty k hledani geometrickych zavislosti.
Ke kazdé tloze lze vytvorit model, osahat si ho a prozkoumat. Studenti
mohou nachézet i prekvapivé souvislosti, tak jak tomu je u téchto prikladu.

Podékovani
Clanek vznikl za podpory projektu Math4U 3: Math Exercises for You 3
(2022-1-CZ01-KA220-SCH-000086821).
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Od dynamické geometrie k 3D tisku
From dynamic geometry to 3D printing

Svétlana Tomiczkova

KMA, FAV ZCU v Plzni
svetlana@kma.zcu.cz

Abstract. Roofs play an important role in construction and designing
a roof solution is a complex process that requires detailed analysis and
planning. In Descriptive Geometry, we show students the geometric
principles that underpin this process. This article presents teaching
materials that have been developed to help students master this
difficult but rewarding subject. Furthermore, the possibility of creating
a realistic model from already created tutorials created in GeoGebra
software is shown.

Keywords: Dynamic geometry, 3D printing, roof design, STEM.

Klic¢ovd slova: Dynamicka geometrie, 3D tisk, navrhovani sttech, STEM.

1 Uvod

Vyuka deskriptivni geometrie na stfednich Skoldch se zabyva zejména
metodami zobrazovani prostoru (3D) do roviny (2D). Hlavni daraz je
na rovnobézné promitani a jeho specidlni ptipad pravoihlé promitani na
jednu nebo dvé prumétny. Na stfednich odbornych skoldch (stavebnich,
strojnich, elektrotechnickych) obsahuje ¢asto tento predmét néjaké pro-
pojeni s odbornou naplni daného oboru. Na prumyslové skole stavebni je
jednim z témat deskriptivni geometrie ”TeSeni stiech”.

Stiechy hraji dilezitou roli ve stavitelstvi a navrh feSeni stfechy je
slozity proces, ktery vyzaduje podrobnou analyzu a planovani. Vyuziva
moderni technologie jako CAD (Computer Aided Design) a opird se o zna-
losti ze stavebnictvi, architektury, hydrologie a dalsich relevantnich obort.
Diky geometrickému feSeni stfech mohou stavebni projekty efektivné splio-
vat pozadavky na funkénost, bezpecnost a estetiku [5].

V predmétu deskriptivni geometrie chceme ukazat zakuim geometrické
principy, na kterych tento proces stoji. Cilem geometrického feseni stiech
v predmétu deskriptivni geometrie je proto pomoci studentum piedstavit
si cely proces navrhovani pomoci geometrickych metod a konceptu a soft-
ware dynamické geometrie predstavuje silny ndstroj pro zefektivnéni a
zefektivnéni procesu vyuky a uéeni [1]. Zaroven toto propojeni ptiblizuje
zakum jinak dost teoreticky predmét.

Béhem pandemie Covid 19 bylo nutné vysvétlovat ucivo zékum ”na dal-
ku”, coz je v predmétu deskriptivni geometrie dost slozity proces [2].
Vznikla proto pro kazdé téma sada FeSenych uloh v softwaru Geogebra.
Software Geogebra byl vybran, protoze spliioval nasledujici pozadavky na
vhodny vyukovy program [3], [4]:
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e je uzivatelsky pifjemny (nenf slozité naucit se ho ovlddat),

e je dynamicky (objekty jsou svdzdny a pfi zméné parametri se méni
i objekt),

lze v ném krokovat jednotlivé ¢asti tlohy,

lze kombinovat 2D a 3D okno, to znamend muzeme se na objekt
divat ve zvoleném promitani (zde kétovaném) a zdroven ho vidime
v prostoru),

e jeho pouzivani je bezplatné.
2 ReSené tlohy
V nésledujicim textu jsou ukdzany nékteré fesené tulohy tykajici se navr-
hovéni{ stfech z geometrického hlediska. Vzdy je dén pudorys (jeho tvar,
popf. rozméry) a dals{ parametry a omezen{, které ma stiecha spliovat.
jsou volné dostupné na serveru GeoGebry https://www.geogebra.org.
Ulohy maji vétsinou nasledujici strukturu: pracovni plocha je rozdélena
do tii ¢asti - oken. V prvnim okné je dan pudorys zastieSené plochy a
postupné zde krokovanim vznikd pudorys stiechy. Krokovani se provadi

tlacitky ve spodni ¢asti prvniho okna. Ve druhém okné je popsan postup
vytvareni stfechy. Tteti okno je vénovano vizualizaci ve 3D.

2.1 Uvodni tdlohy

Prvnim tkolem je zastiesit obdélnikovy pudorys a lze nastavit ruzny spad
jednotlivych stiesnich rovin. Redenf tlohy v GeoGebie lze nalézt na
https://www.geogebra.org/m /kscstdvr

Pomocf tlacitek 1ze zobrazit nebo skryt nékteré prvky konstrukee (obr.1
aobr.2). Je zde vidét, ze v pfipadé stejného spddu stfesnich rovin, pruse¢ni-
ce stfesnich rovin puli thel stop (okraju - okapovych hran) stfechy.

Dalsi 1lohou je zasttesit pudorys ve tvaru L a spad stiesnich rovin je
volitelny, ale je stejny pro vSechny stfesni roviny (obr. 3). Resen{ tlohy
v GeoGebre lze nalézt na https://www.geogebra.org/m/kscsfdvr.

2.2 Dalsi dlohy

V dalsich ilohach Fesime stfechy ruznych tvara
(https://www.geogebra.org/m/d2prwafe) a priddvame dalsi prvky jako
napiiklad viky# (https://www.geogebra.org/m/rd7w23td).
Nejkomplikovanéjsi a nejnaro¢néjsi pro pochopeni jsou stiechy s tzv.
" zakézanymi okapy”. V pudorysu jsou vyznaceny Casti, kam nesmi, z néja-
kého davodu, voda odtékat (napiiklad je pfipojena dalsi stavba). Znaci se
dvojitou ¢arou a je nutné stfechu doplnit vikyfem nebo ji navrhnout tak,
aby voda odtékala jinam. Priddvaji se dalsi pomocné roviny a pudorys
je pro predstavu o tvaru takové stfechy naprosto nedostateény. Resené



Od dynamické geometrie k 3D tisku

113

Teoreticke feseni strech
obdainikory
riani skion spi) sieérich rovin

a3
o c
3 7
ot
. (o |
=
"
% .
s
at

4 ovnaat
=1

[ st 2
[ sristncns
[ st
[ st
[ st
st
siseia
e
wioszs
néroi 3¢
i
o ts

'
spagar=11

spada2=17

Obr. 1: ZastfeSeni obdélnikového pudorysu - feSeni
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Obr. 3: Stiecha ve tvaru L

ulohy v GeoGebfie ¢dstecné poméhaji problém s vizualizaci vyfesit po-
moci 3D okna, kde je mozné objektem otacet. Navic jsou do uloh za-
komponovana i nevhodna feseni a je mozné mezi vhodnym a nevhodnym
feSenim piepinat.

Resen{ stfechy se zakdzanym (zastavénym) rohem (viz obr. 4) lze
nalézt na https://www.geogebra.org/m/qt3qjgpw.

Resen{ stiechy se zakdzanym (zastavénym) koutem (viz obr. 5) lze
nalézt na https://www.geogebra.org/m/dqby8xuy.

3 Moznost 3D tisku z jiz vytvoreného modelu

Ptes vyhody vyukovych materidla v GeoGebte jako jsou krokovani, 3D
vizualizace a dynamické zmény, je v komplikovangjsich ptipadech vhodné
doplnit digitalni modely a materidly modelem fyzickym. Pro vyrobu mo-
delt je mozné a vhodné pouzit 3D tisk. Existuje fada programu, ve kterych
je mozné tyto modely vytvaret, ale je také mozné vyuzit jiz vytvorenych
modeli v GeoGebfe.

Pokud méame vytvoreny model, ktery muze byt i soucasti jiz vytvorené-
ho vyukového materidlu, sta¢i drobné upravy a nékolik kroku k exportu
modelu do formétu STL (stereolitografie). Nésledujici postup je vhodny
pii pouziti verze GeoGebra Classic 5. Pfi pouziti vyssi verze neni nutné
nahrat applet na GeoGebra.org.

1. Pouzijeme vysledny model napiiklad stfechy se zakdzanym rohem.

Nezalezi na tom, na kolik oken je rozdélena pracovni plocha, model
se vytvaii z 3D okna.

2. Modelu stfechy pridame podstavu a skryjeme objekty, které v mo-
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Obr. 5: Stfecha se zakdzanym koutem




116 Svétlana Tomiczkova

Obr. 6: Stfecha v programu PrusaSlicer a vysledny fyzicky model

delu mit nechceme (napiiklad nékteré zvyraznéné body, které vypa-
dajf jako kulicky)

3. Nahrajeme applet na geogebra.org.

4. V horni ¢asti appletu rozklikneme menu a vybereme Open in App.

5. V pravém hornim rohu rozklikneme menu a vybereme Download as
a z nabizenych moznosti vybereme 3D print (.stl).

6. Otevie se nabidka parametriu (rozméry, méfitko apod), které se ale
daji pozdéji jesté upravovat v programu pro tiskdarnu. Vhodné je ale
zaskrtnout moznost Filled Solid, kterd zajisti vypln stfechy miizkou,
aby byl 3D tisk dostatecné pevny a stiecha se béhem tisku nebo po
ném nebortila.

7. Vysledny model je mozné si prohlédnout napt. v programu Rhino-
ceros nebo ve volné stazitelném programu uréeném pro 3D tiskdrnu
PrusaSlicer.

8. Oba modely (stfecha v pogramu PrusaSlicer) i vysledny fyzicky mo-
del vytistény na 3D tiskem jsou na na obrazku 6.

4 Zaver

Zaiazeni kapitoly Reseni (navrhovani) stiech do predmétu Deskriptivn{
geometrie pro stiedni prumyslové Skoly stavebni je vhodnou aplikaci v té
dobé jiz probranych teoretickych ¢asti vénujicim se zobrazovacim me-
toddm. Zéci vidi aplikace, které souvisi s jejich oborem studia. Navic
zafazen{ takovych témat podporuje koncepci STEM (Science, technology,
engineering, mathematics). V tomto ¢lanku byly pfedstaveny vyukové ma-
teridly vytvorené v GeoGebie a pouzivané ziky na prumyslové skole sta-
vebni. V GeoGebfe je mozné vygenerovat z vytvorenych materialu pod-
klady pro 3D tisk. Tyto modely jsou vhodnym doplitkem jiz vytvorenych
materialu.
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Variants of the map equations of the conic projection
from different aspects of use

Margita Vajsablova
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Abstract. The aim of the contribution is to show various aspects of the use of the
conic projection from the center lying on the axis of the conical surface of
revolution, the derivation of its map equations and the image of a point in the
development of the conical surface. The equations for the image of a point in the
Cartesian coordinate system in 3D space enable their application for any shapes
(straight line, circle, etc.) given parametrically. Analytical relations and properties
of the conic projection will also be presented in a specific form for geographic
coordinates of a point on a spherical reference surface of the Earth and for an
image of a geographic network, but also a geodetic line on a reference sphere.

Key words: conic projection, conic panorama, map equations, cartographic
projection, reference sphere

1 Map equations of conic projection from different points of
view
Conical projections are used in two main areas, namely as conic perspective

(conic panorama) and as conic cartographic projection. Depending on the given
application, it is necessary to formulate the map equations differently.

In the conic panorama we need map equations for 3D Cartesian coordinates
(%, Y, z), where we obtain the following type of coordinates:

a) Cartesian coordinates 3D of the image of the point in a conical surface,

b) polar coordinates of the development of the image of the point in a plane,

c) Cartesian coordinates 2D of the image of the point in a plane.

In the conic cartographic projection, we need map equations for spherical
coordinates (U, V), where we obtain the following type of coordinates:

a) polar coordinates of the development of the image of the point in a plane,

b) Cartesian coordinates 2D of the image of the point in a plane.

2 Conic perspective (conic panorama)

The principle of conical perspective is known in geometry, we project a point
onto a conical surface, which we develop into a plane.

Let ¥ is conical surface of revolution with axis o, vertex V and let projection
center S lies on the axis 0. Then the conic perspective of point A € »Es - G is the

intersection of the half-line SA with the conical surface ¥ (if there are two points,
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we consider the one closer to the center S), then: A_ = sf& AY¥. G is a conical

space bounded by a conical surface with vertex S that is coaxial to ¥ and with
the same vertex angle.

The principle of conical perspective with the development of a conical
surface is shown in Fig. 1, where o is the angle of the lines of conical surface ¥
with its axis, the horizon h is a parallel circle of the conical surface ¥ in the plane
of the projection center S and r — the radius of the horizon h [4].

10=2

Fig. 1: The principle of conic perspective with the development of a conical
surface

2.1 Map equations for Cartesian coordinates 3D of the image
of the point in a conical surface

The map equations for Cartesian coordinates 3D of the image of the point in a
conical surface have been derived analytically as the intersection of the conical
surface ¥ and the straight line SA (Fig.1 left). Let's have a Cartesian coordinate
system {S, X, y, z}, conical surface W with the axis z = o0 and with the angle w,
this is angle of the lines of conical surface with the axis o. In conic perspective
with projection center S on the conical surface ¥, radius of horizon is r, the image
of the point A[Xa, Ya, za] is As[Xas, Yas, zas] and it holds [5]:

‘o = rx; '
XAZAt8O + X,/ XA + Vi

Yao = I XaYa , @)
XaZpt8® + Xp/ Xa + Ya

— r XAZA

Z,. = .
As
XaZat80 + X o Xa + Ya
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2.2 Map equations for polar coordinates of the development
of the image of the point

The development of the conical surface ¥, for which angle of its generating lines
with the axis o is @, is the angle: a = 360° sin . Generating lines of the conical
surface W will develop into a bundle of straight lines centered at the vertex Vo.
If tis the angle of the axial plane of given generating line with the axial plane of
generating line passing through the point O, then their angle in development is
&, for which it holds: & = t sinw. Parallel circles of the conical surface ¥ are
developed into the arcs of concentric circles, the center of which is Vo and their
radius pis equal to the distance of the points of the parallel circle from the vertex
V.

Let's have a Cartesian coordinate system {O, X, y} in a plane, where the origin
O is an intersection of the horizon h with axis x, polar coordinate system is
{Vo, p, €, where Vo e y’, |OVol = pn and it holds (Fig. 1).

r
Pr = Gine’ @

where @ is the angle of generating lines of conical surface with its axis and r
is the radius of horizon h.

We derived the map equations of the conic perspective from the similarity of
two pairs of triangles, namely: ASAA: and ASAsA«, also ASIV and AllAsV
(Fig. 1). Polar radius o of the point Aso we derived from its Cartesian coordinates
Xa, YA, Za and the angle @, we obtain:

P r X, X5 +Ya @)
(XaZptg@+ X,/ X2 + Y2)Sin®

If t is the angle of the axial planes by point O and point As, then the polar
angle ¢ of a point A is:

e=tsin o, 4)
where t is:
t = Arcsin——JA__ )

2 2
VXatYa

2.3 Map equations for Cartesian coordinates 2D of the image
of the point in a plane

Transformation of this polar coordinates p, & where the origin V of polar
coordinate system is in axis y, to the Cartesian coordinates X, y has the equations

(Fig. 1):
X=psineg,

y = p, — p COS&.

(6)
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If polar coordinate system in the plane has the same origin as Cartesian
coordinate system (V = O) and axis X is vertical (Fig. 5), therefore transformation
of this polar coordinates to the Cartesian coordinates x, y is in the form:

X = p COS¢g,

. (7
y=psine.

In Fig. 2 is the illustration of conic panorama of the object created in the
Mathematica software [7], where we applied the derived map equations (2) — (6)
of the conic panorama for the object given by Cartesian coordinates and instead
of xa, ya, za we substituted parametric relations of the parts of the given object
(its edges). Similarly, the conical panorama of the cylinder is illustrated in Fig 3.

y

Fig. 2: Conic panorama of the object created in the Mathematica software

1.00

0.90
0.85

0.80

070

0.60 0.65 0.70 0.80 0.85 0.90 0.95

Fig. 3: Conic panorama of the cylinder created in the Mathematica software
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2.4 Map equations of the image of the straight line in a conic
perspective

If we also consider the parts of the line that are in the definition space «Ez - G,
then for the conic perspective of the line p (p #0) it holds:
a) If S e p, then its image consists of two points Ps, P’s, namely the
intersections of the straight line p with the conical surface W.

b) If p Il o, then its image is ps, the part generating the straight line of the
conical surface V.

c) If pisintersecting with o, its image consists of two half-line ps and ?ps
(or line segments) lying on the generating lines of the conical surface ¥.

d) If conditions a) — ¢) do not apply, image of a line p is a part of regular

conic section (ellipse, parabola, hyperbola).

In the article [5], map equations are derived for the image of straight lines
whose vanishing points are the intersections of the horizon h with the x-axis.
Theirs projection planes intersect the horizon plane h in its diameter with the end
point O and its angle with the horizon plane is @. The image of such a straight
line in a conic perspective is a part of conic section, and in the unfolding of the
conical surface it is a curve with parameter t and with an expression in the polar
coordinate system:

p =|[r cost(1 __tewtgpsint sm-t ) +[rsin t(1—7tgm tep sm‘t N+ (L—r tg@sin t(1—7tg(o tep sm.t ,
1+tgw tge sint 1+tgo tge sint tgm 1+tgo tge sint
& =tsinm.
(C)

3 Map equations of conic perspective in cartography

Conical cartographic projection is one of the most commonly used, for territories
lying along a parallel circle. In the conic cartographic projection, we need map
equations for spherical geographic coordinates (U, V), where spherical latitude
U is from -90 ° to 90 ° and spherical longitude V is from -180 ° to 180° [1]. In
conic projection, parallels are projected in the arcs of concentric circles with the
center at the vertex of the cone, their radius p is a function of latitude U.
Meridians are projected in a bundle of straight lines that with the center in a
vertex of the conical surface ¥ and make an angle ¢ with the image of the basic
meridian, for which the 2" map equation is: & = nV, where n is the constant of
conic projection.

3.1 Conic perspective projection with a fixed center

Conic perspective projection with a fixed center is a cartographic projection, the
principle of which consists in the conic perspective projection of a reference
surface of the Earth onto a concentric conic surface W (tangential in the base
parallel Uo or secant in parallels with U1 and Uz) from the center S, which lies on
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the Earth's axis. Distance | SO |= ¢ , O is a center of reference surface of the
Earth (Fig. 4, Fig. 6). Due to bijection, only part of the spherical surface is
projected, namely the interval of spherical latitude:

from U =arcsinB to 90°. 9)
c

The constant n of conical projection depends on vertex angle Uo, which is

equal to Uo for tangential conic surface and mean value of U1 and U: for secant
conic surface: n = sin Uo.

b

S
Fig. 4: Principle of the conic perspective projections with a fixed center S

We derived the map equations of the conic perspective from the similarity of
two pairs of triangles (Fig. 4), namely:

ASPP1 and ASPsPs1,

AVTT1and AVPsPs:.

It applies to individual sides of triangles:

|SP1| = ¢ +R sin U, |PP1] =R cos U,

[ST1| =c +R sin Uo, [TT1| = R cos Uo, [VP1| =[VO| - R cos U

Vo= R VP, [+[SP, |=c+ R
sinU,

n 0
After determining length of |PsPsi| from the relationships in similar triangles,
we derived the equation for calculating the polar radius p and we obtain:

RcosU [c - RJ
sinU, (10)

sinU,(c +RsinU)+ RcosU cosU,, '
g=VsinU,.

p:
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Image of part of the reference sphere in a conic perspective projection with a
fixed center S (c = |SO| = 2R) onto a tangential conical surface with Uo = 45° is
in Fig. 5. Map equations (10) and (7) were used to create this image in the
Mathematica software.

Fig. 5: Conic perspective projection with a fixed center S with ¢ = |[SO| = 2R
and Uo = 45°.

General variant Stereographic

Fig. 6: Three variants of the conic perspective projections with a fixed center S
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We know three variants of conic perspective projection with a fixed center
(on the Earth's axis) (Fig. 6):
1. Conic projection with a fixed center (general variant): |sol=c=R,
|sol=c=o0.
2. Stereographic conic projection with a fixed center: |sol=c=R.
3. Gnomonic conic projection: S=0 (c = 0).

3.2 Stereographic conic projection with a fixed center S

Stereographic conic projection with a fixed center is named Braun's
stereographic conic projection (1867). Projection center S is the South Pole, e.g.
¢ = R, conical surface is tangential in parallel with spherical latitude Uo = 30°.
Map equations of stereographic conic projection with a fixed center S [2] is:

3Rsin(902_u)

pP= _ ( QOO_UJ, (11)
sinfU, +

e=VsinU,.

Image of the reference sphere in a stereographic conic projection with a fixed
center onto a tangential conical surface with Uo = 45° is in Fig. 7. Map equations
(11) and (7) were used to create this image in the Mathematica software.

Fig. 7: Stereographic conic projection with a fixed center S
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3.3 Gnomonic conic projection

In gnomonic conic projection, the points of the reference sphere with radius R
are projected from the center S of the sphere onto the tangent conical surface in
the normal position. A tangent parallel has a spherical latitude Uo. Map equations
of gnomonic conic projection are [3]:
B RcosU
sin(U,, +(90°-U))sinU,, ' (12)

g=VsinU,.

In the gnomonic conic projection, it is possible to project only a part of the
reference sphere in the spherical latitude interval:

from U = Uo - 90° to 90°, Uo > 0.

Gnomonic conic projection on the secant conical surface in parallels with
spherical latitude Uz and U2 is named Murdoch’s 2" gnomonic conic projection.

Image of North hemisphere of the reference sphere in a gnomonic conic
projection onto a tangential conical surface with Uo = 45° is in Fig. 8. Map
equations (12) and (7) were used to create this image in the Mathematica
software.

P

X

Fig. 8: Ghomonic conic projection
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4 Conclusion

Creation of conic panorama with 360° view angle in the software
environments e.g. Mathematica, Geogebra have been the main motivation of
derivation of map equations of conic projection. We have shown several variants
of map equations from the point of view of their use, as well as examples of their
application in the Mathematica software.

Digital conic panorama is created also by cameras with conical mirror, where
the principle is similar, but not the same [6].

The map equations of various types of conic projections with a fixed center
that we introduced and derived in this paper are important in the field of
mathematical cartography, which is one of the main topics for students of
Geodesy and cartography.
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Vector division in Minkowski point set operations
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Abstract. Few remarks on the only possible real finite-dimensional division
algebras over the reals (without assuming either the commutative or associative
laws of multiplication) are mentioned in the paper with some references on the
proofs of this fact. Further on, an idea will be presented of a new concept of vector
division introduced recently, based on elementary procedures of a certain vector
space of finite dimension with defined inner product. Respective inverse
operation of a new multiplication of vectors is introduced.

Key words: division algebras, vector division, inverse vectors, Minkowski
division of point sets, inverse curves

1 Introduction

The only possible real finite-dimensional division algebra over the reals (without
assuming either the commutative or associative laws of multiplication) are the
following
1. Real numbers R — dimension 1
2. Complex numbers C — dimension 2
3. Quaternions Q — dimension 4
4. Octonions O — Cayley numbers — dimension 8.
On the way to prove this fact one can meet many famous names of wellknown
mathematicians, who worked on this problem, as will be shown in the next text.
In 1831 Carl Fridrich Gauss wrote: “The writer has reserved for him the
question why the relations between things that make up a manifold of more than
two dimensions cannot provide quantities admissible in universal arithmetics.*
in his Theoria residuorum biquatraticorum, commentatio secunda, [1]. In 1853
William Rowan Hamilton jumped to quaternions without proving the
impossibility of division algebra in 3-space, as introduced in [2]. German
mathematician Hermann Hankel proved and published in 1867 in [3], that no
hypercomplex number system could satisfy all the laws of algebra.
Mathematicians Ferdinand Georg Frobenius from Germany, American scientist
Charles Sanders Peirce, Elie Cartan from France, and Franz X. Grisseman from
Austria independently proved that only one more division algebra, namely
quaternions, is made possible by dropping the commutativity of multiplication,
which appeared in their works [4] - [7], published during the period 1878-1900.
In 1908 Elie Cartan stated in Encyclopédie des sciences mathématiques, [8],
which he co-authored with German mathematician Eduard Study, the following:
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,»A definite answer if another one exists can only be given by the whole ulterior
development of algebra and analysis.*

British mathematician Arthur Cayley and American Leonard Eugene
Dickson constructed octonions @ of dimension 8, which proved to form division
algebra over the reals, and sedenions S forming a 16-dimensional non-
commutative and non-associative algebra over the reals.

The octonions can be defned as octets (or 8-tuples) of real numbers. Any
octonion is real linear combination of unit octonions {ey, €1, €2, €3, €4 €s, €6, €7},
where eg is the scalar or real element (identified with the real number 1).
Multiplication of the unit octonions, (due to Cayley, 1845, and Graves, 1843) is

given as
€, ifi=0
eiej =1 e, ifj=0

*51‘]‘60 + €ijkek, otherwise

where dj; is the Kronecker delta (equal to 1 if and only if i = j), and & is a
completely anti-symmetric tensor with value 1 when ijk = 123, 145, 176, 246,
257, 347, 365.

Sedenions have a multiplicative identity element and inverses, but do not
form division algebra as they have zero divisors. Dickson published this
generalisations in 1919 in Annals of Mathematics, [9].

In 1940 German mathematician Heinz Hopf proved the important theorem:
“Every finite-dimensional real commutative division algebra is either 1- or 2-
dimensional. “, and even generalised it: “Any finite-dimensional real division
algebra must have dimension a power of 2. .

Then in 1958 American John Willard Milnor, French Michele André
Kervaire, Hungarian-American Raoul Bott and also some other mathematicians
proved that the only possible division algebras over the reals (without assuming
either the commutative or associative laws of multiplication) are of dimension 1
(reals), 2 (complex numbers), 4 (quaternions) and 8 (Cayley numbers). Milnor
published this evidence in paper “Some consequences of a theorem of Bott“, in
Annals of Math., [10].

Papers on impossibility of a division algebra on vectors in three-dimensional
space appeared in 1966, [11], and 1971, [12].

Introduction of a new concept of a division of vectors in a vector space of
finite dimension with defined inner product appeared in 2023 in paper published
by José E. H. Ramirez from Brazil and E. R. Oria from Cuba, [13]. The main
goal in this paper was to use elementary procedures to divide two vectors of a
certain vector space, while the result be a matrix, representing special geometric
transformation related to the position of the two division factors, divided and
divisor vector.
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2 Division of vectors

The new concept of vector division is defined by elementary procedures in
any vector space of finite dimension with defined inner (scalar) product. Let V

be a vector space with defined inner productanda, b € V.
Result of the division of two vectors is matrix E

2 a1+ pR=F
p- UHAR=E

where | is the unit matrix, and R is a perpendicular rotation matrix, while

_ab _ab,
“TmrE P T R

for b.=b.R be a perpendicular rotation of the vector b.

If V is the vector space R?, then matrix E rotates vector b and then adjusts its
magnitude to the magnitude of vector a. In the particular case that a = b, then E
is the usual rotation.

Matrix E defined as division of two vectors determines a linear
transformation in the respective vector space. Thus a new concept of Minkowski
division of vectors resulting on a vector might be defined as follows:

a®b=aE=c

Minkowski division of two vectors results in vector ¢, which is the image of
vector a under the linear transformation determined by matrix

_ _(a B _ab _ab,
E=al+pR=(" )@= b= Top
for bi=b.R be a perpendicular rotation of the vector b.

a =4 by=3
. .

e=a/b=ak

(—0.69 ——0.28)
[ o028 41.4;5»}

E

15 14 13 92 11 0 9 8 7T s

Fig. 1: Minkowski division of 2 vectors in the vector space R?
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Some properties of Minkowski vector division might be easily proved from the
definition of vector division.

1. a=I,because a@a=al=a

a
2. gz 0, because0O @a =0.0=0
a b 0 -1
3. alb:;l;,becausea®b=a.E=a.(1 0 )
0 1)

-1 0

In his context, it is necessary to define also a new concept of vector
multiplication as inverse operation through which the inverse vector could be
obtained, so that this multiplication be consistent with the above defined division
operation between vectors. The resulting product of two vectors in this new
multiplication will be again a matrix, a linear combination of matrices | and R.

Let V be a vector space with defined inner productand a, b € V. The product
of vectors a and b denoted as a ® b is defined as matrix Einy

a®b=apl+ BinyR=Ep,
where | is the unit matrix, and R is a perpendicular rotation matrix, while

b@a=b.Ep, =b.(

Ainy = aA. b: ﬁinv =a. bJ_

for b.=b.R be a perpendicular rotation of the vector b.

E. — ( Xiny Binv)
my _.Binv Xiny
Let a = 0 be a vector in the vector space V. The inverse vector of a, denoted

as a’!, is such vector, for which a ® a! = I. Then, from definition of vector

multiplication follows that a=* = =, therefore vectors a and a™! are collinear.
|a]?

3 Minkowski point set division

Division of 2 point sets A and B, Minkowski point set division A @ B, is defined
as an image of set A under the transformation represented by matrix E

E = a(a,b).1+ B(a,b).R,

where a, b are position vectors of points a € A, b € B with respect to fixed
reference point and
a.b a.b,
a(a, b) _W ) ,B(a, b) _W
while b, = b.R s a vector perpendicular to vector b (vector b revolved by 90°)

AQB=E(A) ={a.E V(a€A beB)}.
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-
< 0

Fig. 2: Minkowski division of two circles

Dividing two coinciding circles a and b = a, the following holds:

§=I=>a®b —I(a)=a

alu ay + kcos 27u, az + ksin2xu), u 0.1 a P
a, =0 =5 k=-5
. . - o
bk — w. >
65 60 55 50 45 40 35 30 25 20 15 10 o 5 10 15 20

b cos(2n Sin(2x 5
10

Fig. 3: Minkowski division of two circles in special position

Using the same procedure as for inverse vector, the inverse point set could be
defined. Let a curve be determined by its parametric vector representation, then
its inverse curve will be determined as follows

r(u) = (x(u), y(u)), u€elcRr
[r@)|? = x*(w) + y*(w)

ri(u) = Ton (x(w), y(w)), uelcR

1
x?(u) +y
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Fig. 4: Inverse curve to ellipse

(cos(Znt), sin(Znt))
kt

a(t) = (kecos(2mt), kesin(2wt)),a~(v) =

Fig. 5: Inverse curve to spiral

4 Alternative Minkowski point set product
Based on the newly determined product of two vectors

_ _( ab ab,
aQb=Ep = (—a.bl a.b)
one can define the concept of Minkowski vector multiplication as follows:
a®b=akE,,=c

Minkowski multiplication of two vectors results in vector ¢, which is the
image of vector a under linear transformation determined by matrix E;,,, . Such
operation of vector multiplication is not commutative.
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Extension to Minkowski multiplication of two point sets A and B is analogous
to the case of Minkowski division

A® B =Ey,(4) ={a.Epny, V(@ €A bEB)}

a(u) = (kueos27u, kusin 27u), u € {0, 1)

-
k=2
30 28 26 -24 22 -20 18 -16 -4 12 -10 - 18
by =41
-
by=-27
L 2
I=-10

Fig. 6: Minkowski product of spiral and circle

5 Conclusion

New definition of division of two vectors and its related vector multiplication

enabled to find an inverse vector to a given vector, while these two vectors are

collinear. Also, a new definition of Minkowski point set division of two sets in

the plane could be stated. This definition led to determination of inverse point

sets, for instance inverse planar curves determined by their vector equations.

Interesting forms of some inverse curves to ellipse or spiral are presented.

Consequent Minkowski point set multiplication of two sets could be settled.
However, many unsolved problems and questions might arise in these

context, serving as interesting ideas to further study:

Properties of these new vector operations

Properties of the linear transformation E, Einy

Existence of invariants of the two transformations

Possible applications

Connections to curves with Pythagorian hodographs

Singular points (self-intersections) of Minkowski division and product

of 2 planar curves

7. Related differential characteristics of Minkowski division and product
of 2 planar curves

SO~ E
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8.

9.

Extensions to higher dimensions - Minkowski division and product of
two space curves, or two surfaces
And many others
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Abstract. The Minimum Spanning Tree problem has been referenced in the
literature as early as 1926, making it one of the oldest and most thoroughly studied
problems in computational geometry. Alongside its enduring theoretical and
algorithmic appeal, the MST is valuable for addressing numerous practical data
analysis problems as well as image segmentation and reconstruction of the curve
and surfaces.

In this paper, we present a method for point cloud decimation using the Euclidean
MST algorithm. The MST can help ensure that the reconstructed curve is efficient
in terms of connectivity and distance.

Keywords: Euclidean Minimum Spanning Tree, Curve reconstruction, Surface
reconstruction

1 Introduction

The Euclidean minimum spanning tree (EMST) problem has applications in
many fields, and many efficient algorithms have been developed to solve it. With
references in the literature as early as 1926, the minimum spanning tree (MST)
problem is one of the oldest and most thoroughly studied problems in
computational geometry. In addition to this long-standing theoretical and
algorithmic interest, the MST is useful for many practical data analysis problems.
Many optimization problems can be posed as the search for the MST in a
network. The MST is also used as an approximation for the traveling salesman
problem [3], in document clustering, mesh generation [7], curve reconstruction
[9], and surface reconstruction [11].

MST of the graph connects all the vertices, without any cycles and with the
minimum possible total edge weight. EMST can be found as the minimum
spanning tree of a complete graph with the points as vertices and the Euclidean
distances between points as edge weights.

Problem of MST was first published in 1926 by Otakar Boruvka in the paper
“O jistém problému minimalnim” [4] as a method of constructing an efficient
electricity network for Moravia. This algorithm is frequently called Sollin's
algorithm, especially in the parallel computing literature [12].

Bortvka’s algorithm finds the minimum weight edge incident with each
component and adds all such edges. In each iteration, the algorithm reduces the
number of trees within each connected component of the graph until only one
component remains, making the forest a single tree. Borivka’s algorithm is well-
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suited for parallelization, as the selection of minimum-weight edges for each
component can be done independently.

Finding the nearest neighbor of components in a spanning forest is the
computational bottleneck in both traditional MST algorithms like Kruskal’s and
Prim’s and more advanced methods [1][2][5]. Boravka’s algorithms require at
most log V steps and a total running time of O(E log V), where E is the number
of edges and V is the number of vertices. Variants for planar graphs work with
linear time complexity.

The standard procedure, known as Prim's algorithm, was formulated very
clearly and concisely by the eminent number theorist Vojtéch Jarnik in response
to Boriivka's work. [8], [12].

2 Euclidean Minimum Spanning Tree

Computing the Euclidean Minimum Spanning Tree (EMST) is a classic problem
in computational geometry. Similar to the MST, it is utilized in various
applications such as clustering, pattern classification, surface reconstruction,
TSP approximations, and computer graphics.

The edges of the minimum spanning tree meet at angles of at least 60°, with
equality only when they form two sides of an equilateral triangle. This is because,
for two edges forming any sharper angle, one of the two edges could be replaced
by the third, shorter edge of the triangle they form, forming a tree with a smaller
total length. Euclidean minimum spanning tree is a subgraph of other geometric
graphs including the relative neighborhood graph and Delaunay triangulation.
By constructing the Delaunay triangulation and then applying a graph minimum
spanning tree algorithm, the minimum spanning tree of given planar points may
be found in time.

Many advanced algorithms have been created to solve the Minimum
Spanning Tree (MST) problem on general graphs. Fredman and Tarjan [6]
demonstrated a bound of O(E log V) by using Jarnik's algorithm with the
Fibonacci heap data structure. However, these general algorithms are not suitable
for large, metric problems because they depend linearly on the number of edges.
In the case of Euclidean graphs, the edge set consists of all pairs of points. Thus,
linear scaling in E corresponds to quadratic scaling in the number of points V,
necessitating the consideration of alternative approaches. Shamos & Hoey [13]
applied the Voronoi diagram to constructing the MST in the Euclidean plane.
The Voronoi diagram can be constructed in O(V log V) time for V points and
contains O(V) edges. Since the MST is a subset of the edges in the dual of the
Voronoi diagram, the MST can be found in O(V log V) time using one of the
algorithms above. Agarwal et al. [1] showed that the EMST problem is linked to
solving bichromatic closest pairs for specific subsets of the input set. The
bichromatic closest pair problem is defined as follows: given two sets of points,
one red and one green, the task is to find the red-green pair with the minimum
distance between them. By employing a geometric approach that leverages well-
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separated pair decomposition (WSPD), it is possible to efficiently achieve a time
complexity of O(V log V) when constructing the Euclidean minimum spanning
tree (EMST) in a three-dimensional space.

3 Curve Reconstruction

Our goal is to apply EMST to a point cloud and test the curve reconstruction
capabilities of this method for different types of data.

Curve reconstruction entails creating a continuous curve that accurately
represents a given set of points. One approach to addressing this challenge
involves using a MST as part of a graph-based algorithm. The MST plays a key
role in ensuring that the reconstructed curve is efficient in terms of connectivity
and distance. The fundamental algorithm for curve reconstruction using MST
can be delineated into six steps:

1. Pairwise Distance Calculation: This involves using Euclidean distance or
any other suitable distance metric that is relevant to the data.

2. Graph Creation: Create a complete graph where each point is a node, and
the edges represent the pairwise distances calculated in the previous step.

3. Minimum Spanning Tree on the complete graph.

4. Path Extraction from MST: This involves starting from an arbitrary point
and traversing the MST to create a sequence of points.

5. Curve Interpolation: The points can be further smoothed or interpolated to
get a continuous curve. Techniques such as spline interpolation (e.g., B-
splines) or piecewise linear interpolation can be applied to generate a
smooth curve from the discrete points obtained from the MST.

In our algorithm, we combine the Euclidean Minimum Spanning Tree
(EMST) approach with the statistical method for local approximation using
the moving squares method. To prevent the effects of unwanted points in the
local regressions, we need to make a certain structure (as simple as possible) for
the point set to define the connectivity of the point elements. From EMST we
calculate the average edge length (n) and standard deviation (c) of the edge
lengths. Then the tree was pruned by removing all edges longer than u + & . o,
where k is a suitable constant. The choice of k affects the level of detail in the
reconstruction. A smaller k preserves more details but may introduce noise, while
a larger k produces a smoother but less detailed reconstruction.

The next step is to separate the components of the graphs representing the
different curves:

1. Identify the endpoints: Vertices with degree 1 in the pruned EMST.

2. Traverse the pruned EMST: Start from an arbitrary endpoint and follow the
edges, always choosing the edge that forms the smallest angle with the
previous edge. If a junction (a vertex with degree > 2) is encountered,
choose the edge that forms the smallest angle. Continue until reaching
another endpoint or return to the starting point.
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3. Handle branching: Connect appropriate branches at junction points. In
the case of closed curves, it may be necessary to connect the last point
to the first point if they are in close proximity.

4. Smooth the reconstructed curve (optional)

Noisy Points
Spline

R

Fig. 1: Enhanced Minimum Spanning Tree from Noisy Points

The identification of connected components is a basic problem in the
description of dot patterns. Cluster analysis deals with this problem and
motivated our choice of minimal spanning trees as shape descriptors for curves

A sample can be separated into clusters by removing atypically long edges
from minimal spanning trees.

4 Surface reconstruction

The reconstruction of a 3D surface from a point cloud is largely dependent on
the integration of the Minimum Spanning Tree (MST) methodology, which is
applied to identify contiguous regions and surface texture. The use of geometric
and graph-based approaches improves the creation of optimized networks that
emphasize both geometric accuracy and computational efficiency.

MST is used in triangulation mainly as an initial step or as part of more
complex algorithms. The basic idea is that MST provides a "skeleton" for
triangulation that captures the key connections between points. In simplified
terms, the procedure can be described in three steps:

1. Create an MST for a given set of points.
2. Add additional edges to the MST to create the triangulation.
3. Optimize the triangulation (e.g., using the Delaunay criterion).
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Fig. 2: 3D Euclidean minimum spanning tree and surface reconstruction

5 Conclusion

The utilization of Minimum Spanning Trees (MST) in triangulation processes
offers several notable benefits. MST provides a solid starting point for
establishing connections between data points, laying the groundwork for further
triangulation refinement. Triangulations derived from MST often result in
configurations with shorter overall edge lengths, although the MST alone does
not guarantee an optimal solution. It proves to be a valuable initial step,
potentially requiring further optimization to achieve the desired results. MST is
instrumental in revealing underlying structures within datasets by highlighting
key connections, aiding in pattern recognition, and facilitating cluster
identification.

When implementing, it is important to consider the efficiency of the MST
search algorithm. There are special algorithms for planar graphs that may be
more efficient than general algorithms for MST. The use of MST in
computational geometry often leads to algorithms that are intuitive, robust, and
computationally efficient. Combining MST with other techniques in
computational geometry can lead to innovative solutions to complex geometric
problems.
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A ruler construction of imaginary numbers
on a conic
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Abstract. Arithmetic operations on a line or conic are known as von
Staudt’s constructions. These constructions show the properties of
real numbers and their projective extension. In this contribution, we
supplement a conic of real numbers by its part with imaginary numbers
and introduce arithmetic operations on imaginary numbers.

Keywords: Ruler constructions, von Staudt, imaginary numbers, conics.

1 Introduction

Constructions of arithmetic operations on real numbers using a ruler
and a conic were introduced by von Staudt (see [1, chap. 11], [3, pp. 166—
182], [4, pp. 20—23]). Hatton in [2] revisited the principle of continuity in
projective geometry and described a method to represent the imaginary
part of a conic. This paper extends von Staudt’s constructions from a real
circle to include a rectangular hyperbola representing imaginary values.

1.1 Synthetic constructions on a circle

Addition on a circle, Figure 1
Consider a circle ¢ with a diameter d and its tangent p at a point 0 € c.
On ¢, let c0® be the antipodal point to 0, and 1° be the point 0 rotated
counterclockwise by 7 about the center of c. We will need two special
lines:
I is tangent to ¢ in 0o® (line of addition),

1* = (00°;0) (line of multiplication).!

We will refer to this setting as circle ¢ with the system (0,1°,00°).

Let us stereographically project the points A, B, and (A + B) (the
sum of oriented distances) on p to c.

A° = (0% A) Ne
B° = (0% B)Ne

(A+B) = (< (A+ B)) Ne

The sum of two points on a circle is defined by the following construc-
tion.

Construction 1 (A° + B°, Figure 1). Given a circle ¢ with the system
(0,1°,00°) and points A°, B® € c. Construct A° + B°.

IFor the sake of clarity, we denote lines (A; B) throughout the paper.
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1. Z+ = (A°; By N1t
(a) if A° = B°, their join is the tangent to c in A°
(b) if (A°; Bo)||It, then Z7 is the improper point of I
(c) if A° = B° =00°, then ZT = o°

2. A°+B° e (ZT;0)Nc

(a) if ZT is improper, then A° + B° = 0, otherwise we choose the
second intersection (ZT;0) Nec # 0

The following theorem states that this construction is equivalent to
the stereographic projection of the sum carried out on an affine line.

Theorem 1. Given a circle ¢ with the system (0,1°, oo:) and points A°,
B°. Let p be the tangent to ¢ in 0, A = (c0°; A°Y Np, B = (c0°; B°) N p,

and (A + B) be the oriented sum A+ B on p. Moreover, let (A + B)° =

(0% (A+ B))Nec. Then (A+ B)° = A° + B° (according to Construc-
tion 1).

Multiplication on a circle, Figure 2
Let us have the oriented product (A x B) on p and construct its stereo-
graphic image

(Ax B)° = (% (A x B)) Ne.

(A+B)

Fig. 1: The construction and stereographic projection of the sum of two
points.
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B axn
(A x By

a
3
& o y*
0

Fig. 2: The construction and stereographic projection of the product of
two points.

The product of two points on a circle is defined as follows.

Construction 2 (A° x B°, Figure 2). Given a circle ¢ with the system
(0,1°,00°) and points A°, B°. Construct A° x B°.
1. Y* = (A% B°) NI~
(a) if A° = B°, their join is the tangent to ¢ in A°
(b) if (A°; B°)||[I*, then Y is the improper point of 1*

(c¢) if A° = 00® and B° = 0 (or vice-versa), then Y is not defined,
as well as the product

2. A° x B°® = (Y*;1°) N¢

(a) if Y* is improper, then A° x B® = 1°, otherwise we choose the
second intersection (Y *;1°) Ne # 1°

Theorem 2. Given a circle c with the system (0,1°,00°) and points A°,
B°. Let p be the tangent to ¢ in 0, A = (00°; A°) Np, B = (c0°; B°) Np,

and (A x B) be the oriented product A x B on p. Moreover, (A x B)° =

(0% (A X B))Nec. Then (A x B)° = A° x B° (according to Construc-
tion 2).

1.2 Constructions on regular conics

The constructions on a circle are based only on the incidence proper-
ties of lines and a circle. Such constructions are invariant with respect to
a collineation. Therefore, these constructions can be transferred to any
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Fig. 3: Projective system and constructions on an ellipse and hyperbola.

regular conic, viewed as a collinear image of a circle (Figure 3). In general,
the system 0,1, 00 can be arbitrarily chosen by three distinct points (the
choice on the circle is a special case for the purposes of this text). For
example, the parabolic case is described in [5].

Projection to a rectangular hyperbola, Figure 4

A+ BY

Fig. 4: Projection between a circle and rectangular hyperbola.

We now project the entire setup from co® onto a rectangular hyperbola
with vertices at 0 and c0® = oofl. In this particular case, the point 1% is
one of the improper points of the hyperbola, and so the lines through 11
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appear parallel to the asymptote (in the Euclidean model of the projec-
tively extended plane). The constructions of sum A" + BY = (4 + B)H
and product A" x BH = (A x B)Y work in the same way as in the circle.

2 Imaginary numbers

By adding imaginary elements, we supplement the circle model Re(c)
of extended real numbers with co. To do so, we use a rectangular hyper-
bola Im(c) that contains imaginary numbers (Figures 4 and 5). The
points 0 and oo = ico belong to both Re(c) and Im(c), the point 1 is on
the circle, and 1 on the hyperbola becomes the imaginary unit ¢ (improper
in the model). We will refer to the composition above as circle-hyperbola
¢ with the system (0, 1,4, 00).

From the stereographic projection, it is easy to observe that we can
interchange real and purely imaginary points with the same value (i.e.,
(00; A°) and (oo; AH) coincide in A). Thus, a real point A stereographi-
cally projected from Re(c) to I'm(c) with the center oo of the projection
is the purely imaginary point ¢4, and vice versa (division by 7 from I'm(c)
to Re(c)). For an imaginary point A, we need to use the opposite value,
so it is the real point iA = —A. In summary, we have the following
construction of i A.

Construction 3 (14, A € Re(c) or Im(c), Figure 5). Given a circle-
hyperbola ¢ with the system (0,1,i,00) and a point A € Re(c) or Im(c).
Construct i A.

1. if A# o0 € Re(c), iA = (o0; A) N Im(c) # oo

2. if A# oo € Im(c), iA = (00; —A) N Re(c) # oo

3. if A= 00, iA =00

An alternative construction of iA, for A € Im(c), might be carried
out using a projection through 0 such that iA = (0; A) N Re(c). Observe
that a variation of the construction gives us an incidence generation of a
rectangular hyperbola from its vertex circle. The points of the hyperbola
are intersections of (co; A)N(—A4;0) for A € Re(c). Inreverse, the points of
a circle are the same intersections for A € Im(c). A (compass) variation
of the construction of 74 from A or backward, based on the fact that
A{0; A;iA) is right, can be carried out using a Thales circle or right angle.

3 Conclusion

In this paper, we have shown how to extend von Staudt’s algebra of throws
on a circle by imaginary numbers on a conjugated hyperbola. We encour-
age the reader to continue with experiments with multiplication on imag-
inary numbers, square roots such as v/—1, etc. Rotation of the hyperbola
Im(c) in a 3-D space by 5 about (co;0) and projecting it to a sphere with
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Fig. 5: Multiplication by the imaginary unit.

the meridian circle Re(c) and the same center will attach this model to
the real and imaginary circles on a Riemann sphere.

References

1]

H. S. M. Coxeter: The real projective plane 3rd ed., Springer Verlag,
New York, 1993.

J. L. S. Hatton: The Theory of the Imaginary in Geometry: Together
with the Trigonometry of the Imaginary. Cambridge University Press,
1920.

K. G. Ch. von Staudt: Beitrdge zur Geometrie der Lage I, 11 & III.
Fr. Korn’schen Buchhandlung, Niirnberg, 1856.

M. Zamboj: Synthetic Projective Geometry. Dissertation thesis,
Charles University, 2018.

M Zamboj: Rapsddie na parabole. In G — slovensky casopis pre
geometriu a grafiku, 20 (2023), no. 40, pp. 49-59.



10 Czech-Slovak Conference on Geometry and Graphics 2024 149

List of Participants

BARTON Michael
BASTL Bohumir
BERANKOVA Eliska
BIZZARRI Michal
CIBULKA Jaroslav
CECAKOVA Stanislava

FERDIANOVA Viera
GERGELITSOVA  Sarka

HAMAJOVA Klaudia
HASEK Roman
HLAVOVA Marta
HOLAN Tom4s
HRDINA Jaroslav
HUCZALA Daniel
CHALMOVIANSKY Pavel
CHODOROVA Marie
KOKTAVA Marie
KOLAROVA Dana
KOLCUN Alexej
KUBAT Jakub
LAVICKA Miroslav
LEGERSKY Jan
MOLNAR Michal
RECKOVA Alena
RICHTARIKOVA  Daniela
SLABA Kristyna
STACHEL Hellmuth
SIR Zbynék
SRUBAR Jiif

TKADLECOVA Miroslava
TOMICZKOV A Svétlana

URBAN Zbynék
VAJSABLOVA Margita
VELICHOVA Daniela

Basque Center for Applied Mathematics, Bilbao
Fakulta aplikovanych véd, ZCU v Plzni
Univerzita Palackého v Olomouci

Fakulta aplikovanych véd, ZCU v Plzni
Fakulta strojni, CVUT v Praze

Fakulta architektury CVUT v Praze
Piirodovédecka fakulta, Ostravskd univerzita
Gymnazium BeneSov

FMFI, UK, Bratislava

Jihotesk4 univerzita v Ceskych Budéjovicich
Fakulta strojni, CVUT v Praze

Univerzita Karlova, Praha

Vysoké uceni technické v Brné

University of Innsbruck

FMFI, UK, Bratislava

PiF, Univerzita Palackého v Olomouci
Mendelova univerzita v Brné

Fakulta architektury CVUT v Praze
Ptirodovédecka fakulta, Ostravska univerzita
Ceské vysoké uceni technické v Praze
Fakulta aplikovanych véd, ZCU v Plzni
Ceské vysoké uceni technické v Praze
Univerzita Karlova

Fakulta aplikovanych véd, ZCU v Plzni
Strojnicka fakulta, STU v Bratislave
Fakulta aplikovanych véd, ZCU v Plzni
Vienna University of Technology
Matematicko-fyzikalni fakulta UK, Praha
Ceské vysoké uceni technické v Praze
Mendelova univerzita v Brni

Fakulta aplikovanych véd, ZCU v Plzni
VSB - Technickd univerzita Ostrava
Stavebnéa fakulta, STU v Bratislave
Strojnicka fakulta, STU v Bratislave



150 10" Czech-Slovak Conference on Geometry and Graphics 2024

VORACOVA  Sarka Fakulta dopravni, CVUT v Praze
VRABLIKOVA Jana  Johannes Kepler University Linz

VRSEK Jan  Fakulta aplikovanych véd, ZCU v Plzni

VYRUT Radek Fakulta aplikovanych véd, ZCU v Plzni
ZALABOVA  Lenka PF, Jihoesks univerzita v Ceskych Budgjovicich
ZAMBOJ Michal PF, Univerzita Karlova, Praha



Proceedings of the
10™ CZECH-SLOVAK CONFERENCE
ON GEOMETRY AND GRAPHICS 2024

Editors:
Michal Bizzarri, Miroslav Lavicka

Published by

Jednota ¢eskych matematiku a fyziku,
poboény spolek Plzen
Kolldrova 1239/19, Plzen

First Edition

Plzen 2024
ISBN 978-80-11-05926-2 (online)



