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Forewords

The third Slovak—Czech conference on Geometry and Graphics took place
in hotel Vrsatec, Vrsatské Podhradie, Slovakia, on September 15-18,
2017, as a joint event of 26" SymposiuM oN COMPUTER GEOMETRY
CSG 2017 organized annually by the Slovak Society for Geometry and
Graphics and 37" CONFERENCE ON GEOMETRY AND GRAPHICS held
by the Czech Society for Geometry and Graphics of the Union of Czech
Mathematicians and Physicists.

Conference was attended by 48 participants from 7 countries: Slovakia,
Czech republic, Poland, Hungary, Germany, Austria and Australia, who
presented 31 contributed talks and 3 posters from applied and pure geome-
try, geometric modelling, computer graphics and education of geometry.
Participants enjoyed also interesting live presentation of 3D printer in
performance. Conference organizers hosted three plenary speakers with
invited lectures focused on different fields of pure and applied geometry.
Margita Vajsablova from Civil Engineering Faculty of Slovak University of
Technology in Bratislava introduced some basic information on geometric
concepts and methods used in cartography in lecture entitled Geometric
Tools in a Precision of Image Elements on Maps. Invited speaker Boris
Odehnal from University of Applied Arts in Vienna presented in his talk
an interesting algebraic approach to Hermite Interpolation of Ruled Surfa-
ces and Canal Surfaces. Plenary lecture Investigation of Loci in Dynamic
Geometric Environment by Pavel Pech from South Bohemian University
in Ceské Budéjovice was related to utilisation of dynamic geometric soft-
ware for automated theorem proving, by means of symbolic geometric
methods currently introduced and available in the dynamic mathematical
software environment.

Slovak-Czech GeoGebra Workshop about dynamic mathematical software
GeoGebra was also a part of the conference. Participants presented here
their experience with software inclusion to maths education, both teaching
and learning, as supplementary dynamic didactic tool, and shared their
good practise in development of applets as dynamic presentations and
study materials.

Conference was organized by the committee of the Slovak Society for
Geometry and Graphics. Social programme included short walks in the
Vrsatec Mountain, the most spectacular part of White Carpathians, visit
to small glass museum in Lednické Rovne and trip to ruins of an old castle
Lednica, build on a steep stony hill and boasting with interesting history,
unusual interior structure, and nice view to the countryside.
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We would like to invite all interested participants to attend also the next
Czech—Slovak Conference on Geometry and Graphics organized in Czech
republic in September 2018, that will be held in cooperation of repre-
sentatives of both societies for geometry and graphics as join event of
38" CONFERENCE ON GEOMETRY AND GRAPHICS and 27" Symposium
ON COMPUTER GEOMETRY SCG “2018. We are pleased to keep success-
fully the good tradition of our common meetings deeply rooted in the
history.

Bratislava & Plzei, November 30, 2017

Daniela Velichova Miroslav Lfiviéka
chair of SSGG chair of CSGG
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Hermite Interpolation with Ruled and Canal
Surfaces

Boris Odehnal

University of Applied Arts Vienna
Oskar-Kokoschka-Platz 2, A-1010 Wien, Austria
email: boris@geometrie.tuwien.ac.at

Abstract. We show an algebraic way to interpolate Hermite data of ruled or canal
surfaces. For that we construct rational (indeed polynomial) curves within Pliicker’s
quadric M2* and within Lie’s quadric L2* which are point models for the geometries
of lines and spheres. The technique we use applies to both types of surfaces, because
they can be represented as curves within the afore mentioned quadrics. The Bézier
ansatz for a curve in either quadric involves some design parameters guiding the
shape of the ruled or canal surfaces. These parameters are to be determined by
solving a system of algebraic equations. The degrees of the equations admit a
prediction of the number of possible solutions. Together with geometric criteria,
useful solutions, i.e. solutions that meet practical requirements can be selected. Our
main goal is the interpolation of G*data at the boundaries of ruled surfaces and canal
surfaces. Depending on k, the degree n of the curve in the Bézier ansatz has to be
chosen: the higher k, the higher the degree of the ansatz. Nevertheless, we aim at low
degree interpolants, and therefore, we choose the lowest possible n in any case.

Key words: Interpolation, Hermite data, ruled surface, channel surface, Pliicker’s
quadric, Lie’s quadric, rational normal curve.

Remark.

Full paper with all information presented at the conference plenary talk will be
available published in the issue of scientific journal G — Slovak journal for geometry
and graphics, vol. 14, No. 28, 2017.
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Investigation of loci in dynamic geometric
environment

Pavel Pech

Faculty of Education, University of South Bohemia
Ceské Budéjovice, Czech Republic
pech@pf.jcu.cz

Abstract. A classical problem in plane geometry consists of searching
for the path of a point, that is subject to given constraints. Except
for the most simple loci such as lines, circles or possibly conics, this
topic is not contained in most geometry texts. The reason might be
difficulties when visualizing various objects with different movements.
The use of dynamic geometry software (DGS) considerably facilitates
the loci investigation. Whereas in the past the study of loci by DGS
was based on numerical methods, now we are facing the introduction of
symbolic methods based on the theory of automated theorem proving
into DGS. The result is the implicit equation of the locus. In the text
a few concrete examples are given.

Keywords: Dynamic geometry, locus, locus equation.

1 Introduction

Roughly spoken a locus is a set of points subject to some geometric con-
straints. Searching for loci belongs, in our opinion, to difficult part of
mathematics school curricula all over the world. New technologies con-
siderably facilitate searching for loci not only to students but also to math-
ematicians. Firstly dynamic geometry tools such as the command Locus
appeared. Nowadays we encounter the use of CAS based on the theory of
automated theorem proving, such as commands Prove, LocusEquation.

2 Command Locus

The tool Locus belongs to one of traditional functions of dynamic ge-
ometry systems. To its application we need two points. The first point
is a mowver, the point which usually moves along a certain object. The
second point - a tracer - is somehow dependent on the mover and draws
the sought trajectory. The command Locus is very simple and useful, we
can use it at all types of schools.

Problem 1

Let ABC' be a triangle with a side AB and a vertex C' on a circle ¢ cen-
tered at A and radius |AB|. Determine the locus of the orthocenter H of
ABC when C mowves along c.

Using the command Locus, first clicking on the tracer H and then on
the mover C, we get the curve of the third degree which is the strophoid,
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Figure 1: Computer displays the strophoid

Fig. 1.

How to compute it?

Let A=(0,0), B =(a,0), C = (u,v) and H = (p,q). Then:
(H-C)L(B-A) e h :p—u=0,

(H-A) L(C—-B)< hy:plu—a)+qu=0.
Cecehg:ul+v2—a?2=0.

Elimination of u, v in the system hy = 0, ho = 0, h3 = 0 gives the equation
of the fourth degree which decomposes into the strophoid and the line

(»* — ap® + ag® + pg®)(p — a) = 0. (1)
How is it possible?

The problem lies in the position when C arrives at B, i.e. u = a,v = 0,
and the line BC is not defined, Fig. 2. Then the system h; = 0, ho = 0,
hz = 0 transforms into one relation

p—a=20

which is the line in (1).
To avoid this, we add the condition B # C, i.e. ((u —a)?+v?)t—1=0,
where t is a slack variable, into the system above. Then we get the only
equation

S:p*a—p)—¢*(a+p) =0
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' \B=[a.0]

Figure 2: Together with the strophoid an extraneous line appears

which is the strophoid.
Opposite implication (often neglected at schools).

Let H € S. We ask whether the vertex C lies in the circumcircle of ABC
for a given orthocenter H. Then adding the condition g # 0, which leads
to the point [a, 0], to the system above, we get NF = 0. This means

P’ +0* —a®)? = ci(p—u) + e2(p(u — a) +vg) + ¢35, (2)
where c1, ¢o, c3 are certain polynomials. Then (2) implies u?+v? —a? = 0.
Conclusion: The locus is the strophoid without the point [a, 0].
Problem 2

Let A be a fixed point on a circle ¢, and l = AM a line passing through
A and a point M € c. Determine the locus of P € I such that |MP| =k,
where k is a constant, when M moves along the circle c.

Similarly, using the command Locus we get the curve of the fourth degree
called the limacon of Pascal, Fig. 3.

How to compute it?

Let A=10,0], S = [a,0], M = [u,v], P = [p,q]. Then:
Mecs hyi=(u—a)®>+v%2—a®=0,
IMP|=k & hy:=(p—u)?+ (¢ —v)? —k*=0,
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Figure 3: Computer displays the limagon of Pascal

P, M, A are collinear hg := pv — qu = 0.
Elimination of u, v in the system hy = 0, hy = 0 hg = 0 gives the equation
P* +¢* = )0 + ¢ — 2ap)® = K*(p* +¢°)) = 0 (3)

of the degree siz which decomposes into the limacon of Pascal and the
circle.

Why?

The problem arises in the position when M arrives at A, i.e. [u,v] = [0, 0],
and the line AM is not defined. Then the system hy =0, ho =0, h3 =0
transforms into the only relation

P -k =0

which is the circle in (3), Fig. 4.

To get rid of this ”extraneous” circle, we add the condition M # A, i.e.
(u?2+v?)t—1 = 0, where t is a slack variable, into the system above. Then
we get the only equation

S:(0* +q° —2ap)* =K (p* +¢*) =0
which is the limagon of Pascal.
Opposite implication.

Let P € S. We ask whether the point M € AP N ¢ fulfills |[MP| = k.
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A=[0,0] J [k.0]

Figure 4: Together with the limacon of Pascal an extraneous circle appears

Adding the condition apu # 0, which is equivalent to P # [0, 0], into the
system above, we get NF(1,L) = 0.

Conclusion: The locus of P is the limagon of Pascal S without the point
[0, 0].

3 Command LocusEquation

The command Locus cannot be applied to any locus. Problems that we
will present now are of this case. To solve them we have to use a more
advanced tool LocusEquation which has recently been implemented into
GeoGebra version 5. This command brings a new approach in searching
for loci. It is based on automated discovery, the part of the theory of
automated theorem proving. This tool uses elimination of variables in a
system of algebraic equations describing the locus. It returns an implicit
equation of the locus. It is well known that the result is the Zariski closure
of a projection on the space of local coordinates. This often leads to the
situation that instead of a real locus we get the smallest variety which
contains, besides the locus, also some extraneous objects not pertaining
to it.

Before using the command LocusEquation we have to construct in Ge-
0Gebra a geometric diagram describing the locus. After constructing the
diagram we apply the command LocusEquation which has two parame-
ters. The first one is the thesis T' (which must be a Boolean expression),
the second one is a free point P, whose locus we investigate. The result
of LocusEquation [T,P] produces the set V such that ”if T is true then
PeV”.



18 Pech Pavel

Several Boolean expressions in the form of commands such as AreCollinear,
AreParallel or AreConcyclic are tested in a few problems which results
to curves in the plane.

By searching for loci we apply Grobner bases method using software Co-

CoA.
Problem 3
Determine the locus of a point P such that its reflections K, L, M in the

sides of a given triangle ABC are collinear.

It is obvious that in this case the command Locus cannot be applied.
However the command LocusEquation solves the problem. Procedure
determining the locus is following:

1. First construct a geometric diagram

— Construct a triangle ABC.

— Choose an arbitrary point P.

— Construct reflections K, L, M of the point P in the sides AB, BC,
CA.

2. Enter the command LocusEquation[AreCollinear[K,L,M],P].
Besides the graph of the searched locus one also gets its equation in given

LocusEquation[AreCollinear[K, L, M|, P,

B=[5,0]

Figure 5: On the screen the circumcircle of ABC appears

rectangular coordinates
2?4y =5z —y=0.

We see that the locus is the circumcircle of ABC, Fig. 5.
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Which way does the computer proceed?

Let us show how we arrive at the solution — the circumecircle of ABC —
using the theory of automated theorem proving.

Let the coordinates be chosen such that A = [0,0], B = [a,0], C = [u, ],
P =p,q|, K = [k1,k2], L = [l1,l2], M = [m1,m2]. Suppose that the

Figure 6: The locus of the point P is the circle

points K, L, M are collinear. Then:

PK 1 BC& hy:={p—Fk)lu—a)+(qg—k)v=0,

K' € BC & hy :=2av+u(q+ k) —v(p+ ki) —alg+ k) =0,

PL1CAS hy:=@p—1l)u+(qg—1I2)v=0,

L'e CAs hy:=(p+1L)v—(¢+12)u=0,

PM 1 AB & hs :==p—m; =0,

M' € AB < hg := q+mo =0,

K, L, M are collinear <

h7 = kily + lima + kamq — lomq — kima — koly = 0.

After eliminating variables k1, ks, l1,l2, m1, m2 in the system above we get
av?- 8 =0,

where

2 ,02)(].

Ifa#0and v #0,ie. if A# B and A, B, C are not collinear, then S = 0
represents the circumcircle of ABC, Fig. 6.

S = vp? +vg® — avp + (au — u
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This can be easily verified by substituting coordinates of the triangle
vertices into S = 0.

Opposite implication.

Let P € S. We ask whether K, L, M are collinear, i.e. h7 = 0. Suppose
that A # C and B # C, i.e. (u? +v?)((u — a)? +v?) # 0. Then we get
NF =0, which is equivalent to

(u? +v?)((u — a)* + v®)hy = c1hy + cahg + ...+ chg + 7S, (4)
Since we suppose that hy = 0,ha = 0,...,hg = 0 and S = 0, then (4)
implies that A7 = 0.

Thus every point P of the circumcircle of ABC satisfies the condition that
K, L, M are collinear.

Conclusion: If A# B, A# C, B # C and A, B, C are not collinear, then
the locus is the (entire) circumcircle of ABC.

Problem 4

Let ABCD be a quadrilateral and K, L, M, N feet of perpendiculars from
a point P to the lines AB, BC, CD, DA. Determine the locus of P such
that the lines KN and LM are parallel.

It is obvious that in this case the command Locus cannot be applied. We
will use the command LocusEquation.

Procedure determining the locus is following:
1. First construct a geometric diagram

— Draw a quadrilateral ABCD.
— Choose an arbitrary point P.

— Construct feet K, L, M, N of perpendiculars from P to the lines
AB,BC,CD and DA.

Denote m = KN and n = LM.

2. Enter the command LocusEquation[AreParallel [m,n],P].
Besides the graph of the searched locus one also gets its equation in given
rectangular coordinates

(x—1)*+ (y — 3)* = 10.

We see that the locus is a circle, Fig. 7.

Following questions may arise:
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N\
; \LocusEquat ion[AreParallellm,n], P|

A=(O/0) K B=(6,0)\

Figure 7: On the screen the circle is displayed

e Is the solution really the entire circle?
e Is the solution always a circle (and not another curve)?

o If the solution is not a circle, which positions of the vertices A, B, C, D
does it happen for?
Which way does computer proceed?

Let’s show how we arrive at the solution using the theory of automated
theorem proving.

Let A =1[0,0], B = [a,0], C = [u,v], D = [w,2] P = [p,q], K = [k, 0],
L =[l1,ls], M = [m1,ma] N = [n1,nz]. Suppose that the lines KN and
LM are parallel. Then:

PK 1 AB& hy:==p—k=0,
L e BC & hy :=uly+av —aly —vly =0,
PL1BC&hg:=((p—I)u—a)+(qg—1I12)v=0,
M € CD < hy :=ums + zmq +vw —wme —uz —vmy =0,
PM L CD < hs:=(p—mi)(w—u)+(g—msa)(z—v) =0,
N € DA & hg :=wng — zn; =0,
PN L DA< hy:=(p—n1)w+ (¢ —ma)z=0,
KN || LM < hg := (I1 —mi)nz — (Il2 —m2)(n1 — k) = 0.
After eliminating variables k, 1,12, m1, ma, N1, no in the system above we
get
z(av —vw — az + uz)S =0, (5)
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Figure 8: The locus of P is the circle

where

S = (p* + ¢*)(avw — 2uvw + vw? — auz + u?z — V%2 + v2?) + p(uPow +
v3w — avw? + au?z —udz + av?z —uv?z — cwzQ) — q(au2w —udw + aviw —
wv?w — auw? + viw? + v2w? — uPvz — 3z — auz? + u?2? + v22?).

In (5) we can suppose that z # 0, av —vw —az+wuz # 0, otherwise ABCD
degenerates.

Thus (5) implies the locus equation of P = [p, q]
S=0.
Denote the coefficient at p? + ¢ by
T = avw — 2uvw + vw? — auz + u?z — vz + vz

If T # 0, then (5) is the circle passing through the points A,C and the
Miquel point H, Fig. 8.

Now suppose that T = 0. Then S = 0 is the line passing through the
vertices A, C. For P € AC the angles by B and D are equal, Fig, 9.

Opposite implication.

Does every point P = [p, q] satisfying S = 0 have the required property
KN || LM?

Suppose that P obeys S = 0. We want to show that then KN || LM, i.e.
hs = 0. Using the command Normal Form NF in CoCoA we get NF' # 0.
The answer is negative.

Adding the conditions P # A and P # C, i.e. (p* + ¢*)((p —u)? + (q —
v)2)s —1 = 0 to the system above, we get NF=0. This implies that hg = 0.

Conclusion:



Investigation of loci in dynamic geometric 23

Figure 9: If the angles by B and D are equal then the locus is the line
AC

— If the angles by B and D of a quadrilateral ABC'D are distinct then
the locus is the circle through the points A, C and the Miquel point H,
without A and C.

— If the angles by B and D are equal then the locus is the line AC
without the points A and C.

Remark: Realize that if P = A or P = C then K = N or L = M and
the lines KN or LM are not defined.

4 Conclusion

In the article investigation of loci in the plane using new GeoGebra com-
mands Locus and LocusEquation is given. Firstly we applied these
commands on a few problems, secondly these problems were analyzed
in detail. Realize that the locus equation generated by the command
LocusEquation is only the necessary condition for validity of the con-
dition given by a Boolean expression in the command. We recommend,
mainly for educational reasons, despite the fact that this is a difficult prob-
lem, to implement the verification of the opposite implication — which
part of the found set of points belongs to the locus — into the program in
future.
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Geometric tools in a precision of image elements on
maps

Margita Vajsablova

Dept. of Mathematics and Descriptive Geometry, Fac. of Civil Engineering, Slovak Univ. of
Technology in Bratislava
Radlinského 11, 810 05 Bratislava, Slovak Republic
email: margita.vajsablova@stuba.sk

Abstract. Maps in analog and digital form affect every area of life. An actual
problem affected by the precision of positioning geodetic points using new GNSS
technologies in coordinate systems is the precision of the map projection. Map
projections are coming out of geometric expression of properties of reference
surfaces of Earth using methods of differential geometry, as well as of relation
between two linear manifolds - reference ellipsoid and map plane. Choice of
cartographic projection is determined by the geometrical characteristics of the
territory and choice criteria for distortion of map elements. The aim of this paper is
to show the role of geometry and mathematics in the cartography and different
options for access to the distortions of the territory, such as optimization of extreme
value of distortion, summing and integral criterion on area territory, in some case
using criterion with the requirement of a minimum mean value of scale distortion in
a given area.

Key words: Riemann manifolds, reference surfaces, conical, azimuthal, variational
cartographic projection, scale distortion.

1 The role of geometry in map creation

,,Experience proves that anyone studies geometry in infinitely quicker to grasp
difficult subjects than one who has not.*“ This is the big idea from Platon (The
Republic Book 7, 375 B.C.). Map creation is the interdisciplinary problem
connected geometrical, mathematical and cartographical view. An actual
problem affected by the precision of positioning geodetic points using new
GNSS technologies in coordinate systems is the precision of the map
projection. Multi-geometry tools are introduced into this process, as
differential, analytical, constructive and descriptive geometry as well spherical
geometry and topology. The aim of this paper is to show the role of geometry
and mathematics in the cartography and different options for access to the
distortions of the territory, such as optimization of extreme value of distortion,
minimizing summing and integral criterion on area territory, in some case using
criterion with the requirement of a minimum mean value of scale distortion in a
given area.

Map projections are coming out of geometric expression of properties of
reference surfaces of Earth using methods of differential geometry, as well as
of relation between two linear manifolds - reference ellipsoid and map plane
(Grafarend&Krumm, 2006).
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2 Distortion in map projections of reference ellipsoid

Reference ellipsoid is two-dimensional Rieman manifold ® with curvilinear
coordinates ¢ and A, with parametrization ®(¢, 1), whose elements of vector
are right side of system of equations:

X = a
J1-e%sin?p

Y = Lco.%gosin A,
J1-€’sinp

1_ 2
,__ai-¢’)

J1-¢€’sin?p
where a is length of the semi-axis of meridian ellipse b and e is the
1%t numerical eccentricity. Gaussian matrix G of reference ellipsoid:

2 2
G (M o ) (2)
0 NZ?cos’p

For meridian radius of curvature M and for normal radius of curvature N it
holds:

COS®COS A,

)

sin g, ¢ (-90°,90°), 1  (~180°,180°),

M = a(l-e?) N = a ©)

J@-e%sin?p)® ’ J1-e’sin’ g

The 1st fundamental form of ellipsoidal surface ® (expressing differential
length ds of the element of geodesic) is formulated from elements of metric
tensor G:

ds?=M2dg?+N?cos? pd A 4)

Cartographic projections define mathematic relation between geographic
coordinates on reference surface @1 and coordinates in the map plane @ that is
mean relation between two-dimensional Riemann manifolds determined by
map equations for orthogonal coordinates:

X =X(p, 1), )
y=y(p.4)

and map equations for polar coordinates:
p=p(p, 1), 6)
e=¢(p,A).

Relation of distortion between two-dimensional Riemann manifolds is
expressed by Cauchy—Green deformation tensor C (Pressley, 2001):

C,=JG.J,, @)
where J; is Jacobi matrix of the first differentials:

le[d‘” OJ ©®)
0 d4
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G is metric tensor of Riemann manifold ®, — image of the points of
ellipsoid onto a plane by map equations:

E F ’ ’
G,= where: E = X + &Y , F:g@Jrﬂﬂ,
F G op op Op 04  Op oA 9)

o-(5] (3]
oA oA
Than Cauchy—Green deformation tensor C; is:

( Edg? Fd(pd/lj (10)
Fdpdl GdA°

Scale distortion between two Riemann two-dimensional manifolds is
expressed by scale distortion factor m, which is quotient of the first
fundamental forms, of Cauchy-Green deformation tensor and sum of the
elements Gaussian matrix of reference ellipsoid:
- %“C” _ Edg? + 2Fdg dA + Gd 22 (11)
_Zgij "~ M2dp? +N2cos? pdi®

ii

=

m

Factors m, and m, of scale distortion of meridian and parallels are:
m, = [Cu m, = |22 (12)
911 922

3 Conformal conical and azimuthal projection of reference
ellipsoid

Map projections on developable surfaces are the most important in cartographic
and geodetic practice. Conical and azimuthal projections are relations between
two-dimensional manifolds:

o @ with parameters ¢, 1- ellipsoidal surface,

o @2 with parameters p, ¢ - image of the points of ellipsoid on conical

surface after developing onto a plane.
Their relation is defined general map equations for polar coordinates:
p=f(p),

&=NA, 0<n<1, (13)
where n is one of the parameters of conical projection, for azimuthal projection
parameter n = 1. Transformation of polar coordinates p and ¢ on orthogonal
coordinates x and y:

X=p,—pCOSe, (14)

y = psin g,
where o is radius of image of standard parallel with ellipsoidal latitude ¢o.
Constants pp and ¢ are also parameters of conical projection.
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Distortion in conical projection formulated by Cauchy-Green deformation
tensor C; first order, which is given as product of Jacobi matrix and Gaussian
matrix:

d d dp)
T 2P olf1 022 o ap 0
C1=31Gyl1=| do 0 2 de =l lde ) (15)
0 n P 0 n 0 n2p2

there are matrix J; is Jacobi matrix for manifold ®1, elements of Gaussian
matrix G, of manifold ®, are determined from first partial derivations of
parametrization ®,(p, &). Gaussian matrix G, for ellipsoid is equation (2).

Elements of matrix Ci denoted by cj; and elements of matrix Gi by gi,
where i, j € {1,2}. Scale distortion of meridian and parallel m, and m, are
expressed from elements of matrixes C; and G; by (12):

mpz\Fz—dp , m,:\/gznp . (16)
91 Mde 9,, Ncose

Because azimuthal projections have parameter n = 1:

= 4o P 17)
Mde N cos g

Map equations for conformal projections are determined by condition for
factors of scale distortion of meridian and parallel:

m, =m,. (18)

Than map equations for conformal conical projection of reference ellipsoid
are (Srnka, 1986):

n

%o 450) _
. tg( 2 + \/[(1—es?n(p0)(1+85?nq))j R 19)
tg(§0+450j (I+esing,)(1—esingp)

2

where e is the 1% numerical eccentricity of ellipsoid, ¢, o and n are
mentioned parameters of conical projection. From the condition (18), map
equations for conformal azimuthal projection of reference ellipsoid are:

o 1+esingoe
=ctg| 45°-= ||| —— | . 20
p g( 2) [1—esin(pJ (0)
e=A

4 Choosing and optimizing of cartographic projection
depending on geometric character of area

Choosing cartographic projection depending on geometric character of area and
optimization of its parameters are solving for example in
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(Vajsablova&Klimekova, 2016), (Szatmari, 2016) especially for Slovakia in
(Vajsablova, 2015). In this paper the geometric characteristics of Croatia and
some proposals of cartographic projection are presented.

The currently used cartographic projection in Croatia is Gauss-Kriiger
conformal projection in System HR-HDKS. Croatia territory on reference
ellipsoid Bessel is divided on two meridian bands (Zone 5with central meridian
15°, Zone 6 with central meridian 15°) which are projected onto two cylindrical
surfaces in transverse position. Maximal scale distortion is +18 cm/km.

For comparison we formulate conformal conical projection in normal
position for Croatia territory. Parameters of projection are determined from
criterion on equal distortion on bounded parallels ¢; and ¢s and on the standard
parallel ¢o. The equation for parameter n is derived (Vajsablova, 2009) from
the first requirement on equal scale distortion of bounded parallels ¢; and ¢s:

Wes np,

=m, = = .
Nscosps N, cose,

(21)

rl

Equation for parameter o is derived from the second requirement, that
absolute value of scale distortion of bounded parallels ¢; and ¢s is equal to
absolute value of scale distortion of standard parallel ¢o. This condition is
formulated:

mJ = mS :l+V, (22)

m, =1-v.

From the both of these conditions the parameters n, p of conical projection
are calculated by equations:

2N, cos o N, cos ¢,
pO = n '

Do °
tg —+4
g[ 2" > j\/((lesin @,)(L+esin o)
tg(‘/’25+45oj (1+esin ¢,)(A—esin o)

N, cosg, '
where Nj, Ns and No are normal radii of curvature in parallels with latitudes
@, @s andgpand ¢ is determined by ¢y and ¢s:

q)J o
tg(2+45 j\/[(lesin @, )(d+esin gos)je

tg((ozs + 450] (1+ esin ¢, )(1—eS|n (ps)

This conformal conical projection of Croatia has 2 preserved parallels with
latitude  43°27'51.73786" and 46°0'40.07021", angle of vertex is
44°44'32.96365". Geometric principle of this projection is on the Fig. 1.

nN, oS ¢, (23)

e
] +nN; €oS ¢

n=log,

Cc=

(24)
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Advantage of this projection is 1 surface, therefore 1 coordinate system for
Croatia territory. Disadvantage is maximal scale distortion: + 25 cm/km, bigger
than in Gauss-Kriiger conformal projection currently used in Croatia. On the
Fig. 2 is cartographic parallels (isometric lines), meridians and Croatia
boundary in designed conical projection.

Fig. 1: Geometric principle of conical projection in normal position of

Croatia
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Fig. 2: Croatia territory in conformal conical projection in normal position
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Geometric properties of projected area are position, size and shape.
Quantification of area position is by the point T near the centroid of area. For
Croatia is this point outside of country and its coordinates are:

or=44°49'19.20", Ar=16°18'32.40".

Size is expressed by area value P, this is:

P =52 038.297 km?,

Perimeter O of the boundary is:

0 =2682.551 km

Quantification of the shape of area is by compactness index lx. For area on
the ellipsoidal surface Ix is defined in (Vajsablova, 2015):

Ik=(47r— P JPZ (25)

M:N; JO

here My and Nr are radii of curvature in the point T solved by (3). Value of
compactness index Iy for Croatia calculated from Croatia boundary is:

lk=0.091.

Value of compactness index |’ for Croatia calculated for Croatia bordered
by ellipsoidal trapezium is more useful to choosing of cartographic projection;

1¢=0.780.

Value of compactness index |% means that Croatia is bordered by
ellipsoidal trapezium with circular shape. It follows that for projection of
Croatia territory the azimuthal projection is effective. We designed conformal
azimuthal projection in oblique position with cartographic pole equals to the
mentioned point T. Geometric principle of this projection is on the Fig. 3. The
reference ellipsoid was projected by conformal projection on the sphere after
that projected on the secant plane in oblique position with preserve circle
(cartographic parallel) whose cartographic latitude is 88°24'20.72016".
Parameter ¢ and cartographic latitude of preserved parallel of conformal
azimuthal projection was calculated from requirement on equal scale distortion
of border parallel and scale distortion in cartographic pole:

Mgy, =1-v,

m, =1+v. (26)

From previous we derived the equation for calculation parameter c:
4aN, 0032(45" - 41;3)\/(1— ef \/(1— esing,
c=

) N, cos,2(115°—¢2ij/l—e2 Ja+ef /(@-esing, ) +ay-ef Ja+esing, ) '

@7)

Maximal scale distortion is £ 19 cm/km ergo similarly Gauss-Kriiger
projection used in System HR-HDKS. But our proposal projection has the
advantage that Croatia is projected on one surface and has approximately equal
scale distortion. On the Fig. 4 is cartographic parallels (isometric lines),
meridians and Croatia boundary in designed azimuthal projection.
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Fig. 3: Geometric principles of azirﬁuthal projection in oblique position of
Croatia

Fig. 4: Croatia territory in conformal azimuthal projection in oblique
position

Amplitude of Croatia cartographic parallels is 2°7'45.73438". This indicates
using conical projection in oblique position for territory Croatia. Geometric
principle of this projection is on the Fig. 5. Parameters of conformal conical
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projection of reference ellipsoid with 2 preserved parallels from requirement on
scale distortion of ¢, ¢y and @s.

i
Fig. 5: Geometric principles of conical projection in oblique position of
Croatia

Fig. 6: Croatia territory in conformal conical projection in oblique position
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Cartographic latitudes of two preserved parallels are: 88°9'25.24343" and
89°4322.61029". On the Fig. 4 is cartographic parallels (isometric lines),
meridians and Croatia boundary in designed conical projection. Vertex angle of
cone is 89°3'50.26891" and maximal scale distortion is + 10 cm/km, which is
almost half scale distortion of cartographic projection on the proximate plane.
On the Fig. 6 is cartographic parallels (isometric lines), meridians and Croatia
boundary in designed conical projection.

Optimizing of scale distortion on the projected territory by variational
criteria is alternative criterion for creation of cartographic projection. Proposal
of variational projection for Czechoslovakia is in (Hojovec, 1996), for Czechia
in (Bofik, 1999), for Canadian territory in (Frankich, K., 1982). Proposal for
Slovakia territory in (Vajsablova, Szatmari, 2014) aplied Airy-Kavrajskii
criterion for conformal projection with condition ma = my, = m, therefore

integral criterion on area is:
VZUS

Izzj.jlnzmcosUdUdV. (28)
ViU,

By minimizing | we obtain characteristic function for calculation scale
distortion m, which determined map equations of cartographic projection.
A minimax or variational projection can be derived for the reference sphere
using the following procedure. In conformal projections it holds:

ou  dl
+
0Q?  oV?

=0, (29)

where Q is isometric latitude and function u is:
u=In(mcosU). (30)

After application expression for conformal projection of the point in the
complex plane with the using isometric coordinates Q and V (Q is the function
of geographic latitude and V is equal to geographic longitude), we obtain for
the scale distortion factor (complex variables for n = 4):

Inm=a,+aQ+a,(Q?-V?)+a,(Q°-3QV?)+a,(Q' —6QV2 +V*)+ (31)

+bV +20,QV +b,(3Q —V? )+ +b, (4QV —4QV?)-In cosU.

By minimizing | we obtain system nine equations fori =0to 4,j=1t04
where i-th or j-th equation is derivation | by variable a; and by variable bj:

al’ al’
a—ai—o, a—bj—o. (32)

We get value of coefficients ao-as, b1-bs and we calculate value of factors of
scale distortion m.

Variational projection we designed from boundary and interior points of
Croatia. Value of the coefficients of variational projection is:

ao = 13.41036, a, = -24.51991, a, = -18.18192,
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asz=52.49748, a, = -23.3965, b; =-111.057,

b, = 182.47383, b3 =-20.64307, b, = 26.56114.

Scale distortions in this projection have value from -8.9 cm/km to
+19.6 cm/km. Isometric lines in variational cartographic projection of Croatia
is on the Fig. 7. Advantage of variational projection is optimization distribution
of scale distortion on projection territory therefore the smaller distortions are on

the bigger area value.
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Fig. 7: Croatia territory in conformal variational projection

>

5 Conclusion

Contributions has been depicted in the approach to creating a cartographic
projection from geometric character of projected area and the use of various
geometric tools in cartography were shown.

The evaluation of the projection from the view of the extreme distortions or
the distribution of the distortion on the projected area was shown both in the
process of creation and in the final evaluation. The efficiency of the projection
is also affected by the number transformation steps.

The role of geometry and mathematics was visible on each of the steps of
cartographic creation.
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a geometrického modelovania na FMFI UK
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Abstract. This paper presents several mostly free software tools and environments
that are used to modernize and enhance classes of descriptive geometry and
geometric modelling as taught at our faculty. Several exceptional student projects
and theses are presented as well.

Keywords: software support, descriptive geometry, geometric modelling, inovative
teaching
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geometrického modelovania, inovativna vyucba

1 Deskriptivna geometria a geometrické modelovanie na
FMFI UK

Stadium a vyudba deskriptivnej geometrie a geometrického modelovania ma na
Fakulte matematiky, fyziky a informatiky Univerzity Komenského (FMFI UK)
dlht a bohatt tradiciu, hoci formalna i obsahova Struktira zodpovedajucich
Studijnych programov presla viacerymi zdsadnymi zmenami.

Deskriptivau geometriu (DG) na FMFI UK je v st¢asnosti mozné Studovat’
ako odbor ugitel'stva v kombinacii s matematikou, a to na bakalarskom s dizkou
stadia 3 roky [1] ana magisterskom stupni s dizkou 2 roky [2]. Navyse je
k dispozicii trojroény konverzny magistersky Studijny program, ktory umoziuje
absolventom bakalarskeho stupiia pribuznych odborov  (matematika,
informatika) plnohodnotné §tadium deskriptivnej geometrie (V kombinacii
s matematikou). V ramci vSetkych uvedenych programov je doéraz kladeny
predovsetkym na dosledné osvojenie si matematickych zakladov zobrazovacich
metdd a ich aplikacii v r6znych oblastiach 'udskej ¢innosti.

Geometrické modelovanie (GM) tvori vyznamnu c&ast magisterského
Studijného programu Pocitacova grafika a geometria (PGG), priCom niektoré
predmety z tejto oblasti su zaradené ako povinne volitelné alebo vyberové
ivramei dalSich pribuznych S$tudijnych programov (napr. informatika,
aplikovana informatika). Vo vyucbe geometrického modelovania sa vyzaduje
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nielen dokladné osvojenie Si rigor6znych matematickych postupov, ale snahou
je sprostredkovat’ Studentom aj moznost’ budovat’ svoju profesionalnu technickt
a technologicku erudovanost, predovsetkym prostrednictvom vypracovavania
naroénejsich programovacich zadani vo viacerych modernych programovacich
jazykoch a im zodpovedajucich vyvojovych prostrediach.

Absolventi odborov DG a GM nachadzaju na trhu prace $iroké moznosti
uplatnenia. Maji moznost’® pracovat na poziciach vyzadujucich pracu
S technickymi vykresmi, topografickymi mapami, rekonstrukciou objektov
z fotografii a pri spracovani geometrickych a grafickych informacii resp.
obsadzuju programatorské pozicie na budovani a rozsirovani Computer Aided
(Geometric) Design (CA(G)D) systémov ¢i pri vizualizacii rozneho typu dat.

Ukazuje sa, ze modernizaciou vyucby sa zvysSuje paleta moznosti uplatnenia
nasich Studentov. V ostatnych rokoch sa stile vo vdcsej miere zaraduju do
vyuéby rbézne softvérové (SW) rieSenia, ktorych ambiciou je sluzit
predovsetkym ako nastroj budovania a cibrenia technologickych zru¢nosti
a technického myslenia.

2 Existujuci SW vo vyucbe

Vo vyucbe sa vo zvySenej miere pouzivaju predovsetkym nastroje podporujuce
priamu vyucbu resp. nasledné samostudium studentov. Mnohé studijné materialy
su po nalezitej uprave publikované ako Studijné materialy, ucebné texty alebo
ucebnice i1 vV komerénych nakladatel'stvach. Prirodzene, takéto prace a vystupy
by nemohli vzniknat’ bez nalezitej grantovej a inej podpory.

Vo vyuébe a praxi DG a GM tiez ¢oraz viacsiu tlohu zohrava programovanie
a algoritmizacia ako taka. Pri pouziti vhodnych softvérovych rieSeni takto
modifikovana vyucba umoZiluje pochopenie preberanych pojmov v ich
najpraktickejsej forme — takej, ktora sa da priamo aplikovat,, pouzit, vyskusat,
vypoditat, zostavit. Studenti zaroven ziskajGi cenné praktické zru¢nosti
a skusenosti, ktoré mézu vyuzit' v profesiondlnej drahe po ukonceni studia.

2.1 Nastroje Office

Medzi oblibené patria kancelarske softvérové baliky (Office), a to vo svojej
platenej ivolne dostupnej verzii. Vd’aka svojej intuitivnosti, jednoduchosti
pouzivania a dostupnosti ipre Studentov sa kontaktna vyucba andsledné
samostudium znacne zjednodusuje. Prikladom takychto materidlov vzniknuvsich
na podporu DG a GM su napr. vyucbové texty [3]. V obsaznej a zaroven
esteticky pritazlivej forme umoznuju nielen sprostredkovat’ preberané ucivo, ale
i oboznamit’ publikum s niektorymi zloZitej§imi konstrukciami, ktoré pri pouziti
statickych vizualizécii prichadzaju o svoj ¢asovy rozmer — ako a v akom poradi
sa jednotlivé kroky robia a preco.
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2.2 CAS (wx)Maxima

V stcasnosti si i teoretické matematické odbory vyzaduju pracu s modernymi
vypoctovymi prostriedkami, programovanie a skriptovanie nevynimajuc. Preto
je podla nas vel'mi dolezité, aby sa $tudenti mohli oboznamit™ s takou formou
algoritmizacie matematického myslenia, ktoré im napomoze uchopit’ a prakticky
aplikovat’ ziskané poznatky.

Na FMFI UK pouzivame ako jeden z nastrojov Computer Algebra System
(CAS) Maxima [4], najmd v kombinacii s jeho pouzivatel'sky prijemnym
grafickym rozhranim wxMaxima [5]. Ide o0 komplexny volne dostupny systém
pocitacovej algebry zalozeny na jazyku LISP, pricom je dostupny pre vsetky
majoritné operacné systémy (Windows, Linus, MacOS).

CAS Maxima pracuje so symbolickymi a numerickymi vyrazmi potrebnymi
na rieSenie uloh v diferencidlnom a integralnom pocte, vratane Taylorovych
radov, obycajnych diferencialnych rovnic, systémov linerarnych i nelinearnych
rovnic atd’. Umoziuje taktieZ pracu s polyndmami, mnoZinami, vektormi,
maticami a tenzormi a d’al§imi matematickymi Struktirami.

Vysledky dosiahnuté pomocou CAS Maxima dosahuji vysokl numericka
presnost, jednak vd’aka tomu, ze je mozné pracovat s presnymi zlomkami,
najdolezitej$imi konstantami (Eulerova konstanta e, ¢islo x), celymi ¢islami i s
¢islami s premenlivou desatinnou ¢iarkou. Vysledky je mozné vykreslit’ (napr.
grafy funkcii, a to v rovine i trojrozmernom priestore) a taktiez exportovat’ do
viacerych napr. vektorovych formatoch.

Vd'aka vSetkym uvedenym vlastnostiam je CAS Maxima ideélna nielen pre
testovanie hypotéz, ale i vysokokvalitné generovanie vizualizacii nielen pre
potreby vyucby, ale i pre odborné publikacie.

Pre potreby vyucby je CAS Maxima vyhodna najméd vd’aka aspornosti kodu,
jednoduchosti pouzivania, vybornej online podpore napr. na pouzivatel'skych
forach. Vd’aka integrovanym vizualizaénym kniZzniciam je mozné u Studentov
vel'mi jednoducho rozvijat’ priestorovua predstavivost’ a geometrickl intuiciu.

) =

S

Obr. 1: Logo CAS Maxima (vlavo, zdroj [5]) a wxMaxima (vpravo, zdroj [6]).

3 SW vznikajuci v ramci zavereénych prac

Softvérové diela su ¢astym priamym alebo vedl'ajSim produktom zaverecnych
prac Studentov DG a GM. Texty a vystupy bakalarskych a diplomovych prac st
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umiestiiované spolu s elektronickymi Studijnymi materidlmi na stranke
Oddelenia geometrie KAGDM FMFI UK [6] resp. na strankach vyuéujucich a
su pristupné Sirokému pocltu zaujemcov, teda aj potencidlnych Studentov
deskriptivnej geometrie a geometrického modelovania.

3.1 Zaveretné prace z GM

GM patri medzi oblasti poskytujuce Sirokt paletu problémov, ktoré si vyzaduju
nielen kvalitné teoretické, ale aj zmysluplné praktické softvérové rieSenia.
V ramci zavereénych prac si Studenti GM Casto volia témy prave z tejto
problematiky, priCom neraz vypracovavaji natol’ko kvalitné softvérové
aplikacie, Ze ich je mozné pouzit' nielen v odbornej praxi, ale napr. aj v d’alsej
vyucbe.

Vybornym prikladom je diplomova praca (DP) P. Bezéka [7], konkrétne SW
vystup Splines and surfaces tvoriaci jej prakticku ¢ast’. V ramci pouzivatel'sky
prijemnej a intuitivnej aplikacie autor implementuje krivky a plochy preberané
v ramci celého zakladného kurzu GM studijného programu PGG na FMFI UK,
pri¢om dosledne prepaja algebraicky a geometricky pristup ku geometrickému
modelovaniu. Aplikacia je vynimo¢nd nielen rozsahom, ale i kvalitou
vypracovania asvojou pristupnostou pre medzindrodné publiku, kedze je
(vratane pouzivatel'skej priruc¢ky) dostupna v anglictine.

R

Obr. 2: Peter Bezak: Splines and Surfaces (ukazka z DP [7]).

3.2 Zaveretné prace z DG

Ingpiraciu pre bakalarsku pracu Stycné a dotykové roviny geometrickych
telies Daniely Hansmanovej [8] tvoril ¢lanok [9] venovany tvorbe anaglyfickych
obrazkov priestorovych scén. Obdobny pristup bol pouZzity i na spracovanie
tematiky sty¢nych a dotykovych rovin gule, valca, kuZela, ihlana a hranola.
Praca nachadza vynikajuce uplatnenie pri budovani priestorovej predstavivosti
resp. pri prezentacii tematiky v ramci vyucby DG.
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Obr. 3: Daniela Hansmanova: Stycné a dotykové roviny geometrickych telies

Bakalarska praca Alzbety Mackovovej [10] sa venovala metrickym

(ukézka z BP [8]).

konstrukciam elipsy, pricom doraz bol kladeny na vypracovanie 25 tloh

Vv interaktivnom softvérovom nastroji GeoGebra [11]. Autorka vo svojej praci

uverejnengj i v ramci Studentskej vedeckej konferencie [12] vedie ku
konstrukciam elipsy, oskulaénych kruznic a doty¢nic neformalnou cestou.
Vysledky tejto prace su po znacnom rozSireni a dopracovani uverejnené
i Vv ramci iného prispevku tohto zbornika [13].

Obr. 4: Alzbeta Mackovova: Metrické viastnosti elipsy (ukazka z BP [10]).

4 Zaver

1 “Ninod Kk oeuvy

V prispevku sme predstavili niekol’ko prevazne vol'ne dostupnych softvérovych
nastrojov a vyvojovych prostredi, ktoré st na FMFI UK pouzivané na podporu
a modernizaciu vyucby deskriptivnej geometrie a geometrického modelovania.
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Uviedli sme tiez niekol’ko vynimo¢nych Studentskych projektov, vzniknuvsich
vramci zavereCnych prac, ktoré demonstruji vyuzitie modernych
techonologickych prostriedkov pri §tadiu predmetnych odborov.

Literatara

[11  Ucitelstvo deskriptivnej geometrie v kombindcii — bakaldarsky Studijny
program. Dostupné 15.10.2017 na https://fmph.uniba.sk/studium/
programy/ucitelstvo-deskriptivnej-geometrie-v-kombinacii/

[21  Ucitelstvo deskriptivnej geometrie v kombindcii — magistersky Studijny
program. Dostupné 15.10.2017 na https://fmph.uniba.sk/studium/
magisterske-studium/ucitelstvo-deskriptivnej-geometrie-v-kombinacii/

[31 M. Tison, S. Kudlickova: Geometrické zdklady pocitacovej geometrie,
¢ast’ Axonometria a Rotacné plochy. Knizni¢né a edi¢né centrum FMFI
UK  vBratislave, 2015. ISBN 978-80-8147-040-0. EAN
9788081470400. (CD nosic)

[4] Computer Algebra System CAS Maxima. Dostupné 15.10.2017 na
http://maxima.sourceforge.net/

[5] Grafické pouzivatel'ské rozhranie wxMaxima k CAS Maxima.
Dostupné 15.10.2017 na https://sourceforge.net/projects/wxmaxima/

[6] Webstranka Oddelenia geometrie KAGDM FMFI UK venovana §tadiu
DG a pribuznych disciplin. Dostupné  15.10.2017 na:
https://flurry.dg.fmph.uniba.sk/webog/sk/studium

[71  P. Bezak: Splines and surfaces, Diplomova praca, FMFI UK, 2016.
Dostupné 15.10.2017 na http://www.sccg.sk/~batorova/GM1.html

[8] D. Hansmanova: Styéné adotykové roviny geometrickych telies,
Bakalarska praca, FMFI UK, 2017. Dostupné 15.10.2017 na:
https://flurry.dg.fmph.uniba.sk/webog/sk/kudlickova-vyucba/56-
kudlickova/406-zobrazovacie-metody-1

[91 M. Kmetova, Z. Vitézova: Anaglyfy aich wyuzitie vo vyucovani
geometrie, G — slovensky ¢asopis pre geometriu a grafiku, vol. 12, no.
23, 2015, pp. 31-36. ISSN 1336-524X

[10] A.Mackovova: Metrické viastnosti elipsy, Bakalarska praca, FMFI UK,
2016.

[11] GeoGebra. Dostupné 15.10.2017 na http://www.geogebra.org/ cms/sk/

[12] A. Mackovova: Elipsa v GeoGebre. Studentska vedecka konferencia,
vol. 1, no. 1, 2016, pp. 299-304. ISBN 978-1541342941. Dostupné
15.10.2017 na  http://compbio.fmph.uniba.sk/svk2016/svk2016-
zbornik.pdf

[13] S. Kudlickova, A. Mackovova, M. Batorova: Konstrukcie elipsy
v interakcii s GeoGebrou, Slovensko — ¢eska konferencia o geometrii
a grafike, 2017.




Slovak—Czech Conference on Geometry and Graphics 2017 45

On rational approximation of square-root
parameterizable curves

Michal Bizzarri®!, Miroslav Lavi¢ka ®®2 and Jan Vr$ek %23
4 NTIS — New Technologies for the Information Society, Faculty of Applied Sciences,
University of West Bohemia, Univerzitni' 8, 306 14 Plzerni, Czech Republic
b Department of Mathematics, Faculty of Applied Sciences,

University of West Bohemia, Univerzitni 8, 306 14 Plzen, Czech Republic

Lpizzarri@ntis.zcu.cz, 2lavicka@kma.zcu.cz, 3vrsekjcm @kma.zcu.cz

Abstract. We study situations when non-rational parameterizations of planar
curves from special classes as results of certain geometric constructions arise.
In particular, we deal with rational, elliptic or hyperelliptic curves that are
square-root parameterizable. On the example of conchoids and strophoids,
we present the algorithm from [4] for computing an approximate (piecewise)
rational parametrization using the Weierstrass curves of the considered curve.
Simple shapes reflecting a number of real roots of a univariate polynomial and a
possibility to approximate easily each branch separately play a main role in this
method.

Keywords: Square-root parameterizations, hyperelliptic curves, Weierstrass
form, topological graph, rational approximation, conchoids, strophoids

1 Introduction

NURBS representation, based on parametric descriptions via polynomials and
rational functions, is nowadays considered as a universal standard in computer
aided geometric design (CAGD), see [11]. Nonetheless, most of geometric op-
erations applied to NURBS curves or surfaces do not preserve rationality. Nat-
urally, the first simple non-rational parametric descriptions are square-root pa-
rameterizations. Then suitable approximate parameterization methods must be
used to overcome shortcomings of non-rational descriptions.

In what follows we will focus on the situations when square-root parameter-
izations of some planar curves as results of geometric operations appear. We use
the algorithm designed and studied recently in [4] and present it on the so called
conchoids and strophoids, which are typical geometric constructions leading to
hyperelliptic results, in general. The approach is presented an two commented
examples.

2 Motivation and preliminary

Let a rational curve C C R? be given by a parameterization x(t). By Liiroth
theorem, x(¢) can be computed to be birational, i.e., its inverse provides a one-
to-one map C — R. From this point of view, the simplest class of non-rational
curves are those possessing a two-to-one map C — R.

Definition 2.1 A curve C is called hyperelliptic if and only if there exists a two-
to-one map C — R.
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The following proposition is a classical result from algebraic geometry, [9].

Proposition 2.2 Each hyperelliptic curve of genus g is birationaly equivalent to
a planar curve in the Weierstrass form

y* = plw) =0, ()
where p(x) is a square-free polynomial of degree 2g + 1 or 2g + 2.

The computational aspects and efficient algorithms for finding the Weier-
strass form (implemented in CAS Maple) can be found in [14, 15]. Nevertheless,
in the case of conchoids and strophoids (which will be studied in this manuscript)
the Weierstrass form can be obtained directly without any subsequent transfor-
mation step, see Sections 4 and 5.

Next, recall that a curve is called square-root parameterizable if there exists
a square-free polynomial p(t) and

x (6:7/p(0) ) = (1 (6V/60)) 22 (1 V0(0) ) @

such that z; are rational expressions in ¢ and /p(t) and for almost all points p
on the curve there exists a unique ¢y such that p = x (to, p(to)). It can be
proved, see [4]

Lemma 2.3 A curve is square-root parameterizable via x (t, \/p(t)) if and

only if it is birational to a Weierstrass curve in the form y? — p(x) = 0.

Thus, we can assume in what follows that a curve in the Weierstrass form

is the input for further considerations. Since the mapping x(x,y) is in fact a
rational map

x:R? -5 R? (3)

which sends £ to C, then we will construct a collection of polynomial arcs f;(t)
approximating the Weierstrass curve £ and using

tox(E@), i=1,....k @)
we arrive at a piecewise rational curve replacing the given non-rational curve C.

3 Rational approximation of curves in the Weierstrass form

For the later use, we start with short recalling some fundamental notions
which are necessary for constructing the topological graphs of algebraic curves.
A point p on a planar curve C defined by f(x,y) = 0 is called a z- or y-critical
if f,(p) = 0 or fz(p) = O, respectively. The points on C which are simulta-
neously z- and y-critical are the singular points of C, for more details see e.g.
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[2, 3]. By the topological graph of a real algebraic curve we understand a con-
struction of some arrangement of polylines which is topologically equivalent to
the given curve, see [7].

Now, we present a method for computing an approximate (piecewise) ratio-
nal parametrization of a hyperelliptic curve £ in the Weierstrass form in some
prescribed bounding box, as it was designed in [4]. It consists of two steps:

(i) first, we construct the topological graph of £ having the critical points and

the inflection points of £ as its vertices;
(i1) next, we replace each edge of the graph by some free-form curve and

optimize its shape.

As concerns PART (i), any general method for constructing topological
graphs of planar curves can be employed, see for instance [5, 3]. However when
a planar curve is given in the Weierstrass form (1) the construction of the topo-
logical graph is considerably simpler than for the general case. Since we work
with a function in one variable in this case, it is easy to compute the critical and
inflection points. For instance, no elimination technique is needed. Then it is
not necessary to determine the number of branches starting at the critical points,
cf. [3], and therefore it is straightforward to join the corresponding pairs. And
we do not have to deal with the singular points.

In PART (ii) we replace all edges of the graph by some (parts of) free-form
curves, which will approximate the original curve &£, we prescribe all the criti-
cal and inflection points of £ to the set of vertices of the topological graph; this
improves the consequent computation of the approximant. Such a graph is usu-
ally called a graph of critical points of the curve £ and denoted by G(&). Let
us emphasize that it brings another simplification compared to general methods,
cf. [5, 3], as no other extra points are needed for constructing the topological
graphs. Furthermore, we can exploit a useful fact that the curve £ is composed
of two symmetrical parts £F, i.e., graphs of the functions y = 4+/p(z). Hence
it is enough to deal only with e.g. £ given by the function y = /p(x) and use
the symmetry to obtain the results for £~ .

Let us now present the method in more detail. We start with comput-
ing the real roots (lying in some prescribed interval of interest [ag, a;1]) of the
polynomials in one variable p(z), p’(z) and 2p” (z)p(x) — p’(x)? which cor-
respond to the x-critical, y-critical and inflection points (of a corresponding
part) of £, respectively. More precisely, if x; is a real root of the poly-
nomial p(z), p'(x) or 2p”(z)p(z) — p'(x)?, then the point (z;, \/p(z;)) is a
real z-critical (i.e., (x;,0) in this case), y-critical or inflection point on £ +, re-
spectively. Thus when sorting all the roots (lying in [ao, a1] together with the
boundary values xp = ag,a; = Tr+1) and computing the corresponding real
points (z;, /p(x;)) (the points satisfying p(x;) > 0) it is enough to connect the
consecutive pairs (x;, \/p(x;)) and (2,11, /p(zi+1)) assuming the polynomial
p(z) is non-negative on [x;, z;11].
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Now we replace each edge of the topological graph G(€) representing any
real segment &; of £ by a suitable arc f;(¢) of the Ferguson cubic (or any other
free form curve when needed), cf. [6], which possesses the same tangent lines
at its endpoints (vertices of G(&)) as £ has. The tangent vectors at the points
pi = (z;,y;) are equal to

t, = (2 p(zi),p’(xi)) . (5)

Especially, these are the multiples of the unit vectors (0, 1) and (1, 0) for 2- and
y-critical points, respectively.

Thus for each edge of G(£T) connecting the points p; and p;;1 we con-
struct the Ferguson cubic f;(¢, o;, 8;) interpolating these two points and the cor-
responding tangent vectors t; and t;; with the lengths o, 5; which serve as
free modelling shape parameters. Next, the particular values @;, @ of the lengths
«;, B; are computed w.r.t. some natural criteria. For instance we can require that
the curvatures of the Ferguson cubics f; (¢, a;, 5;) at p; and p;11 are equal to the

curvatures of (x7 v/ p(;v)) at these points.
Of course any other criterion or approximation method can be used. For

instance one can always compute &;, 3; by minimizing the objective function

A ! fz(fz(tva'mﬁz))
(I)'L(Oé’wﬂl) - /0 ||Vf(fl(t,a“61))”2 dtv (6)

which measures the orthogonal distance of the parametric curve f;(¢, o, 8;) to
the implicitly given curve f(x,y) = y? — p(z) = 0, see [3] for further details.

Finally, using the symmetry we obtain a (piecewise) polynomial approxima-
tion of the whole curve £.

4 Rational approximation of conchoids

The construction of a conchoid curve to a given curve finds its origin already
in the ancient Greece; we recall for instance the conchoid of Nicomedes (which
is the conchoid of a line), discovered when studying the problem of angle tri-
section. The conchoidal constructions have been recently attracted different au-
thors, see for instance [12, 1, 8, 10].

Definition 4.1 Let C be an algebraic curve, o a given point and § € R a positive
constant. If <> ox denotes the line joining o and x then the d-conchoid CsC is
the closure of the set

{qewox| xeCand|q—x| =4d}. @)

If C is a rational curve described by a parameterization x(¢) = (x1(t), z2(t))
then the two branches of the conchoid are given by
o

cE(t) = x(t) £ H>>§+0H

®)
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G(ET)

p1 P3

o

Figure 1: Left: A part of parabola (blue) with the rational approximation
of its conchoid (red) from Example 4.3. Right: Graph of critical points
G(ET) of its corresponding Weierstrass curve €.

Although x(t) is rational the conchoid does not have to be rational, in general.
The conchoids are square-root parameterizable and thus they are again hyperel-
liptic by Lemma 2.3. If we write

x—0) (x—0) = % o), ©)

where p(¢) is a square-free polynomial, then we arrive at:

Lemma 4.2 A generic conchoid of a rational curve is hyperelliptic with Weier-
strass form (1), where the square-free polynomial p is obtained from (9).

For a rational curve x = (x1 /23, x2/x3), a direct computation shows
p(t) = 27 + 23 — 2z3(z101 + T202) + 23(0F + 03). (10)

Hence we can again approximate curve with equation y? = p(t) and use it for
computing the approximation of the conchoid.

Example 4.3 Consider a part of parabola
x(t) = (t,8¢%), te[-1,1], (11)

pointo = (0, 1) and § = 6. Then the corresponding conchoid has the following
equation

48t ) 6 (1—12)

cE(t)= |8z + A0 F , te[-8,8].
Vit +62t2 +1 Vit +62t2 +1
(12)
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Hence we approximate the following curve:
E -ttt —622 —1=0, te[-1,1]. (13)

The whole approximation is composed of two arcs and has the error less than
2.7-1079, see Fig. 1.

5 Rational approximation of strophoids

The algorithm designed in [4] and presented in this paper can be typically used
for resulting curves of many well-known algebro-geometric operations, as off-
sets, conchoids (see the previous section), bisectors of special curves, convolu-
tions with curves of convolution degree two etc. We conclude this paper with
applying the presented method on another classical class of curves, namely on
strophoids, see also [13].

Definition 5.1 Let C be an algebraic curve, o and p are given points. If <> ox
denotes the line joining o and x then the strophoid SyC is the closure of the set

{aewox| xeCand|q—x||=|p—x|}. (14)

Consider a regular parametric planar curve x(¢), then the strophoid can be
parameterized

sT(t) = p+ (x(t) — p)(1 £ n(1)), (15)
where
Ly X —ol
O )l 1o

Analogously to the conchoid case the strophoids admit square-root parameteri-
zations and thus they are again hyperelliptic by Lemma 2.3. If we write

Ix(®) — ol _ ()
D —pl ~ @) VPO a7

where p(t) is a square-free polynomial, then we can formulate:

Lemma 5.2 A generic strophoid of a rational curve is hyperelliptic with Weier-
strass form (1), where the square-free polynomial p is obtained from (17).

In particular, for a rational curve x = (x1 /23, x2/x3) the parametric equa-
tion of the strophoid contains the square-roots of the polynomial
p(t) = ((of + 03) 23 — 225 (0121 + 0222) + 2] + 3)
(P} + p3) 23 — 223 (P11 + pawa) + 27 +23) . (18)

Again we approximate a curve in the Weierstrass form and consequently we
compute a rational approximation of the strophoid.
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Figure 2: Left: A part of the ellipse (blue) with the computed rational
approximation of its corresponding strophoid (red) from Example 5.3.
Right: Graph of critical points G(£V) of its corresponding Weierstrass
curve &.

Example 5.3 In particular, consider a part of the ellipse

4 112
X(t) = (mv m) ) te [_171}7 (19)

and two points p = (1, —1) and o = (—1, 2). Then the parametric equation of
the corresponding strophoid contains the square-root of the polynomial (18), i.e.

p(z) =2 (t' — 83 + 18t — 8t + 5) (5t* + 4t> + 126 + 4t +1) . (20)

The computed approximation of the strophoid possesses the error less than 1.9 -
1078, see Fig. 2.

6 Conclusion

A simple algorithm for computing an approximate rational parametrization of
hyperelliptic curves using topological graphs of their Weierstrass form was in-
troduced recently. Simple shapes reflecting a number of real roots of a univariate
polynomial and a possibility to approximate easily each branch separately play
a main role in this approximation method. In this paper, the functionality of the
method was demonstrated on the example of conchoids and strophoids.
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Abstract. Puiseux tree represents locally planar curve branches at
a given point. It is well known how to find Puiseux tree from the
algebraic equation of the curve. We consider the other direction and
propose an algorithm to find algebraic equation of (one of many) curve
having prescribed Puiseux tree or branches at the origin. It allows us
to generate curves having singularities of given properties.

Keywords: Puiseux tree, singularity, curve branch, planar algebraic
curve

1 Introduction

Puiseux tree is one possibility how to represent the branches of a planar
curve. From Puiseux tree, we can easily compute rational Puiseux series,
the local curve branches parametrizations, introduced by Duval in [4].
Rational Puiseux series are suitable tool to study the local properties of
algebraic curves at theirs singular points, because the system of rational
Puiseux series is in bijection with the branches (trough the origin) of a
given algebraic curve.

In publications about (rational) Puiseux series, e.g. [1, 4, 5, 7], is
always very neatly described how to compute the local parametrizations of
the branches of the given algebraic curve at the given point. This paper is
devoted to the other direction, which was never considered before. Assume
that we are given the branches at the given point and we describe how to
compute an equation of an algebraic curve having there a singularity with
the prescribed branches. In this paper, we restrict ourselves to curves
defined by a polynomial from Q[x, y].

This procedure can be used as a source of examples of algebraic curves
having interesting singularities.

2 Puiseux Tree of an algebraic curve

Puiseux tree is a data structure, which represents parametrizations of
branches of a curve at the origin. It is build while computing the Puiseux
series of the branches.

Definition 1. Puiseux tree is generally infinite tree having nodes of three
types
e the root of the tree with attached a polynomial,
e N-nodes represents edges of Newton polygon and they have attached
quadruple (g, p,1, h), where ¢ € N, p,l € Z, p,q coprime and h(z) €
Clz]
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e (-nodes represents coefficients of Puiseux series. They have at-
tached quadruple (p,7,4d, g), where g,v,d € C and g € C[z,y].
N-nodes and C-nodes periodically alternate.

The Newton polygon of f =" Z;nzo a; j27y", computed in every
C-node, is lower convex hull of Newton graph G¢ = {[i,j] € N*|a;; # 0}.
Every edge L of the Newton polygon of f corresponds to one child N-node.
The line containing each edge has the unique equation pi + qj = [. The
characteristic polynomial of L is defined as h(z) = Z[i’j]eL ai’jz(i_io)/q,
where i is the minimal number for which exists jo, so that [ig, jo] € L.

Each root g of h(z) corresponds to one C-node and the attached values
are computed as follows. First we choose u,v € Z such that ug + vp = 1.
Then we define coefficients v = =% and § = ¢*. The new polynomial g
is then computed as g(x,y) := 2~ f(y29, 2P(5 + y)).

An important subtree of Puiseux tree is a singular Puiseux tree, which
is sufficient to describe the local structure (topology and geometry) at a
given point, see [3].

Definition 2. For every branch of Puiseux tree B = (f, N1, C1, N2, Cs, ... )
there exists jy such that for every k > kg it holds

’Vk:(Ikzl and 51@eQ(717517727527'"77k075k0)~

The part of the tree branch (f, Ny, Cy, Na, Ca, ..., Ny, Ci,) is called sin-
gular. The subtree consisting of singular part of each branch is called
singular Puiseux tree of f.

Using Puiseux tree, the paramtrization can be expressed as follows,
for the proof see e.g. [3, 4].

Proposition 3. Let B = (f,N1,C1,N2,Cs, ..., Ny, Cy) be a part of a
Puiseux tree branch of f and its singular part have length 2ky and w >
ko. The parametrization corresponding to the Puiseux series of the curve
branch is

A" Zfﬂfc’ + Z Xt + (1)

j=ko+1

where

ko _ i L
)\:H’Y;{[Lf%v qu, & = yH( H e '“47) ;
k=1

k=Il+1

J ko 5j£k0 J
G = E Di H e |y X5 = 6k: ; dj = Cko T E Di-
i 0

k=i+1 i=ko+1
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Qualitative Puiseux tree

A singularity having branches with same topology can be present on many
algebraic curves. Singular Puiseux trees of theirs polynomials coincide in
many values. We define qualitative Puiseux tree, which will be identical
for such polynomials.

Definition 4. Qualitative Puiseux tree of a polynomial f is singular
Puisuex tree having at each N-node attached
e (q,p) describing the slope of the Newton polygon edge and

e m — the horizontal length of the Newton polygon edge.
In every C-node are attached values
e o - the root of the characteristic polynomial

e 7 - the multiplicity of p.

Note, that we consider only the singular Puiseux tree. Due to Def. 2,
once having a leaf of the singular Puiseux tree, the rest of the tree branch
is uniquely determined.

Now, we formulate and prove the necessary and sufficient condition
for a tree to be a qualitative Puiseux tree of a polynomial.

Proposition 5. Let the nodes of a tree T has attached values as in Def-
inition 4. The nodes satisfy the following conditions

(a) If C is a leaf of T than r = 1.
(b) If C has children Ny, Na, ..., Ny, then Y ;_ m; =7.
(c) If C1,Cs, ..., Cy are children of N, then > ;_, ri =m/q.

if and only if there exists a polynomial f having T as its qualitative
Puiseur tree.

Proof. As by the way product of the proof of proposition in Definititon 2
(see [7, page 102]) we obtain that every leaf of the singular Puiseux tree
has one root of the characteristic polynomial of multiplicity one, so the
necessity of condition (a). The sum of horizontal lengths of the Newton
polygon edges of negative slope equals the multiplicity of the root of char-
acteristic polynomial (see [7, page 101]) which implies the necessity of (b).
It rests to prove the necessity of (c): let N be a node of a Puiseux tree
and C1,Cy,...,Cs be its children. The characteristic polynomial h has
degree m/q, so due to the Fundamental Theorem of Algebra we have that
>, mi = m/q, which is the necessity of condition (c).

The proof of the sufficiency is constructive and it is given by the fol-
lowing section. O
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3 Algebraic curve given by qualitative Puiseux tree
Once given a properties of curve branches at the singularity, we first build
(one of many) qualitative Puiseux tree satisfying them. Then we com-
pute (one of many) equation of an algebraic curvee having the prescribed
qualitative Puiseux tree. The first half can be done using properties of
singular Puiseux tree (see cf. [3]). This section covers the second part.
We proceed in three main steps. B

(1) Using only qualitative Puiseux tree T', we can compute a parametriza-
tion ﬁi for each branch of T

(2) For each branch, from parametrization P:ax= B, o (t),y = B y(t),
using resultant, we obtain its local equation f;(z,y) = 0.

(3) The product of polynomials f; of all branches represents a reducible
curve having the prescribed qualitative Puiseux tree. Adding one
term, we obtain an irreducible polynomial having the same qualita-
tive Puiseux tree.

Now, we will describe all steps in details. To compute 151, we use
Proposition 3. We need values p;, ¢;,7i, 0i, ki,o. The values p;, q;, k; o are
given by the qualitative Puiseux tree, the values ~;,d; can be uniquely
computed. As the given qualitative Puiseux tree T is finite, the obtained
parametrizations are finite, too. Remind that these parametrizations rep-
resent the branches locally, but they are sufficient to describe all topolog-
ical qualities of the curve singularity. Every such parametrization has the
form P; = [B; »(t), Bi y(t)]. To find the explicit equation, we compute the
resultant of B; , — « and B; , — y with respect to t. The zero set of the
obtained polynomial f;(z,y) is the implicit equation of the given branch.

In the last step, the product of local polynomials of all branches f =
Hle fi(x,y) has by construction the prescribed qualitative Puiseux tree.
But we are looking for an irreducible curve. We show that by adding one
term to f we can obtain an irreducible polynomial having same qualitative
Puiseux tree.

First observe, which terms we can add to the polynomial without
changing the qualitative Puiseux tree. To do so, we will need at each
N-node also the value [, which delimits the position of the Newton poly-
gon in the coordinate system. The easiest variant is to assume that
each Newton polygon has exactly one vertex on each axis. Assume that,
the N-nodes are orded by the descending slope of the Newton polygon
edges. If the Newton polygon consists of edges Ny, No,... Ny, for every
i€{1,2,...,k}, we compute I; as follows:

L= > mj|pi+ Z]% G-

1<j<i i<j<k
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Then the terms not disturbing qualitative Puiseux tree are character-
ized by the following proposition:

Proposition 6. Let f € Q[z,y] and f = f+cx™MyS forc e Q and M, S €
No. Denote T and T theirs qualitative Puiseuz trees, respectively. For
every branch B = (N1,C1, ..., Nk, Ck,), we denote Ry = 1S +p1M — 1y
and Ri11 = qiy1R; —lix1. Trees T and T are identical if for each branch
of T is satisfied

Ry, > 0. (2)

To prove this proposition, it will be useful the following lemma:

Lemma 7. Assume the notation as in Proposition 6. Fori > 2, the term
cxMy® influences only vertices of Newton graph N1 lying in the triangle

A;11 defined by its vertices:

A A

0, R, [0,Ri+S{ > pe I] a5 || [SRi+S{Dme [] @

k=2  j=k+1 k=2  j=k+1

Proof. In Newton graph N, the term cz™y® influences only the point
[S, M]. In the iteration step, we substitute fi(z,y) = a7l f;_1(v;2%,
2Pi(§;+v)). Therefore, in Newton polygon Ny, the term cx™y® influences
vertices [a, 1.5 + p1M — I1] = [a, Ry] for « = 0,1,...,S. Similarly, every
vertex [a, R1] in Na, influences in N3 vertices [, go R1 —la+aps] = [, Ra+
aps] for £ =0,1,...,«. Considering all « = 0,1,...,S5, these vertices lie
in the triangle given by [0, Ra], [0, Ra+ Sp2] and [S, R+ Spz]. This proves
the statement of the lemma for i = 2.

Now, let us prove the inductive step. Assume that the vertices influ-
enced by cxMy in N;,; lie the triangle A;;1. A point of A;;; has the
form

i i
aRi+ | B [ o]

k=2 j=k+1

where VEk <i: a < fr < S. This point influences points

i i+l
o, i1 R — i + Z Brpr H q; | +apit1
—_—— )
[ k=2 j=k+1
of N;;o for a;y = 0,1,...,a. These points lie in the triangle A; s, which

proves the inductive step and the lemma, too. O
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Proof of Proposition 6. First observe that if [0, R;] does not influence New-
ton polygon N;41, then no other vertex in triangle A;; does not influence
it. It is clear from the definition of the Newton polygon as the lower con-
vex hull.

Specially, the point [0, R;] does not influence the Newton polygon, if
it is over each edge of Newton polygon, i.e ¢;1+1R; > l;11, equivallently
R;11 > 0. By the assumption of the proposition we have Ry, > 0. It
rest to prove it also for all smaller 7. If R; = ¢;R;_1 — I; > 0, then also
R;—1 > l;/q; > 0. So, by induction, R; > 0 for all ¢ = 1,...,kg. Thus
Newton polygon at any level of singular Puiseux tree is not influenced by
cxMyS as the proposition claims. O

Due to this propositon, it suffices to choose S and M sufficiently large
to do not influence the qualitative Puiseux tree. Now, let us focus on the
irreducibility of the resulting polynomial. To prove it, we use the following
proposition (see [6]).

Proposition 8. Let f € Q[z,y] has the form f(z,y) = goy®+g1(z)y? 1+
-+ + gq(z), where gy is a nonzero constant and g;(x) € Qx] for i =
1,2,...,d. Denote

vy(f) = max deggi.

i=1,2,....d 1

If vy(f) =m/d and gcd(m,d) = 1, then f is absolutely irreducible.

Clearly f satisfies assumptions of this proposition as the leading coef-
ficient in y is the product of leading coefficients in y of all f;. By explicit
computation of resultant (in step 2), we get that the leading coefficient of
fily) is )\:ik", which does not depend on z.

Then, we want to add ™ to f to obtain an irreducible polynomial f.

We will seek M in the form M = v, (f) *d + N such that

ged(v, (f) * d+ N, d) = 1. (3)

There exists infinitely many such IV, because between any d succeeding
numbers, there is one which has after division by d the remainder one.

Denote Ny the smallest N satisfying (3) and for which z¥»(/)*4+N does
not influences qualitative Puiseux tree (Proposition 6). Then v, (f) =

(vy(f) * d+ No)/d and due to Proposition 8, f is absolutely irreducible.

Naturally, we can consider the polynomial f as graded in x and sim-
ilarly, we can compute suitable S, for which f = f + y° is irreducible,
too.
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4 Example

We will demonstrate the algorithm on an example. Assume that we want
to construct a polynomial having at the origin a singularity with 5 real
branches with given properties: Bj : vertical normal vector, curvature
1/2, By : normal vector slope —1/2, curvature greater than 1, Bs : nor-
mal vector slope —1/2, zero curvature, By and Bs both horizontal normal,
singular, inflection. Example of qualitative Puiseux tree having the pre-
scribed properties is in Figure 1.

Figure 1: Qualitative Puiseux tree having prescribed properties.

First, we have to compute local parametrizations of branches: Pj(t) =
t, t2/4]7 Py(t) = [t/12, t/6+t2/6]7 Ps(t) = [t/2, t—|—3t4], Py(t) = [_t37 —t*+

t5/3], Ps(t) = [-t3,—t> + t°]. Using resultant, we get theirs implicit
equations:

filzy) =4y —a® =

folz,y) = —242% =20 +y =0

fa(z,y) = —48z* — 22 +y =0

fa(z,y) = 2® + 9zt 4+ 2723 + 2722 + 27y3 = 0

fs(z,y) =2® + 321+ 323 + 2% + 4> =0

Their product, we denote f = f1 - fo- f3- f1- f5. And we compute Vy(f)
as defined in Propopsition 8:

Vy(f) =max (4,3,8/3,9/4,11/5,13/6,2,2,2) = 4.

So the first irreducible candidate to have prescribed qualitative Puiseux
tree is f = f + 237. It is the case, because for branches of qualitative
Puiseux tree, we have B1 : R1 =1-37—7>0, B, : Rob,=1-30—2> 0,
B3 :Ry=1-30—4>0,Bs5: R2=1-93—-6 > 0. Assumimg f as graded
in x, we have

F) om0 131415237 7 89819 2
* ’273’572°772°9°3°5°11'12°13°14°15°2°17) 3’



60 Blazkova Eva

The second irreducible candidate to have the given tree is f = f + y'3.
This polynomial has also the required qualitative Puiseux tree as Bj :
R =2-13-7>0,By:Re=1-6-2>0,B3: Ryo=1-6—-4>0,
Bys:Ry=1-8—-6>0.

The polynomial f = f + 3 has smaller degree, so we will prefer it.
Next to the rational Puiseux series of its branches at the origin, we can
see theirs graphs.

Yy
+2 +20 By |\B
Bl:[t,——i—i—...] 2 3
4 28991029248
t 2t6 53¢7
By, t+3t0 4+ = — = 4 .
2 [ A3~ e T B
t ot 2 16 331¢7 —
B3:[—,~+—— - +...] -
12’6 6 1889568 60466176
3 9 0t t8 B
By:[-t3, 24+ + — 4+ — 4+ ... 5
4t et e ol -
t7 8 By
By [—t3, 2 +t°P — — — — +..].
5 + 68 162 ]

Note, that the constructed polynomial is only one of many polynomi-
als having the prescribed qualitative Puiseux tree or even the prescribed
properties, because we can add to it arbitrary many terms, which does
not influence the qualitative Puiseux tree (Prop. 6), neither the properties
of the singularity.

5 Acknowledgment

The author’s work and participance on the conference was supported by
grant of Charles University Grant Agency SVV-2017-260456.

References

[1] Basu, S., Pollack, R., Roy M.-F.: Algorithms in Real Algebraic Ge-
ometry. Springer-Verlag (2006).

[2] Blazkova E., Sir Z.: Exploiting the Implicit Support Function for
a Topologically Accurate Approximation of Algebraic Curves. In:
MMCS 2012, LNCS 8177, 49 — 67 (2014).

[3] Blazkova, E., Sir, Z.: Local Properties of Algebraic Curves Using
Rational Puiseux Series. In: Proceedings of the Slovak-Czech Con-
ference on Geometry and Graphics. Nakladatel’stvo STU, 73 — 84
(2015).

[4] Duval, D.: Rational Puiseaux expansions. Compositio Mathematica
70, 119-154 (1989).

[5] Fischer, G.: Plane Algebraic Curves. American Mathematical Society
2001

[6] (Schmi)dt, W.M.: Absolutely irreducible equations f(z,y) = 0. In:
Equations over Finite Fields, LNCS, 92-133 (1976).

[7] Walker, R.J.: Algebraic Curves. Springer-Verlag (1978).



Slovak—Czech Conference on Geometry and Graphics 2017 61

GeoGebra a vyucba zobrazovacich metod

GeoGebra and the projection methods teaching

Viera Cmelkova

Department of Quantitative Methods and Economic Infomatics,
The Faculty of Operation and Economics of Transport and Communications,
University of Zilina
Univerzitnd 8215/1, 010 26 Zilina, Slovak Republic
email: viera.cmelkova@fpedas.uniza.sk
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GeoGebra je volne Siritelny matematicky edukaény softvér. Centrala
vyvoja sidli v rakuskom Linzi. Pocas viac nez 15 rokov vyvoja zozal softvér
GeoGebra mnozstvo medzinarodnych oceneni. Je Sirokopouzitelny. Povodna
myslienka bola spojit’ algebru a geometriu pri podpore vyucby na zakladnych
a strednych Skolach. Neskor sa vSak pridali oblasti ako matematicka Statistika,
matematickd analyza atiez sa rozsirila moznost’ zobrazovat’ rovinné vztahy
utvarov na moznost trojdimenzionalneho zobrazovania jednoduchych objektov
vyuzitim dvojstredového premietania. Pri vyucbe ucitelia urcite oceniuju rozne
moznosti zviditelnenia, resp. zmeny udajov a ucitelia geometrie urcite ocenia
moznost’ krokovania konstrukcie.

Ako bolo spomenuté GeoGebra je Sirokospektralny program. Ale plati to
nielen ¢o sa tyka oblasti matematiky, pri ktorych vyucbe je mozné GeoGebru
pouzit, ale aj vekovych kategorii Studentov.

Na Fakulte prevadzky a ekonomiky dopravy a spojov Zilinskej univerzity
pouzivame GeoGebru V podpore vyucby predmetu Geometria. Néapliiou tohto
predmetu je voviest’ Studentov do tajov zobrazovacich metdd. Ked'ze predmet
ma dotaciu 2/2 a vyucuje sa v prvom semestri bakalarskeho Stidia, je mozné
podat’ Studentom len zaklady. Sustred’'ujeme sa preto najmid na pochopenie
principov a logickych schém.

Vzhladom na skladbu Studentov (prevazne ekonomické stredné skoly
a dopravné odborné skoly v odboroch, ktoré absolvuju predmet Geometria)
pouzivame softvér GeoGebra najmi na podporu doméaceho $tadia. Studenti po
prebrani uciva na prednaske a cviCeniach maju volne pristupné applety
s rieSenymi prikladmi, pomocou ktorych si mézu doma danu tému precvicit
hlbsie a konzultujeme spolu tieto rieSenia aj na dalSich cviceniach. Tieto
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applety, ako bolo spomenuté, je mozné krokovat’, ¢o je velka vyhoda a dodava

to konstrukcii prehladnost’, Studenti si uvedomuju nadvdznost krokov
konstrukeii.

Dané :o:y-=

%a:. S[8:0], S'[7;—4], |AS| = 3,5cm, A[7,5:7], ya>ys
5

Uloha : Z ostrojite obraz pravidelného sestuholnika ABCDEF
daného stredom S a vrcholom A v esovej afinite OA(o; S, S").

Obr. 1: Obraz pravidelného Sest’'uholnika v osovej afinite |

o

9

8
1

7 Dané:o:y=——ua, S[8:0], $'6:2], |AS| =3, 5cm, A[7,5:7], ya>ys
5

& Uloha : Zostrojte obraz pravidelného sestuholnika ABCDEF

. daného stredom S a vrcholom A v osovej afinite OA(o; S, S").

Obr. 2: Obraz pra:videlného Sest'uholnika v osovej afinite 11
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Dané :o:y= -5z, S[8:0], S'[7;—4], |AS| = 3,5em, A[7,5:7], ya >ys
Uloha : Zostrojte obraz pravidelného sestuholnika ABCDEF

daného stredom S a vrcholom A v osovej afinite OA(0; S, S").

Obr. 3: Obraz pravidelného Sest’'uholnika v osovej afinite 111

1
Dané:o:y=—cux, S[5;-3], 5'[6;2]
5

Uloha : Zostrojte obraz kruznice k danej stredom S
a polomerom v = 3em v osovej afinite OA(0; S, 5').

C

Obr. 4: Obraz kruZnice v osovej afinite |

Mame uz vytvorenych niekol’ko suborov prikladov, ako napr. uvod

do Mongeovho premietania, teleso zobrazené v Mongeovom premietani, tvod
do kolmej afinity, polohové ulohy rieSené pomocou v kolmej afinity a iné.
V obrazkoch prikladame zopar appletov zo sady prikladov na precvicenie
osovej afinity v rovine.
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Dané:o:2r+Ty+6=0, S[2:1], 5'[4;2]

Uloha : Zostrojte obraz kruznice k danej stredom S

a polomerom r = 3em v osovej afinite OA(o; S, S").

Obr. 5: Obraz kruznice v osovej afinite 11

Zaver

Zaverom mozeme len odporiacat’ GeoGebru vSetkym uéitel'om , ktori maju
zaujem priniest do vyucby matematiky a pribuznych predmetov svoje
myslienky, svoje inovacie a novy vietor do metodiky vyucovania.

Literatara
[11  GeoGebra, prevzaté 29 Sept., 2017, z https://www.geogebra.org/
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Abstract. The paper presents selected Mascheroniho structure in which only uses
compasses. This is a limited-resource construction. The Italian mathematician Lorenzo
Mascheroni (1750-1800) described these constructions in his book Geometria del
compasso (1797).

Key words: Mascheroni construction, GeoGebra

Klicova slova: Mascheroniho konstrukce, GeoGebra

1 Georg Mohr a Lorenzo Mascheroni

Georg Mohr (Jergen Mohr) byl matematik, ktery se narodil v roce 1640
v danské Kodani. Jelikoz jeho Zivot neni podrobné zmapovan, predpoklada se,
ze odesel studovat na nékterou z holandskych univerzit, které v té dobé byly
velmi populdrni a vétSina danskych vzdélanct té doby je navstévovala. V roce
1672 publikoval knihu Euclides Danicus, ktera obsahuje zékladni myslenky
Mascheroniho teorie, ale byla napsana v danstiné a dlouho se predpokladalo, Ze
se jedna o piepis Euklidova dila. Az v roce 1927, upozornil na vyznamnost této
knihy profesor Johann Hjemslevov, ktery ji dostal od svého studenta [4]. Druha
Mahrova kniha Compendium Euclides Curiosi byla vydéana v roce 1673 a jeji
obsah vychazi z Euklidovy knihy Zaklady.

Zajimavosti je dochovany dopis ze dne 12. kvétna 1676 od Leibnitze
adresovany sekretati H. Oldenburgovi londynské kralovské spoleCnosti, ve
kterém piSe: ,,Georgius Mohr Danus bude pfinosem v geometrii a analyze®.
Leibnitz se v dany ¢as nachazel a plsobil v Paiizi [2], takze je teoreticky
mozné, ze se oba matematici setkali anebo se Leibniz seznamil s Mohreho
praci.

Mohr se v roce 1681 vraci zpét do Danska a uchazi se o misto u danského
kralovského dvora, kral mu nabidl pozici pro dohled budovani kralovského
lod’stva, kterou nepfijal. V roce 1687 se oZenil a odstéhoval se do Holandska,
prameny tvrdi, Ze to bylo z divoda neshodt s danskym kralem. Pied sklonkem
svého Zivota pfijal Tschirnhausovu pracovni nabidku a odesel se svou rodinou
do némeckého Kieslingwaldu [4].

Skoro 0 200 let pozdé&ji se narodil italsky knéz, basnik a matematik Lorenzo
Mascheroni (1750-1800) v italském Bergamu. Jiz v 17 letech byl Mascheroni



66 Ferdianova Véra

vysvécen na knéze a pokracoval ve studiich rétoriky, kterou zacal vyuCovat
Vv Bergamu o 5 let pozdé&ji. Dalsi oblast jeho zajmu byla filozofie, ktera se
zaméfovala 1 na zaklady logiky a fyziky. V roce 1786 nastupuje na pozici
profesora algebry a geometrie na pavské univerzité. Ve stejném roce publikuje
knihu Nuove ricerche sull' equilibrio delle volte (1786) a poté nasleduji dalsi
vyznamna dila Adnotationes ad calculium integralem Euleri (1792), Problemi
per gli agrimensori (1793) a Geometria del Compasso (1797). Posledni
jmenované dilo je pro nas z pohledu geometrie stézejni, jelikoz zde Mascheroni
popisuje euklidovské konstrukce, které 1ze sestrojit pouze za pomoci kruzitka

[5].

EUCLIDES DANICUS,
Befiaande udi Too Decle.
Elmgﬁrg}-ﬁc Deel + Handier ubaf be Sep

Euccto1s Bger ] Nederudileareifine
Maaltumftige SBeretitber.

Dend Anden Deel : Giffoer anledning -
s Eetinos Cookare Spmea™a!
i (gwgﬁ;;; Pui}%bfgm)mm St
Forcftillee.

Af
Georg RohHr.

Prentet § onfiedam af Yaeob van Belen,
&FAWIW::, :6;:. o

Obriazek 1 Euclides Danicus

2 Geometria del Compasso

Geometria del Compasso je napsana starou ital$tinou a jedna se o ucelené
Mascheroniho dilo. Kniha je rozdélena do dvanacti hlavnich kapitol, pfi¢emz
jedna kapitola vzdy obsahuje kompletni problematiku daného tématu. Struktura
jednotlivych kapitol je systematicky uspofadana a obsahuje: Zadani tlohy,
popis konstrukce s odkazem na konstrukci, diikaz, alternativni feSeni. Vysledné
konstrukce nalezneme na konci knihy jako pfilohu. P#i konstrukcich
Mascheroni vyuziva pro vétsi prehlednost nejen kruznice, ale i oblouky. Kazda

vvvvvv
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Vv kapitole zamétfené na rozdéleni a prodlouzeni usecky, zacina rozd€lenim
usecky na dvé€ stejné Casti (obr. 2). Poté pokraduje rozdélenim usecky na 4, 8
atd. stejnych ¢asti a nasledné prechazi na rozdéleni v lichém poctu a posledni
konstrukce se zabyva rozdélenim usecky na n stejnych dilt.

PROBLEMA.

: Dividere in due parti eguali la di-
Ranza AB, offia trovare il punto M,
+ che ¢ sulla retta A B alla sua metd.

Dimofiragione . La retta’ B sark sulla
puazione della Bp ( 15.lib. 4.). Soft
do le tre eguali BP, Bp, Bm alle
cguali Ap, pB, pS del §. 22., ¢ le s
PE, BE, ’E alle tres AQ., PQ, BQ, ¢
Pm alla AS; Pequazione AS. pQ = (Ap,
del §. 22. i cangerd nella Pm. BE =
(BP)"; ed efftndo BE =— 2 AB; 'BP
AB; sara 3AB. Pm = (AB)", e
videndo per AB; 2Pm == AB—2BM
Sard poi il triangolo BPM d' angoli eg
: al ‘ﬁw‘c!o BPm (8- lib. 1. )o Qui
mP parallcla alla BM ( 28. lib. 1. ).
anche i due triangoli BPm, BPE hanno
angoli cguali (§. 22.). Dunque mP &
- zallela alla BE ( 28. lib. 1. ). Dunque
recte BM, BE coincidono .

Obrazek 2 Zadani a i‘eSeni ulohy [3]

Obrazek 3 Konstrukce dle Mascheroniho [3]
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Zadani: Sestrojte stied usecky AB.

Rozbor: Konstrukéni tloha obsahuje i nalezeni bodu E, pro néz plati |BA| =
|AE|. K sestrojeni bodu E vyuZijeme jednoduchou konstrukci pro zdvojeni
délky tsecky (viz obr. 4). Dale pii konstrukci miZeme vyuzit vlastnosti
trojuhelnikd.

e
\J

Obrizek 4 Zdvojeni délky usecky AB

Popis konstrukce:

1)
2)
3)
4)
5)
6)
7)

AB;

Konstrukce bodu E;

l; L = (E,r = |BE]);
Ci,Cy; C,C, €k NI
my;my = (G, = |CB]);
my;my = (Cp, v = |G B]);
M; M € my N m,

Konstrukce:
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Zavér

Georg Mohr a Lorenzo Mascheroni nezavisle po sobé popsali moznost
konstruovat tilohy pouze za pomoci kruzitka. Nasledné se touto problematikou
zabyval Steiner (1833) a az vroce 1906 pfisel s inovaci Adler, jenz danou
problematiku rozsifil o vyuziti kruhovych inverzich [1]. Pfispévek mél za cil
poukazat na existenci vyjimecné knihy, kterd zlstala jiz trochu opomenuta.
Vyhodou je, Ze v dnesni dobé elektronizace italsti kolegové knihu naskenovali
a je kdispozici v originale. Ctenaf je ve vyhodé oproti Adlerovi, ktery jiz
vychéazel z némeckého piekladu. Do budoucna je v planu vytvofit alespon
Cesky preklad vSech zadani, které jsou uvedeny v Geometria del Compasso.
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Abstract. When creating more complex applets you may need to
program less or more. In the paper we show three different ways how
to implement more advanced technique in GeoGebra, each of them we
demonstrate on one applet. In the first one lists are very useful objects

for reaching the goal, in the second one we comment use of GeoGebra
Script and finally we show the benefits of using JavaScript.

Keywords: GeoGebra, lists, JavaScript, GeoGebra Script.
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1 Uvod

GeoGebra poskytuje prehledné prostiedi a mnohé intuitivni nastroje pro
rychlou tvorbu vyukovych appleti a pro piimé vyuziti v hodiné. Pokud
je tfeba, muzeme s trochou usili vytvotit pomoci piimych néstroju Geo-
Gebry i vyukové materidly profesiondlniho vzhledu a funkci. Presto muze
byt nékdy nutné pii tvorbé appletu pristoupit k programovani. V tomto
zpusoby budou tii, jeden bez programovani a dva s programovanim ve
dvou ruznych programovacich jazycich. Ale pokud vés programovani ani
vytvafeni aplikaci nezajima, nepfestavejte ¢ist — mozna se vam budou ho-
dit i ty samotné aplikace, které si hotové muzete stahout z adresy uvedené
v zéavéru ¢lanku.

2 Aplikace
Abychom védéli, k ¢emu chceme dojit a také abychom netratili ty ¢tendfe,
které vytvafeni aplikaci nezajim4, pojdme se nejdiive podivat na ho-
tové aplikace. Budou to dvé pomucky, nebo ,hry“, chcete-li, které muzete
pouzit ve vyuce a které vyzaduji (a rozvijeji) prostorovou predstavivost.
Prvni aplikace je demonstrace feseni dlohy, v niz mame najit polohu,
kam se po nékolika pieklopenich krychle pfemisti jeji dany vrchol. Apli-
kace umozni simulovat postupny pohyb krychle a vyznacuje pohyb jed-
noho jejtho vrcholu. Pozadovanou posloupnost preklopeni zada uzivatel
do textového pole jako posloupnost znakt nebo hodnot zastupujicich po-
hyby vpravo, vlevo, vpred a vzad. V aplikaci jsme zvolili zadani pomoci
hodnot 1, -1, 2, -2.
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» Graphics X
Otateni

sméry{1,1,1,1,-1,2,2,1,1,-2,-2,-2}
Obrézek 1: Driaha bodu A pieklapéjici se krychle

Druhé aplikace rozdéli danou krychli (3 x 3) na pozadovany pocet
dilku slozenych z jednotkovych krychlicek a tyto dilky ,rozhaze“ — posune,
ale neotaci. K vyfteseni tlohy je tfeba posoudit, kam ktery dilek patii,
a pomoci ovlada¢e ho posunout na spravné misto. Aplikace dokdze (na
pozadani) vyhodnotit, zda jsou dilky slozeny spravné.

Podivejme se déle, jakymi prostiedky je mozné uvedené aplikace se-
strojit.

2.1 Prvy pristup — objekty Geogebry bez pouziti skriptovani
Aplikace ma umoznit uzivateli simulovat pohyb krychle a sledovat jeji po-
lohu pii postupném plynulém preklapéni podle zadané posloupnosti jed-
notlivych kroku — preklopeni. Probihajici ¢as muzeme simulovat hodnotou
interaktivniho posuvniku, ptricemz kazdé dil¢i preklopeni bude probihat
v casovém intervalu délky 1. Plynuld zména hodnoty posuvniku vyvola
iluzi plynulého pohybu krychle. Pokud méme naptiklad danu posloupnost
otoceni, kterd ma délku 5, pak v case 3,5 krychle provedla 3 pieklopeni
a ve ¢tvrtém preklopeni je zatim otocend o thel 45°.

V aplikaci rotace_krychle potiebujeme pracovat s posloupnosti po-
hybu krychle. Potfebujeme si néjak zaznamenat zaddni dlohy (tim je
pozadovand posloupnost otoceni) a pro toto zadéni pocitat polohu krychle
v daném ¢asovém okamziku.

Velmi uzite¢nym nastrojem pii sestavovani ¢lenitéjsich appletu je ob-
jekt seznam. Ten vyuzijeme nejen pro zaznamenani zadani ilohy, ale i pro
vypocty transformaci.
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Obrézek 2: Piiklad zadani ilohy a slozena krychle

V GeoGebfe jsou pro geometrické transformace dostupné nastroje. Ty
funguji tak, ze GeoGebra vytvoii k danému objektu novy objekt, ktery je
transformaci objektu daného. Tyto néstroje (¢i pitkazy) tedy nemuzeme
provadét pro jednotlivda ptreklopeni postupné, krychlicky by se nam ve
scéné mnozily. Sestrojime a zobrazime si v appletu jednu krychlicku, ktera
zustane ve vychozi pozici, a k ni vytvorime jeji oto¢enou kopii v zobrazeni,
které je slozenim vSech jednotlivych otoceni. Vyuzijeme pfitom vypocet
soufadnic vrcholt krychle pomoci matice transformace. Urcime matice
jednotlivych pohybt a vyslednou transformaci ziskdme jejich ndsobenim.
Pro tento ucel byly v appletu sestrojeny nastroje pro prevod kartézskych
soufadnic bodu do homogennich a zpét.

Homogenni souradnice sice GeoGebra vyuziva ve své vnitini repre-
zentaci bodu, uzivatelsky ale dostupné nejsou. Pfidané nastroje muzeme
najit a prozkoumat v menu Nastroje — Sprava nastroju — OtevEit.
Podobné — aby nebyl samotny popis modelu zatizen mnoha definicemi —
jsou zde i ndstroje, které sestavi matici pro otoc¢eni o dany uhel kolem
jednotlivych souradnicovych os. Tyto matice pak vyuzijeme pro sklddani
zobrazeni.

Applet vyuzivé seznam uhli otoceni prepocitanych na intervaly mezi
celo¢iselnymi hodnotami nazvany parametry, ktery se aktualizuje podle
hodnoty posuvniku, seznam poloh pro jednotlivé kroky pohybu a seznamy,
které jsou diléimi kroky k urceni seznamu os otoc¢eni. Pro vyslednou ani-
maci jsou tedy dulezité tii seznamy: seznam thli otoc¢eni (parametry)
a spocitané seznamy otoceni — seznam matic vyslednych rotaci a seznam
otcelkem — seznam matic transformace pro jednotlivé kroky vysledného
pohybu (zahrnujici nejen rotaci kolem os, ale i posunuti). Protoze krychli
vysledné oto¢ime podle matice otfin, kterd je soucinem téchto matic, tj.
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sou¢inem prvkiu seznamu matic, a protoze seznamy pocitame postupné od
prvého k poslednimu pohybu, musime jesté seznam otcelkem obratit —
to je seznam op, tj. otfin = Soucin(op). Doplime jesté, ze uvedenym
postupem spoé¢teme souradnice tranformovaného bodu (nemuzeme tak
otacet napiiklad krychli). Takze vyslednd ,kracejici“ krychlicka je sestro-
jena piikazem Cube(AA, BB, CC), kde body AA, BB, CC jsou transfor-
mované polohy vrcholu A, B, C puvodni krychle.

V appletu tedy neni vyuzito skriptovani v pravém slova smyslu, vSe se
wschovalo“ do predpisu pro sestaveni dil¢ich seznamu.

2.2 Skriptovani

Na ukéazce krychle rozpadajici se na nékolik dil¢ich ¢asti ukazeme rozdil
ve vyuziti oSetfeni udalosti pomoci GeoGebra Scriptu a JavaScriptu.

Problém v konstrukei appletu je ndhodné rozdélit krychli (3 x 3 nebo
4 x 4) na dany pocet souvislych ¢dsti. Tedy ¢dsti, v nichz kazdé dveé jed-
notkové krychlicky sousedi sténou. Algoritmus bude v obou piipadech
stejny: vytvoiime seznamy jednotkovych krychlicek, které budou repre-
zentovat jednotlivé ¢asti, a pro kazdy seznam vygenerujeme krychlicky
v ném obsazené. Priradime k nim ovladace — to budou volné body, jimiz
budeme pohybovat pomoci mysi — a tak budeme dilky posouvat.

Jak rozdeélit krychli na ¢asti? Napiiklad tak, ze vytvoiime seznam
vSech krychlicek (seznam cely) a postupné budeme aktualizovat seznam
krychlicek jiz zarazenych v nékteré ¢dsti (seznam jcasti). Z nich pak od-
vodime seznam krychlicek dosud ¢ekajicich na zarazeni (seznam zbyle).
Ke kazdé ¢ésti si navic budeme drzet aktualni seznam krychlicek, které lze
v danou chvili k ¢asti pridat — seznam sousedi. Kandidatem na sousedni
krychlicku v dané ¢ésti je kazda volnd (tj. dosud nezatrazend) krychlicka,
kterd sousedi sténou s nékterou krychlickou této casti. Na zacatku déleni,
kdy jsou vSechny ¢dsti prazdné, vliozime do kazdé ¢dsti jednu (ndhodnou)
krychlicku, a pak pomoci cyklu ndhodné vybereme ¢ést a do ni pridame
jednoho kandiddta na souseda (pokud néjaky takovy kandiddt existuje).
To budeme délat tak dlouho, dokud budeme mit néjaké zbylé, nezarazené
krychlicky v poli zbyle.

2.3 Druhy pristup — vyuziti GeoGebra Scriptu

Rozdéleni krychle na ¢asti muzeme v aplikaci vyvolat stiskem tlacitka,
kliknutim nebo zménou hodnoty néjakého objektu (tfeba poctu ¢asti, na
néz chceme krychli rozdélit). GeoGebra mé vlastni skriptovaci jazyk —
GeoGebra Script [1]. V ném muzeme ke kazdému objektu priradit po-
sloupnost piikazu, které se maji v reakci na uvedenou udalost provést.
Povolené piikazy jsou vSechny piikazy GeoGebry tak, jak je zapisujeme
do piikazové fadky, zejména specidlni skriptovaci prikazy, které jsou uve-
deny v seznamu dostupnych piikazu v sekci Skriptovani.
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Vyse uvedeny postup v appletu snadno realizujeme pomoci seznamil.
Problém nastane az v okamziku, kdy se bude provadét cyklus, ktery
rozdéluje zbylé krychlicky do ¢asti. Nejen, ze v GeoGebra Scriptu nemame
k dispozici klasicky cyklus fizeny podminkou a musime odhadnout pocet
opakovéni néjakou dostate¢nou konstantou (pfi ndhodném vybéru ¢dsti
muzeme opakované vybirat ty ¢édsti, které jiz neni mozné rozsitit o dalsi
krychlicku, takze potiebny pocet kroku se bude ruznit a cyklus pobézi
»pro jistotu* zbyteéné dlouho). Hors{ problém je ten, Ze pfi prubéhu
cyklu se nestihne aktualizovat fetézec souvisejicich objektu GeoGebry
(seznamt), takze se bude stdvat, ze budeme do dilku ptidavat krychlicku,
ktera je jiz zafazena jinde, jen se jesté nestihla vytadit ze seznamu zbylych.
Tento jev se nazyva Race-Condition a pii ¢asové narocnych operacich
s dlouhymi seznamy k nému bude dochéazet ¢asto.

Problém v principu nevyfesime, muzeme ale jeho vliv potlacit tim, ze
donutime GeoGebru aktualizovat objekty pied kazdym prichodem cyklu.
Napiiklad tim, Zze nechdme zobrazenou scénu prekreslit. V nasem appletu
jsme proto provedeni jednoho kroku cyklu navazali na krok posuvniku,
ktery prekreslovani vyvoldvé. Celému cyklu, ktery vytvoii rozdéleni velké
krychle, tak odpovida jeden animovany priuchod moznymi hodnotami po-
suvniku. Na pfipraveném appletu si muzete ovérit, ze aktualizace objekt1,
a tim cely rozklad krychle, probihd velmi dlouho.

Pozndamka: Zakladnim piikazem pro prifazeni hodnoty néjakému ob-
jektu GeoGebry je pifkaz NastavitHodnotu (SetValue). Napiifklad pifkaz
NastavitHodnotu(B, A) umistivolny bod B na aktudlni pozici existujiciho
bodu A, aniz by mezi obéma body vznikla vazba. Piikaz B = A by zpusobil
predefinovani bodu B, ktery by od tohoto okamziku ,kopiroval® bod A.

2.4 Trteti pristup — vyuziti JavaScriptu

Problém s aktualizaci objekttu z vypoctenych hodnot vyfesi vyuziti Ja-
vascriptu. Od pocatku budeme mit v appletu pouze abstraktni pole repre-
zentujici pozadované vysledné seznamy a po provedeném vypoctu rozdéleni
jen vygenerujeme v GeoGebfe viditelné objekty — seznamy krychlicek. Jis-
tou nepiijemnosti pro vyuziti JavaScriptu je to, ze JavaScriptem je pfimo
podporovano jen nékolik ptikazi GeoGebry. Seznam téchto piikaz je uve-
den v [2]. K vyvoldn{ libovolného pifkazu GeoGebry z JavaScriptu slouzi
piikaz ggbApplet.evalCommand (prikaz), kde prikaz je textovy fetézec,
ktery mé presny tvar pifkazu GeoGebry, a to v jeho anglické (us) verzi.
Naprtiklad:

for (i=1;i<=16;i++) {
ggbApplet . evalCommand (
”SetValue M'+i+”,(RandomBetween( —7,6) ,RandomBetween( —5,8),0))”

)}
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je cyklus, ktery bodum M1, M2, ..., M16 nastavi ndhodné celociselné
soufadnice x,y v uvedenych mezich a soufadnici z = 0. Pro pfistup
k soufadnicim bodu sice existuji piimé piikazy JavaScriptu: setCoords ()
a getXcoord(), getYcoord(), getZcoord (), ale pokud chceme napiiklad
nastavit body M do pozic bodu A, ocenime zkratku:

for (i=1;i <=16;i++){
ggbApplet.evalCommand (” SetValue (M +i+” A’+i+7)")

Ty ¢asti kédu, které zajistuji napiiklad obarveni objektti ¢i zménu
jejich polohy, mohou byt napsdny témér rovnocenné v GeoGebra Scriptu
i v JavaScriptu, vyse uvedeny ptiklad ,rozhiazeni“ bodu M vsak v textové
podobé napiseme v JavaScriptu pomoci cyklu intuitivnéji.

V JavaScriptu, kde médme v nasem appletu spocitané body ulozené
v poli, vytvoiime piimo textovy tvar objektu. Nasledujici kéd vyrobi se-
znam dilku rozbité krychle. Kazdy dilek je seznam uspordadanych trojic
v kulatych zdvorkdch (souradnic polohy krychlicek dilku) a seznam sdm
je uzavieny ve slozenych zavorkach:
var tt= " 7;
for (i = 0; i < pocet—1; i++) {
tt = tt + "{(” +jcasti[i].join("),( ")+ ")},”;
tt = tt + "{(” + jcasti[pocet —1].join (") ,( ) + ")}";
ggbApplet.evalCommand(” casti={" + tt + 7}”);

JavaScriptovéa verze appletu obsahuje navic jesté kontrolu spravnosti
slozeni kosticky. Kéd ovéri ze kazda jednotkova krychlicka puvodni krychle
je obsazena v nékterém dilku.

3 Zaveér

Vsechny tti vyse komentované applety jsou k dispozici na ulozisti GeoGe-
bra Tube pod timto odkazem: https://www.geogebra.org/m/VZbJS2m7 .
Muzete si je odtud stdhnout a prozkoumat jejich kéd. Pro piimé spusténi
jsou jejich okna piili§ velkd a také scripty jsou pfi online pouziti pomalé,
spustte si a7 staZené .ggb soubory.
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Abstrakt. The paper relates to the GeoGebra workshop, which was
held at the Slovak—Czech conference on geometry and graphics. It
deals with such tools of this software that are suitable for geometry
teaching. First, attention is paid to the use of web-based services that
are available to each user free of charge at geogebra.org web page.
These are, for example, environments for the online creation, storage
and use of dynamic materials, collection of them into structured books,
formation of user groups and sharing materials within them. Then, the
rest of the paper deals with particular tools related to the automated
theorem proving that are implemented in GeoGebra.
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1 Uvod

Clének vychézi z pifspévku, predneseného na workshopu programu Geo-
Gebra, poradaném pii prilezitosti Slovensko—ceské konference o geometrii
a grafice. Stejné jako v pfispévku budou i v ¢lanku nejprve predstaveny
sluzby webového prostiedi www.geogebra.org, vhodné pro vyuziti ve
vyuce geometrie. Jedna se naptiklad o tvorbu a vyuziti dynamickych ma-
terialu, strukturovanych online publikaci, formovéani skupin uzivatelu a
online testovani. Potom se zaméfime na vybrané funkce programu, za
kterymi se skryvaji algoritmy pocitacové algebry pro automatické odvo-
zovani a dokazovani geometrickych vlastnosti. Jedna se vesmeés o funkce
nové, jejichz postupnd implementace do programu dosud probihd, v sou-
ladu s vyvojem a optimalizaci ptislusnych algoritmu [6]. Své schopnosti
odhalovat geometrické vztahy v dynamickych obrazcich a dokazovat jejich
obecnou platnost, pripadné je prevadét do podoby rovnic mnozin bodu
danych vlastnosti proto prokazuji zatim jenom na omezeném rejstitku
dloh. Presto mé jiz smysl premyslet, jak se mohou tyto nové schopnosti
programu dynamické geometrie promitnout do vyuky. V ¢lanku popiso-
vané vlastnosti a funkce se vztahuji k verzi 5.0.395.0 programu GeoGebra.

2 Online sluzby spojené s programem GeoGebra

Ze stranky www.geogebra.org lze program okamzité spustit v prohlizeci,
bez nutnosti jeho instalace. Vytvorené soubory lze ukladat do pocitace
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nebo do cloudového prostiedi stranky a dédle pouzivat. Program je tak
se v8emi svymi funkcemi i s materidly v ném vytvofenymi bezprostfedné
dostupny na kazdém zafizeni s pfipojenim na internet a s prohlize¢em
webovych stranek.

Kazdy uzivatel si muze na strance geogebra.org zdarma vytvorit svij
profil. Tim ziskd pristup ke sluzbam portédlu. Jednd se predevsim o moznost
ukladat zde své materialy a sdilet je s ostatnimi uzivateli, bud prostfednic-
tvim odkazu, nebo verejné, prostrednictvim vyhledavani. Materidly ostat-
nich uzivatelu pak lze volné pouzivat, stahovat, piipadné dale modifiko-
vat. Ucitel tak muze mit své materidly vzdy dostupné prostiednictvim
pripojeni k internetu a pomoci odkazu je sdilet se svymi zaky. Materidly
lze sdruzovat do strukturovanych kolekci, nazyvanych GeoGebra knihy,
[3], [5]. Tak je mozné pripravovat ucelené soubory materidlu pro vyuku
rozlicnych témat.

Kromé spréavy svych materidli muze uzivatel na strance geogebra.org
vytvaret také skupiny uzivatelu, jakasi uzaviend diskusni féra, v jejichz
ramci lze sdilet materidly. Ucitel muze tento rezim vyuzit pro distribuci
materidli mezi zéky tiidy nebo studijni skupiny. Zpétnou vazbu od zdku
ziskd v ramci diskuse, sdileni materidlu nebo prostiednictvim do skupiny
zadanych testu. Materidly totiz mohou mit ruzné formy, nemusi se jed-
nat jenom o dynamické geometrické obrazky. Jednou z forem je praveé
testova otdzka, oteviend i uzaviena. Sdruzenim vice otdzek pak vznikne
online test. Prostfedi skupiny poskytuje pfehlednou evidenci pro spravu
odevzddvani a hodnocenf téchto testu. Vice o skupiné viz [4].

3 Nastroje automatického dokazovani

V soucasnosti jsou v programu GeoGebra k dispozici tyto funkce pod-
porované symbolickymi algebraickymi vypocty (protoze se v GeoGebfte
prekladaji i jména piikazu, jsou v zdvorkdach uvadény i anglické varianty
jmen funkci): Vztah (Relation), Dokazat (Prove), PodrobnostiDukazu (Pro-
veDetails), RovniceMnozinyBodu (LocusEquation) a Obalka (Envelope).
V nasledujicich partiich bude na konkrétnich prikladech ukazéano pouziti
téchto funkci. Cilem piitom bude vyhradné pfedstaveni jejich moznosti.
Otazkami jejich didakticky vhodného ¢i nevhodného vyuziti ve vyuce se
nebudeme zabyvat.

Nasim prvnim tkolem bude ovéfit pomoci nastroju GeoGebry platnost
tohoto tvrzeni: Body soumérné sdruzené s prusecikem vysek trojuhelnika
podle jeho stran lezi na kruZnici mu opsané. Po nakresleni ptislusného
obrazku do Ndkresny muzeme nejprve vyuzit jeho dynamického charak-
teru a pii tazeni volnych bodu konstrukce mysi provést vizualni evidenci
platnosti uvedeného tvrzeni, viz Obr. 1. Dals{ moznosti je, zeptat se pro-
gramu na vztah mezi vybranymi objekty, v tomto piipadé mezi jednim
z bodu O),0;,0., napi. O, a kruznici k,. Bud vybereme piislusny
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Obrazek 1: Modifikace obréazku tazenim volnych objektu

nastroj, jmenuje se Vztah mezi objekty, a v Ndkresné postupné ukazeme
na oba objekty, nebo zaddme do vstupniho faddku nebo v prostiedi CAS
piikaz Vztah(O!,k,). Jak vidime na Obr. 2, reakce programu je ,dvou-
stupnova“. Nejprve nam poskytne odpovéd, kterd vzesla z numerického
ovéreni (pracuje se skuteénymi soufadnicemi), viz Obr. 2, vlevo. Poté, po-
kud o to pozddame stisknutim tlacitka Vice..., nam sdéli obecné platny
vysledek, vychézejici ze symbolického feseni dané tlohy (pracuje s al-
gebraickymi rovnicemi, na které je, pokud to jde, obrizek preveden),
viz Obr. 2, vpravo. Tento vysledek vzeSel ze symbolického algebraického
dukazu, ktery byl programem proveden na pozadi funkce Vztah, je proto
pravdivy. K tloze muzeme pfistoupit i jinak. Reknéme, Ze po prvotni veri-

€ Tojohlni Onocentrm KnzOpsanagh Slei= € Trjuneink Onecentrum KnzOpsana g9 Sl@it=

Sout Uprz Zobr: Nasta) Nastr OkiNapov  PfihlaSen/a jako Roman Hasek Sout Uprz Zobr:Nasta\ Nastr OkiNapov  Pfihlasen/a jako Roman Hasek

BlAlAdsloloj4lx=l+] [RIAAMelO)4IN]=]+)
» »
)
RN
Py =
Yb
‘ - Obecné plati ze:
T [ S "
0", lezinak, 1
O lezinak, Vice. pokud je spinéna podminka:
(zkontrolovano numericky) 108 o , .
( « Trojuhelnik ABC nenf degenerovany

[ok]

Vstup: B tub-

OK

Obrazek 2: Vztah mezi obrazem O}, ortocentra O a kruznici opsanou k,

fikaci tazenim mysi formulujeme sledovanou vlastnost ve formé domnénky,
ze body A,B,C a Ol lezi na spoleéné kruznici. Potom k jejimu dukazu
pouzijeme funkce Dokazat a PodrobnostiDukazu. Rozdil mezi témito
piikazy spociva v tom, ze druhy z nich nam, pokud to jde, sdéli postacujici
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podminky pravdivosti ovéfovaného tvrzeni. Vysledek pro nasi domnénku
vidime na Obr. 3. Byla programem dokézdna. Vystupy obou piikazu se

T ——— =<
Soubor Upravy Zobrazit Nastaveni Nastroje Okno Napovéda Prihlasen/a jako Roman Hasek
e S D EANDE =

} CAS » Nakresna
1 Dokazat(JsouNaKruznici(A, B, C, O'_a)) \

- true

2 | PodrobnostiDukazu(JsouNaKruznici(A, B, C, O'_a))

- {true}

Vstup

Obrazek 3: Body A, B,C a O}, lezi na spole¢né kruznici

shoduji, u druhého z nich nejsou uvedeny zadné podminky. Tvrzeni o tom,
ze uvazované ¢tyti body lezi na spoleéné kruznici, je tedy vzdy pravdivé.
Na nés je, jak tento vysledek vyhodnotime vzhledem k danému tvrzeni
o trojuhelniku.

Je bezesporu vhodna doba zabyvat se otazkou, jak lze predstavené
nastroje automatického dokazovani vyuzit ve vyuce. Z piikladu je ziejmé,
ze pti uvedeném pouziti ptili§ nepoméahaji uzivateli v tom, aby pronikl do
podstaty ptislusného jevu, ptipadné aby byl schopen nalézt jeho synte-
ticky dikaz. V dalsim piikladu si ukdzeme pouziti funkci automatického
dokazovani jako nastroje zkoumani geometrického modelu realného jevu.

V Jeruzalémé byl pied necelymi deseti lety otevien lanovy most, viz
[7], jehoz zavésny systém, cenény pro svou lehkost a eleganci, se tés{ pozor-
nosti i pro své geometrické vlastnosti [1]. Jeho zjednodusenym modelem
mohou byt dvé ruznobézné tsecky se spole¢nym krajnim bodem, piedsta-
vujici mostovku a pylon, spojené ptickami—lany, jejichz koncovymi body
jsou obé tyto tisecky rozdéleny vzdy ve stejném poméru, ovSsem z opacnych
stran, viz Obr. 4, vlevo. Vyraznym estetickym prvkem mostu je praveé
kiivka vykreslend jeho timto zpusobem ukotvenymi nosnymi lany. 7 ge-
ometrického hlediska nejde o zddnou zdhadu nebo kuriozitu. Je znamo,
Ze obalkou takovéhoto systému pifmek je parabola [2]. Jednd se pritom
o dusledek nésledujici vlastnosti paraboly, kterda byla jiz kolem r. 200
pf. n. 1. popsdna Apolléniem z Pergy: Libovolné tri tecny paraboly jsou
svymi pruseciky a body dotyku s parabolou rozdéleny na tusecky ve stejném

. |AD| _ |GE| _ |DC|
poméru. Dle Obr. 4, vpravo, tedy plati 1G] = [EB] = [CE]"



Dynamick4 geometrie online 81

Obrézek 4: Zavésny systém mostu (vlevo) vs. Apolloniova véta (vpravo)

12 Most_Obalka.ggh o X

Soubor Upravy Zobrazit Nastaveni Nastroje Okno Napovéda Prihlasit

D= So) () FANIEIES

P CAS X/ | » Néakresna X
1 | p:=Obalka(k,M)

® (- p:=x’—dxy —20x+ 4y> — 10y = —100

2

Vstup:

Obréazek 5: Parabola jako obalka ptimek

Nyni si ukazeme, jak lze v programu GeoGebra z geometrického mo-
delu ziskat rovnici uvazované kiivky. Vyuzitim jak funkce Obalka, tak
i RovniceMnozinyBodu, viz Obr. 5 a 6. Funkci Obalka zaddme piikazem se
syntaxi{ Obalka(Drdha,Bod), kde parametrem Drdha (v origindle Path) se
rozumi piimka ¢i kiivka z parametrického systému, ktery vytvaii obédlku,
parametr Bod pak reprezentuje volny bod, jehoz pohybem ziskavame jed-
notlivé krivky systému. Prikaz je aplikovan na dynamicky obrazek, v némz
by mély byt objekty s rolemi parametru sestrojeny eukleidovsky, aby ho
bylo mozno pfevést na soustavu algebraickych rovnic. Vysledek vypoctu
obédlky systému usecek k (presnéji celych piimek) pro A[0, 0], B[10,0] a
C'[6, 8] a pohyblivy bod M vidime na Obr. 5.

Funkci RovniceMnozinyBodu aplikujeme na dynamickou eukleidov-
skou konstrukei Apolloniovy véty, viz obsah Ndkresnyna Obr. 6. Pouzijeme
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pifkaz se syntaxi RovniceMnozinyBodu(Bod mnoZiny bodi, Pohyblivyg bod),
kde jako prvni parametr figuruje bod S, jako druhy parametr pak bod M.
Pro body A[0, 0], B[10, 0] a C6, 8] dostdvdme pochopitelné stejnou rovnici
jako v ptipadé obalky.

€7 Most_RovniceMnozinyBadu.ggh — o X
Soubor Upravy Zobrazit Nastaveni Nastroje Okno Napovéda Prihlasit
= v Sy x= x= F oA &
= 3.5 h= .
» CAS X| | » Nékresna X
1 d:=RovniceMnozinyBodu[S,M] c
® |- d:=x*—dxy — 20x + 4y’ — 10y = —100
2 “ N 4
S
A M B

Vstup:

Obrazek 6: Parabola jako mnozina bodua S

4 Zaveér

Spojeni témat online sluzeb programu GeoGebra a nastroju automatického
dokazovani v tomto ¢lanku mélo za cil upozornit na skutec¢nost, ze do-
stupnost pomérné vyspélych néstroju symbolického dokazovani dosdhla
v programu takové urovneé, ze si zaslouzi, aby byly zvazovany jejich mozné
dopady na vyuku geometrie.
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Abstract. From the beginnings of architecture, we encounter elements and shapes
that have a base in a circle or an ellipse. Very often, in technical practice, we meet
the concept of oval. This term denotes a curve composed of circular arcs, but many
times also the ellipse itself. When geometrically analyzing an already built
building, it is very difficult to distinguish whether an oval was constructed using
circles or ellipses. The quality of approximate constructions may be the reason. In
the contribution, we will focus on some interesting constructions used by architects,
theorists such as Sebastiano Serlio and Guarino Guarini.

Key words: ellipse, oval, geometric analysis, construction

1 Introduction

In technical practice, we meet with the notion oval. The word oval derived from
the Latin word “ovus” for egg. Here it is used in terms of the shape of curves
that resemble an egg or resemble an ellipse. It is, in fact, a curve for which
strict mathematical definition is missing but has the following common
features:
e s aclosed curve in a plane which "loosely" resembles the outline of
an egg
e they are differentiable (smooth-looking), simple (not self-
intersecting), convex, closed, plane curves;
e there is at least one axis of symmetry.
In a special case, we can see the oval as a curve, which is composed of
circular arcs. In the past, this approach has been used extensively for
construction and approximating the ellipse.

2 Ovals in geometry and technical practice

In the rest of the period, we are engaged in the study and geometric analysis
of buildings with elements of ovals. These are buildings that have ground plan
as an oval-ellipse or have been used in the construction of theirs internal
building elements. In Slovakia we can for example show buildings as Cathedral
of St John of Matha in Bratislava and elliptic St. Ladislav Chapel in the former
Ostrihom archbishop s palace in Bratislava (Fig.1 and Fig.2).
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Fig. 1: Cathedral of St John of Matha in Bratislava

Fig. 2: Ostrihom archbishop’s palace in Bratislava (Primacialny palac).

The most well-known ovals that are mathematically described can be
included Cassini ovals or Cartesian ovals (Fig. 3).

-

Fig. 3: Ca;siﬂ' c);;is (left), Cartesian oval (right)

When looking at the oval as a curve, which is composed of circular arcs, we
can use for the construction two or more different circles. Serlio [1] and
Guarini [2] used two different circles and will be dealt with in more detail later
on. When we use three different circles as Fig. 4, we can denote [SH|= h, |SK|=
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k, the radii of two known circles are Randr, with r < R and R-r < h,
1 REI-(g-117 . . . . R*+R3-r?
k= and radius of the joining circle is g =

2(R—r)

R-1)

oK

Fig. 4: Construction of oval using three circles

3 Serlio's constructions

Architects in practice not try to construct an ellipse exactly, but approximate it
by circular arches. Due to the symmetry of an ellipse it made sense to use in
most cases only two different circles. The constructs are based on the fact that
they are searching for the centers and radius of the two circles that are
connected smoothly. The circles have a common tangent in its point of
connection, which means that the centers H, K (Fig. 5) of these circles must
belong on one line. Let h = |SH| and k =|SK| where S is the center of the oval.

Found circles have radii of & —h.a —h++h? + k%,

K
Fig. 5: Construction of two-center oval, based upon Serlio’s treatise.

When we get Serlio’s construction, h a k have description by type of
construction.
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Fig. 6: Sebastiano Serlio: Il primo libro d'architettura

The construction of the Fig. 7 a) is in the case that UHK is the equilateral
triangle and b = = , k = /3h. The ratio of the radius of the circles, and

the ratio a / b are not constant. These ratios are constant in other Serlio’s

construction, see [3]. In case Fig. 7b) is h=k = ﬁ alb = ;_11 and the

ratio of the radii of the arcs is 2. In case Fig. 7¢) is h = k =a/2, a/b:\l’rE and the

ratio of the radii of the arcs is \l’rz -1. In case Fig. 7d) is h=a/3, a/b

3

=T k= +/3h and the ratio of the radii of the arcs is %2
—J

Fig. 7: Oval constructions by Serlio

4 Guarino Guarini's oval

Guarini describing construction to an oval generally, but he constructed two
circles with same radius, see in Fig. 8. We can take two circles with centers
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A and F, which have any distance, non-intersecting or intersect (each other),
with equal or unequal radii.

TRATTATO I CAP VL
OSSERVAZIONE SETTIMA.
o S

OSSERVAZIONE OTTAVA.
Dok o di formare wes EAGe , ol Ovoto oo e ceniri .

Fig. 8: Guarini, Guarino, 1624-1683; Architettura civile: opera postuma

We take non-intersecting circles (Fig. 9) with different radii. Line AF
intersects this circles in points | and C. We choose any length greater than half
the line segment CI and we construct points G and H, such that |IC| equals |CG]|
and is equal to this length. We construct circles with centers A and F and radii
AO, GF. These circles have common the points M and H. It is clear that the line
MH is perpendicular to the line IC. We get lines MF, HF, MA, HA. The lines
intersect the circles at points S, R. (Figure 9). The construction is good when
the points S and R lie on a circle with center H and the radius [SH|=|HR|.

Fig. 9: Oval constructed using Guarini’s method

We can show that appropriate choice of the characteristics of Guarini's
oval we can get Serlio's oval. For example we get Serlio's oval in the
construction of Fig. 7 d) so that we choose the radii of the circles as 2a/3, the
distance between centers of the circles is 2a/3 and the point G is identical to the
point A.

Guarini construction of Fig. 8 can be described also by means of algebra and
we express certain conditions.

Let r=|Al|=|CF| and h= |AF|/2. Thus, the length of the major axis is
a=h+r. Let Z is the center of the oval — ellipse. We know that |GO|= 2(h-r) and
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|GF| = |[FH| = |GO| + r, It follows that |GF|= |FH| = 2h-r and the radius of the
second circle which describes oval is [HR|=|HF[+r=2h=|AF|. Let k=|ZH]|, can be
algebraically expressed as & = +3h? — 4hr + %, The ratio of the radii of the
arcs is 2h/r and ratio

h+r

C 2h— 3R —dhr £ 12

o B

5 Conclusion

We think that the constructions mentioned in this article are not used in practice
today and we meet more with an ellipse. However, it is a pity that these very
nice constructions have almost disappeared from practice. We think that these
should be preserved for the future generations as well as for the teaching of
descriptive geometry, because we can applied their also now as they were
applicable five hundred years ago.
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Abstract. The intersection of algebraic varietes is a fundamental
operation. It is a well known fact that the intersection of n given
hypersurfaces in n-dimensional projective space over an algebraically
closed filed which results in a zero-dimensional variety has a degree
which is a product of degrees of the intersecting varieties. The product
of multiplicities of each point in the intersection with respect to the
given hypersurfaces provides a lower bound of local multiplicity. The
question what is the geometric interpretation of the difference of the
lower bound and the true local multiplicity is partially solved in several
papers. We sketch the idea which might lead to the solution in case of
curves.

Keywords: Bézout theorem, local intersection, blowup

1 Introduction

Intersection is a basic operation with algebraic varieties and it is widely
studied. There are several very good sources of intersection theory such
as [4] or recently [2]. The theory is deeply explored, still there are many
questions to answer. The intersection can be studied from both global
and local point of view. The local study, which is the case here, consist
of computing intersection based on the local characteristics such a mul-
tiplicity of the point. The global theorems, such as Bézout theorem, are
considering the whole varieties and their properties with respect to all
points, such as degree in this case.

We consider the idea of computing local intersection multiplicity in
geometric terms. We use blowup technique as a main tool for obtain-
ing the structure of the intersection and classification of special cases of
intersection.

2 Basic facts

In algebraic geometry, the varieties corresponds to the ideals. There are
several good introductory books such as [5]. Let k be an algebraically
closed field. Let V,WW C A" (k) be two algebraic varieties with their corre-
sponding ideals I, Iy C k[x1, ..., x,], which comprise all polynomials for
which the varieties V' and W are subsets of their roots. The intersection
of the varieties corresponds to the sum of the ideals Iy + Iy . Intuitively,
we require for the points of V' additional conditions to be satisfied — they
should be roots of more equations (those for the points of W).
Algebraically, the intersection can be described using sequence of strictly

embedded ideals Iy = Ip C I; C -+ C I, = Iyaw. The longer the
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sequence, the better the structural description of the new conditions re-
quired for the points of V' one might obtain.

Such an intersection can be relatively easy to describe in transver-
sal cases and quite complicated in non-transversal cases. It can be seen
already on a one-dimensional example of intersection of graph of a poly-
nomial in plane with axis. A transversal intersection corresponds to a
simple root of the polynomial, while the non-transversal intersection cor-
responds to a multiple root (e.g. Z(y—2?)NZ(y) leads to a double origin).
Similarly, not counting the multiplicity of the point (origin in this case)
can lead to a wrong notion of intersection, e.g. Z(2?) N Z(y?) leads to a
point which is locally different from the point Z(z)NZ(y)). As sets, these
two cases are indistinguishable. Hence, an additional algebraic structure
is required.

The proper setting for the computation is scheme-theoretic setting
(gluing of local rings). The notion of multiplicity of a variety (more pre-
cisely a scheme) is natural there.

We start with the low-dimensional case, intersection of curves. There
are many results known already several centuries. Among them, Bézout
theorem and its applications form a (historical) starting point of a more
complex intersection theory. The intersection has a certain stability, which
is known also as Moving lemma or conservation numbers law in certain
areas. It covers “small” change of a generic situation which does not
change either the structure of intersection, or in case of structure change,
such a property can be used to evaluate the situation in non-generic cases.
A more complex notion of flat family is required. A very important area
of application is computation of singularities of a curve C' = Z(f) given
by Z(f,Vf), where f € k[x,y]. Finally, there are many problems leading
to the intersection theory such as applications in configuration counting
(e.g. “How many lines and which do intersect three lines in P3(C) in
general position?”).

3 Bézout theorem

Planar version of the famous theorem follows

Theorem 3.1 Let F,G € k[X,Y,Z] be homogeneous polynomials and
(F,G) =1, k an algebraically closed field with characteristic zero. Then
|Z(F,G)| = deg F deg G counted with multiplicity.

Geometrically, two algebraic curves C = Z(F) and D = Z(G) in
the projective plane over an algebraically closed field without a common
component have a constant number of points in common counted with
their multiplicity. The constant is the product of degrees of the given
curves.
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There are several versions of the theorem. The most common n-dimensional
version covers the intersection of n hypersurfaces Z(Fy) N--- N Z(F,)
in P"(k) with a finite number of points in common. Then, there are
IT7_, deg F; points counted with multiplicity.

The most known proofs are using the sum of local intersections mul-
tiplicities. Hence, multiplicity is the key notion here. Moreover, multi-
plicity of a point on an algebraic variety is a special case of intersection
multiplicity.

The general idea behind the multiplicity of a point on a hypersurface
Z(f) is that all the derivatives of f of the order less than the multiplic-
ity are zero. Hence, multiplicity of a point is the least order of non-zero
derivative of f at the point. There are several ways of computation of the
multiplicity number including its further structure based on (or character-
izing) the local geometry of the point. Most of the methods are technical
and complicated in detail especially in higher dimensional cases. There-
fore, it is beyond the scope of this paper to say more than the following
list of such techniques.

o First get a Weierstrass parameterization of the curve starting at a

point, then count the degree of the first non-zero term.

e Blowup the curve at a point and count the ordinary double points
(nodes) of the final curve. General approach for arbitrary dimension
varieties is available.

e Compute the length of the maximum ideal of the local ring corre-
sponding to the point.

« Find such a number g that f € m’\ms™.

e Use Hilbert-Samuel multiplicity ey defined via Hilbert function.

o Take a variety V. C PN (k) and a point P € V. For a linear
subspace L such that P € L and L NV is finite, sum the in-
tersection multiplicity s(P, L) of all the points except P. Take
ip(V) = ming {deg(V) — s(P, L)}.

Clearly, the last approach cannot be used to define intersection multiplic-
ity. The number of approaches shows the importance of the notion which
appeared in several areas. The detail can be found e.g. in [8].

4 Local intersection

Multiplicity of a point roughly measures the generality of the local prop-
erties of the point on a variety. The configurations with less multiplicities
are more general.

Local intersection multiplicity can be composed of several summands.
Let C = Z(F'),D = Z(G) be curves and P € CN D, then ip(CN D) <
ip(C)ip(D) which can be seen more-less directly via Weierstrass param-
eterization approach. In an example, the point L} N LY is expected to
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have its multiplicity at least mn provided Ly, Lo are linearly independent
lines in plane.

We show few examples of local intersections. Considering P = (0,0)
as the point of interest in an affine plane, we get

o f=y—2%g=y—Ar,ip(C)=1,ip(D)=1, then ip(CND)=

1 for A#0
o f=y—12%g=vy,ip(C)=1,ip(D)=1, then ip(CND)=2
e g=2a2,9=193i,(C)=2,ip(D)=3, then ip(CND)=6

o f=y—1%g=2a’+(@y—N)?-N%ip(C)=1,ip(D) =1, then ip(CN
D)=2 for A+#1%

o f=y—a?g=a2+(y—3)>—1%i,(C) = L,ip(D) =1, then ip(CN
D)=14
The specific value in the last two cases gives osculating circle of the
parabola C. Higher order osculation gives higher correcting term. This
was partially explored in [1] and the references therein.

There is way of axiomatic description of local intersection in the affine
plane A%. The intersection multiplicity is a number i p(C, D) = dimy, Op.cnp =
dimy, Op a2/(f, g) satisfying the following axioms:

1. ip(C,D) =0if and only if P € CN D, ip(C,D) = o if C and D

have a common component through P, otherwise ip(C, D) € N, the
set of non-negative integers,

2. ip(D,C) = ip(C, D),

3. iP(Cl +Cs, D) = ip(cl7 D) +iP(CQ,D), where Cy + C5 is the curve
defined by fi fa, with f; defining Cj,

4. ip(C',D) = ip(C, D), if C' is defined by f + gh, some h € k|, y],

5.ip(C,D) = 1, if f =z —a, g =y — b, or more generally, if the
Jacobian J(f, ¢)/0(x,y) is not zero at P,

6. ip(D,FE) > min(ip(C,D),ip(C, F)), if P is a simple point on C,
and C' has no common component with D or E through P,

7. ip(C,D) > ip(C) - ip(D), the equality holds if and only C and
D intersect transversaly at P (i.e. if the curves have no common
tangents at P ),

A similar properties can be given for a non-singular surface S taken

instead of plane A? and the curves C, D are considered on the surface.

The axioms provide a way of more-less intuitive computation of local

intersection multiplicity, since the axioms have clear geometric meaning.

Some cases are easy to describe when computing intersection such

as transversal intersection, moving lemma cases, reduction of multiple
intersection to irreducible cases.
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However, there are many questions hidden inside the intersection cal-
culus. We are concerned with the following one connected to the last
intersection axiom. What additional information does one need in order
to compute the intersection multiplicity based on the multiplicity of the
point on each curve? As we see in the next, the answers are not so direct.

5 Techniques of computation

In order to achieve the result in terms of invariants of the Cech cohomol-
ogy, we use a technique of Koszul complex.

Let a = (a1, ...,a;) denote a system of elements of the ring A. The
Koszul complex K (a; A) is defined as follows: Let F' denote a free A-module
with basis e1,...,e; and K;(a; A) = AY(F) for i = 1,...,t. A basis of
K;(a; A) is given by wedge products e;;, A... Aej for 1 < j; < ... <
ji <t. The boundary homomorphism K;(a; A) — K;1(a; A) is defined by
dizej, Ao Nej = S (=DFla; e AL Aei, A... Aej, on the free
generators. For an A-complex X, we define K(a;X) := K(a; A) ®4 X.
We write H;(a; X), where i € Z, for the i-th homology of K(a; X).

0 AoA - AG) 5 5450

The idea behind Koszul complex is the detection the level of algebraic
independence (syzygies) of the elements in a characterized by the Hilbert-
Samuel intersection multiplicity.

Using the above techniques applied on regular sequence (f,g) in A =
E[z,y](z,y), m = (z,y)A and denoting ¢ the number of common tangents,
one gets

eo(f,9;A) =cd+t+L£>cd+t,

where £ = £4((fm™ + gm™ + m™+1)/(fm"¢ + gm™?)) for n > 0.

Similar result can be obtained for A = k[x,y, 2](5,y,.) and eo(f, g, h; A).

It is technically same for higher dimensions, however the notation is
very heavy.

The approach of Koszul complexes has been used by Serre, Fulton,
Roberts, Schenzel and they obtained other algebraic results in certain
setup.

e Fulton’s cycle theory forms a Chow ring with a multiplication de-
fined via intersection as Y - Z = >, iw (Y, Z)[W] for a proper
intersecting varieties Y, Z and all components W therein. Moving
approach required for improper intersections. Rational equivalence
is used. See [4].

o Serre’s formula for the intersection multiplicity of subschemes Z, J
in a scheme X at a point x uses the 1 derived functors and gives

Z(fl)ilengthox‘mTor?X’“ (Ox,4/Ts,Ox 0/ T)
i>0
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It works basically as Euler characteristic of a complex corresponding
to the intersection. See [6].

e W. Vogel’s and J. Stiickrad’s approach is able to describe even im-
proper intersections. See [3], [7].
The approaches lack geometric interpretation at least in certain cases.
We propose a way of describing it in planar case using the following three
steps.
e The crucial plane case is the case of two curves with a common
tangent (recall parabola and a circle from the set of intersection
examples).

o The cases with more tangents at an intersection point can be reduced
to this case using blowup transform applied simultaneously on both
curves.

e The combination of the local multiplicities has to be done combining
the multiplicities.

6 Conclusion

We have surveyed few notion of intersection multiplicity. The used tech-
niques are in detail described in several outstanding books or publications
and we adopt them for the interpretation of local intersection following
the axiom of the intersection.

We plan to use blowup technique to interpret geometrically the lo-
cal intersection of curves in terms of mutual osculation of curves along
common tangents.
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Abstract. The paper deals with different possibilities of visualisation of
mathematical relationships in problem solving. A new viewpoint can give us new
ideas and conception leading to simplified solution of a mathematical problem.
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1 Introduction

The idiom ‘A picture is worth a thousand words’ refers to the notion that a
complex idea can be conveyed with just a single still image or that an image of a
subject conveys its meaning or essence more effectively than a description does.

! One Look Is Worth ]
i A Thousand Words-- l

Fig. 1: The part of 1913 newspaper advertisement, Ohio, USA [7]

Likely the same idea lead Edward R. Tufte to write his books [1, 2, 3] and
thus to coin information visualisation in 1983. He illustrated the importance of
visual grasp of information on convincing example from 1854, when the cholera
disease raged in London. An exemplary use of map to chart patterns of disease
was the famous dot map of Dr. John Snow, who plotted the location of deaths
from cholera in central London for September 1854 [1].

Fig. 2: Snow’s map of location of deaths from cholera in central London
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Examining the map in Figure 2, Snow observed that cholera had spread
among those who lived near and drank from the Broad Street water pump. The
famous dot map showed itself as lifesaving, because the contaminated pump was
removed, ending the neighbourhood epidemic which had taken more than 500
lives. The link between the pump and the disease might have been revealed by
computation and analysis, but here the graphical view testifies about the data far
more efficiently than calculation.

2 Visualisation in problem solving process

In mathematics, we often associate visualisation with drawing pictures as an aid
to getting started on problems. But it has a much wider role in problem solving.
Visualisation helps the development of ideas and supports communication of
results and understanding. The process of creating a visual picture of
relationships between key elements of the problem has two steps [6]. In the first
step the problem solver creates an internal model (mental imagery) and then in
the second step he or she creates the real visual model (visualisation) of it.

The problem solver can use visual models basically for two different purposes.

A) reify the problem,

B) generalise the problem.

For the case A) we give an example of creating
a visual model during problem solving by 5th
grade pupil. He/she solved the following
problem:

Mara said: “I have so many brothers as sisters.’
Her brother Jano said: "I have three-times as
many sisters as brothers.” How many are the
siblings?

He/she prepared the visual model pictured in
Figure 3 and gave a correct answer. Apparently
he needed to grasp the problem in more concrete
form: to name the siblings.

5

Fig. 3

His/her visual representation shifts the problem into entirely concrete real life
case.

For case B) generalisation, we give the following example to solve a practical
problem:

We have got 6 litres of liquid in two 3-litre containers, as well as a 5-litre empty
container. Spread the liquid into the 3 given containers, 2 litres in each of them.
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> We can visualise the problem as in Figure
u 4, but it does not help to solve it. We need

to find a new approach, a new insight into

3 4+ 3 the problem. The general aim is to divide 6
litres of liquid into 3 parts, i, j, k, such that
(S, | E— i+j+tk=6,when 0<i<3,0<j<3,0<k<
5, what follows from the capacity of the
2 + 2 4+ 2 containers.
Fig. 4

We can visualise the situation on a triangular mesh as in Figure 5. The grid
points of the mesh have integer triples as coordinates. The solution is located in
the bordered region because of the given restriction for i, j, k.

y\
105 015

204 024

303 033
w
402 042
501 /E]\ 051

600 510 420 330 240 150 060

Fig. 5: Solution of the inverse problem

The practical realisation of the solution is possible only by steps reaching the
border of marked region (it means to empty one of the containers). Now we can
see that the original problem has no solution, only the inverse problem, when we
have got 6 litres of liquid in 3 containers (with capacity 3 1, 3 1, 5 1), 2 litres in
each of them and we have to spread the liquid into two 3-litre containers and
leave the 5-litre container empty.

The task of perpendicular clock hands is found in multiple collections of math
exercises, and has also been featured as a Mathematical Olympiad assignment.
One possible wording is [4]:

The cuckoo clock has the hands just perpendicular to each other now. How many
minutes later will they be perpendicular to each other again?

In the solution process we need to overcome two obstacles. The first obstacle
is taking into account the constant movement of the hands. If the little hand was
fixed, the big hand should go for 30 minutes. But during those 30 minutes, the
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small hand crosses halfway between two numbers. Than the big hand has to move
accurately. But at that time the little hand moves further, and so on. We get an
endless sum. We will resolve this issue by a different insight into the problem.
Forgetting about the movement, we'll just look at the initial and final state of the
hands and compare them. Here we get to the second obstacle. How to describe
these states with angles between hands? (Usual problem of solvers.) The process
of converting minutes to angles and back causes opacity of the solution. (The
same mistake was made in [4].) Then forgetting about the angles, let's assume
that the hands will be perpendicular again in t minutes. We know it takes 30
minutes, plus the extra minutes connected to the movement of the big hand for
time t.

Because the big hand moves 12 times slower than the small one, it takes t/12

minutes. So we have equation t = 30 + é and hence t =

32% minutes. Here, the thought behind the picture is much

more important than the visual picture itself.

In these cases the mental picture and the visualisation of
problem solving show us a way of generalisation and
possibilities of creating similar tasks.

Fio. 6

3 Visual proof

Visual proof shows the core of geometric relationship immediately in picture.
The most famous visual proof is the proof of Pythagoras theorem. But not only
typical geometric problems are worthy to visualise. The next example shows the
visual proof of incommensurability of the side and diagonal of a regular
pentagon. It is not a rigorous proof, but it makes the result almost apparent at
first sight [5]. We ask if d (diameter) and s (side) are commensurable (Fig. 7). If
yes, they are both multiples of a common interval e, and the interval d-s on the
second picture is also a multiple of the interval e.

AN
a LV

Fig. 7

In the inside green pentagram again, we have to find a common part e of the side
and diameter (Fig. 8). While it is a never ended process, we can see that there
does not exist such a common part e, thus d and s are incommensurable.
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Fig. 8

Applying the most important Tufte's principles [1], [5] we can create different
easily understandable visual proofs. Now we summarise the most important
visual explanation principles in a nutshell:

1. create visual hierarchy,

2. integrate text and graphics (to avoid unnecessary eye movements which are
against easy comprehension),

3. make the pictures themselves carry a story.

Example: Proof of the theorem on Wallace-Simson line: Given a triangle ABC
and a point P on its circumcircle, the three closest points to P on lines AB, AC,
and BC (Cy, By and A;) are collinear.

Are C1, B1 and As collinear? We proVe that the 2 marked angles are equal. Thales circle.

i B B N i I \

Inscribed angles are equal. The same is valid in second circle. Circumcircle of CiBA1P.
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The sum of oppos'ite inscribed angles is 180°, thus the inscribed angles at P are equal.

In Figure 9 we can follow the proof of equality of the angles AB;C; and CB1A;
which means the collinearity of points A;, B1 and C;.

4 Conclusion

Visualisation in problem solving is a complex cognitive process which is worth
supporting in every step of thinking: creating a mental model, a view (mental
imagery) and final visualisation. The more a teacher supports it, the more the
students give creative independent problem solving. Geometry teaching is much
more connected with visualisation than other mathematical disciplines. We
showed some examples for effective use of visual explanation and visual proof
in geometry teaching also.
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Abstract. In the paper, we demonstrate various robot movement scenarios along a
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1 Uvod — motivace

Pohyb télesa je pfimo spojeny s pusobici silou. Tento fakt je kvantitativné
popsany druhym Newtonovym zakonem. Jeho vyjadfeni s vyuzitim asové
zavislosti dava vztah
d?s(t)
F(t)=m—-
(t) 2 (1)
Pro plynuly pohyb (tj. bez ndhlé¢ — skokové zmeény sily, resp. se spojitym
prabéhem sily) z (1) plyne, Ze trajektorie musi spliiovat parametrickou hladkost
druhého stupné — C,.

Takto formulovana podminka je ¢asto pro studenty piili$ abstraktni. Proto je
vhodné toto demonstrovat realnym experimentem.

V soucasné dob¢ jsou dostupné jednoduché programovatelné mobilni HW -
systémy. Naprogramovani jejich pohybu na zakladé formalizmu, zaloZzeného na
popisu kiivek jako NURBS objektli, dovoluje vyrobit sadu experimenti pro
demonstraci tvaru vysledné trajektorie v zavislosti na predpokladané
parametrické hladkosti jednotlivych ¢asti pozadované trajektorie.

V piispévku popisujeme takové experimenty pro mobilni HW-systém
SPHERO. V ramci experimentd se omezujeme na jednoduchou trajektorii —
hranici ¢tverce.

V nasledujici kapitole popisujeme riizné scénate predpokladaného pohybu
Vv zavislosti na pozadované parametrické hladkosti v rozich ¢tverce. V Kap. 3.
je popis zatizeni SPHERO a popis samotné aplikace. V zavérecné kapitole je
ukézka redln¢ dosahnuté trajektorie pro rtizné scénaie pohybu.
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2 Ctvercova trajektorie a jeji riizné scénaie
Ptedpokladejme ctvercovou drahu vytycenou body

A=(0,0) B=(d,0), Cc=(d,d) D=(d,0) (2)
Nejjednodussi scénaf je dany linearni parametrizaci. Ukazeme dalsi tfi scénaie
pohybu.

Vzhledem na to, Zze kubicka Bézierova ktivka je ¢asto pouZzivany nastroj,
vytvofime tomu odpovidajici postup. Nasledujici dva scénafe odvodime
z uniformnich b-spline ktivek druhého a tretiho stupné.

Ve vsech ptipadech se omezime na konstrukce, které pouzivaji jenom
body (2). Je tteba zduraznit, Ze podminku parametrické hladkosti druhého
stupné splituje z uvedenych piipadd jen kubicky uniformni b-spline. Druhy a
tieti scénai maji jen parametrickou hladkost C;. Prvni scénaf je jenom ze tiidy
Co (parametricka spojitost).

2.1 Ctverec s linearni parametrizaci

ey ==

sttedni $kole. Vysledna trajektorie z takto vytvofenych ¢asti ma po castech
konstantni rychlost

A+t(B-A) O<t< B-A 0<t<l

ot )= B+t(C-B) 1st<2 Pt )= C-B 1<t<2 ;
c+t(b-c) 2<t<3 p-c 2<t<3 (3
D +t( A-D 3<t<4

)
A-D) 3<t<4
Co.

a oCividné je jenom ze tiidy

2.2 Ctverec jako posloupnost kubickych Bézierovych kiivek
Uvazujme posloupnost kubickych bézierovych ktivek zadanou dvojnasobnymi
fidicimi body:

AABB, BBCC, CCDD, DDAA. 4)

Nasobnost fidicich boda zaruéi, ze rychlost pohybu v koncovych bodech je
nulova a vysledna ktivka je isecka. Vzhledem Kk tomu, ze druha derivace je
linearni funkce s hodnotami v koncovych bodech

P"(0) =6(Py,—2P, + P,), P"(1) = 6(P, — 2P, + P3), (5)

Vv piipadé naseho scénafe (4) dostdvame napf. na prvni tsecce hodnoty druhych
derivaci

P”(0) =6(B —A), P"(1) = 6(A — B). (6)



Planovani pohybu robota pomoci nastroji nUrBS 105

Napi. ve vrchole B tak dostavame skokovou zménu druhé derivace z hodnoty
6(A — B) na hodnotu 6(C —B) .

2.3 Ctverec jako kvadraticky uniformni b-spline
Uvazujme kvadraticky uniformni b-spline uréeny fidicimi body
AABBCCDDAA. )

Kvadraticky uniformni b-spline definovany tidicimi body Py P; P, je totozny

s kvadratickou Bézierovou kiivkou ur¢enou fidicimi body
Py 4P P 4P oy y .
Ry = 02 t, R,=P, R, :% [1]. Proto scénai napt. pro usecku AB
. y C L T " g A4B
obsahuje dvé kvadratické Bézierovy kitivky, s fidicimi body 4,4—, a

? , B, B. Vzhledem k tomu, Ze pro druhou derivaci plati

P"(t) = 2(Ro— 2R; + R3), (8)

i vtomto pfipadé dostdvame nespojitost druhych derivaci. Napt. uprostied
usecky AB nastava skokova zména z hodnoty B — A na hodnotu 4 — B a ve
vrcholu B je to skok z A— Bna hodnotu € — B, coz je 6 krat méné
V porovnani se scénafem kubické Bézierovy kiivky.

2.4 Ctverec jako kubicky uniformni b-spline
Uvazujme uniformni kubicky b-spline s fidicimi body
AAABBBCCCDDDAAA, (9)
tj. posloupnost Coonsovych ktivek [1] s fidicimi body AAAB, AABB, ABBB,

BBBC, BBCC, BCCC, ... DDAA, DAAA. V tomto pfipadé¢ je napi. usecka AB
tvorena tremi kiivkami — ise¢kami s koncovymi body

SA+E A+5E

A, )
6 6

,B, (10)

Vzhledem ktomu, Ze druhd derivace Coonsovy kiivky je linearni funkce
S hrani¢nimi hodnotami
P”(O)=(P0—2P1+P2), P”(]_)Z(P]__ZPZ‘FPg), (11)

na trajektorii AB tak v bodech (10) se dosahuji hodnoty 0, (B — A4), (A — B), 0,
tj. pro cely scénai (9) dostavame po ¢astech linearni spojitou funkci.
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AB b-splinel
AABB Bézier3
AABB = AAB + ABB b-spline2
—
AAABBB = AAAB + AABB + ABBB b-spline3

_— —

Obr. 1: Cty¥i scénaie generovani usecky.

Na Obr.1 je rychlost je znazornéna délenim usecky (je pfimo umérna délce
usecek), pusobici sila Sipkou. V ptipadech Bézier3 a b-spline3 je prubeh sily
linearni (v ptipadé b-spline3 je sila v koncovych bodech nulova). V piipadé b-
spline2 je na jednotlivych usecich sila konstantni. V ptipadé b-splinel
vzhledem na rovnomérnost a pfimocarost pohybu je pisobici sila nulova.

3 SPHERO a jeho ovladani

V ramci pouziti experimentu byl vyuzit sféricky robot oznacovany jako
SPHERO. Jde o jednoduchy HW-systém skladajici se z motorl zajistujicich
pohyb a nékolika senzoru, které SPHERO, potazmo uzivatel, vyuziva. K jeho
ovladani se zpravidla pouziva smartphone nebo tablet, do které¢ho se nainstaluje
ptislusna aplikace. Druhou moznosti je vyuziti pfimého programovani [2]. Pro
tyto Gcely jsou k dispozici i vytvofené SDK bali¢ky a jednoduché ukazky [3].
Technické parametry

Vaha: 170 g,

nabijeni: induktivni,

baterie: 2x 350 mAh LiPo (az 1 hodina provozu),

rychlost: az 2 m/s,

obal: tvrzeny polykarbonat (odola narazu a padu),

robot je vodotésny (plave na vodé i pod vodou),

komunikaci zajistuje Bluetooth ver 4.0 a novéjsi (dosah az 30 m),
senzory: gyroskop, akcelerometr, teplomér,

LED diody pro barevné osvétleni robota.
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Hlavni funkénosti robota je samoziejmé kutaleni se a vyuziti senzorii. Kromé
senzori ma v sob& robot zabudovany algoritmy pro orientaci v prostoru,
piepocet ujeté drahy na cm, detekci kolizi nebo volného padu a také detekei,
jakym smérem se robot natocil. Hodnoty, které miizeme z robota ziskat, jsou:

e draha (cm),
orientace (°)
hodnoty gyroskopu (°/s)
hodnoty akcelerometru (g),
rychlost (cm/s)
ujeta vzdalenost (cm).

Pro ovladani SPHERA byla vyuZita aplikace Sphero Edu stazena z Google
Play (pro systém Android). V ni se da robot ovladat pomoci jednoduchého
ovladani skladajiciho se z virtualniho joysticku. Dal§i moznosti je programovat
robota bud’to pomoci tzv. blokl, kde kazdy blok ma sviij specificky vyznam a
ucel a které uzivatel skladd za sebou a vytvari celek, ktery pfipomind treba
vyvojovy diagram nebo pfimo psanim zdrojového kodu. Zde je vyuzit jazyk
JavaScript [4]. Jak u bloki, tak i v ptipadé JavaScriptu nebo piimého
programovani se pohyb SPHERA urcuje tak, Ze se mu nastavi rychlost a tihel
jeho natoCeni. Pak uZ je na nas, jak dlouho robota nechame kutélet s takto
nastavenymi hodnotami. Programovéani v JavaScriptu bylo vyuzito pfi
experimentech.

3.1 Sphero Edu

Aplikace je vytvoiena piimo autory SPHERA a je dostupna pro systémy
Android, iOS i Amazon Kindle a také jako doplnék pro prohlize¢ Chrome. Ve
vSech pripadech je nazev aplikace stejny. Po nainstalovani aplikace se uzivatel
musi registrovat. V priibéhu urci, jakou roli bude zastavat (ucitel nebo student),
kde ucitel mize navic vytvaret tzn. krouzky nebo tfidy a do nich studenty
pozvat. Nasledné mize uzivatel zacit vytvaret vlastni projekty. Aplikace také
umoziuje prohlizet projekty vytvofené pfimo autory SPHERA nebo projekty
vytvotené komunitou. Cizi projekty je mozné si zkopirovat a dale upravovat dle
potieby.

K vétsimu pohodli pti vytvafeni, obzvlasté pii programovani v JavaScriptu,
je lepsi nainstalovat aplikaci v prohlize¢i Chrome a na svém pocitac¢i nebo
notebooku psat zdrojovy kod. Jelikoz aplikace zatim nepodporuje ovladani
robota pfimo pomoci pocitace, staéi se na mobilu ¢i tabletu pfihlasit pod
stejnym uétem jako na pocitaci, obnovit seznam vlastnich projektd a nasledné
aktualizovany projekt spustit.
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3.2 Vytvorené projekty

Béhem experimentti bylo vytvofeno celkem 7 projektt — JavaScript programii.
Kromé linearniho ptipadu byly kiivky naprogramovany ve 2 variacich. Prvni
poc¢ita rychlost jako rozdil teoretické polohy v sousednich hodnotach ¢asové
diskretizace, druha vyuziva hodnoty odvozenych prvnich derivaci v bodech
Casové diskretizace. Projekty se daji najit v aplikaci pod nazvem:
SQUARE [typ_krivky] ([vypocet_rychlosti])

o [typ_krivky] — Bezier3, b-spline2, Coons,

e [vypocet_rychlosti] — derivation, discretization,

o  Specialni piipad je SQUARE Polyline.

Napi.: SQUARE Bezier3 (derivation)

4 Vysledky experimentii

SPHERO poskytuje export vSech naméfenych hodnot. Nize uvadime, Obr.2-5
zaznamenanou polohu u realizovanych experimentl. Kazda varianta byla
opakovéna tfikrat. Vzhledem k tomu, Ze rozdily byly malé, uvadime jen
jednoho zastupce z kazdé varianty.

Obr. 2 ukazuje, Ze linearni fizeni Cy je pro danou trajektorii zcela nevhodné.
Setrvacnost pohybu zafizeni ovlivni vyslednou trajektorii tak, ze prakticky
viibec neodpovida predepsané draze.

Rizeni kubickym Bézierovym splinem Obr. 3 i uniformnim kvadratickym b-
splinem Obr. 4 ukazuje, Ze pro fizeni robota v rozich ¢tverce je C; hladkost
nedostate¢na. Pozitivnim vysledkem je, Ze fizeni kvadratickym b-splinem je
lepsi. Toto je vsouladu s teorii (kap. 2.3). Zde stoji za zminku, Ze nespojita
zména druhé derivace se pfi daném tvaru trajektorie uprostied hrany Ctverce
pro fizeni b-spline2 neprojevuje.

Nejlepsi vysledky vykazuje fizeni kubickym Coonsovym splinem, co
potvrzuje, Ze dany HW je dostateéné vhodny nastroj pro demonstraci nutnosti
C, hladkosti pfi fizeni téles s nezanedbatelnou hmotnosti.

A

’//' T “‘-\\. 1 l 1 . r“Al

r[ | - | |
! / ! i 1 |

/ e

a) b) 9 d)
Obr. 2: Rizeni robota a) Linearni, b) Bezier3, c) b-spline2, d) Coons
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S5 Zavér
Vysledky experimentd s pouzitim rtznych scénaiti pro fizeni pohybu robota
ukazuji, z2 HW SPHERO je vhodnym nastrojem, na kterém je mozné
demonstrovat ne jenom rozdil fizeni s riznym stupném hladkosti Cy — C,, ale i
rozdily v ramci C;.

Dalsi vyzvou je pokusit se zpiesnit fizeni tak, aby robot dosahnul cil
(uzavienost trajektorie).

Podékovani
Tento ¢lanek vznikl v ramci institucionalni podpory rozvoje KIP PiF OU.
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Modelovani ploch technické praxe a jejich
3D tisk

Modeling of technical surfaces and their 3D
print
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Abstrakt. Ruled surface are often used in civil engineering. In this
poster we describe parametrization and modeling for 3D print some
of them. We use OpenSCAD solid 3D CAD modeler. Unlike most free
software for creating 3D models it does not focus on the artistic aspects
of 3D modelling but instead on the CAD and programmers aspects.

Keywords: OpenSCAD, 3D modeling, ruled surface, parametrization

Kli¢ovd slova: OpenSCAD, 3D modelovani, ptimkové plochy, paramet-
rizace

1 Uvod

Ptimkové plochy jsou casto vyuzivany ve stavebnictvi. V tomto ¢lanku
ukazeme parametrizaci a modelovani pro 3D tisk nékterych z nich. Pouzi-
nych 3D modelovacich programu se nezaméiuje na vzhled objektu, ale
na technickou a programéatorskou stranku navrhovani. Pii vytvareni ob-
jektu muzeme vyuzit Sirokou skalu ndstroju — mnozinové operace (sjed-
noceni, prunik, rozdil) na preddefinované primitivni télesa, matematické
funkee, specidlni modelovaci funkce (sweep, extrude) a dokonce pomoci
vestavéného makrojazyka si vytvorit vlastni primitiva s vyuzitim cyklq,
podminek a dalsich programétorskych néstroju.

2 Modelovani piimkovych ploch stavebni praxe

Ptimkové sroubové plochy se snadno parametrizuji, a proto jsou vhodné
na uvod do problematiky modelovani pfimkovych ploch. Jednoduchost
neni jenom matematickd, ale i konstrukéni - neni snad jind moznost, jak
vytvorit zakiivenou plochu jenom pomoci piimych nosnikt. Dalsi jejich
vyhodou jsou pii vhodné volbé rozmeéru a sily nosniku exceletni statické
vlastnosti.
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rt=2; $fn=100;

xA=130; yA=30; zA=0;
/*xB=?;*/ yB=10; zB=30;

x0=70; y0=0; 20=0; //bod osy
vz=100; //vyska zavitu

tB=CyB-yA)/(yA-y0);

XB=xA+tB*(xA-x0);

A101=sqgrt(pow(x0-xA, 2)+pow(y0-yA,2));
B101=sgrt(pow(x0-xB,2)+pow(y0-yB,2));
A1B1=sqrt(pow(xA-xB,2)+pow(yA-yB,2));
AB=5qrt(pow(xA-xB,2)+pow(yA-yB,2)+pow(zA-2B,2));
rotZ=atan((xA-xB)/(yA-yB));
rotX=atan((-zA+zB)/A1B1);

translate([0,0,-rt])

color("red")

differenceO{
cylinder(h=vz+zB+2*rt,r=B101+rt/2,center=false);
cylinder(h=(2*vz)+(4*zB),r=B101-rt/2,center=true);
}//end trans

Etranslate( [x0,y0,81){

Hfor(fi=[1:1:360]){
translate([0,0,vz*fi/360])
rotate([0,0,-fi])
translate([xA-x0,yA-y0,zA-z0])
grotute([g-rotx,a,-mtz]){

D1 F(Fi%12==0){

color("red")
cylinder(h=AB+rt,r=1.2*rt,center=false);
Yelsef
cylinder(h=AB+rt,r=rt,center=false);
F}//end if
color("red")sphere(1.2*rt);

F}//end trans

+}//end for

L}//end trans

Obrazek 1: Kosothla uzaviend piimkova sroubova plocha

2.1 Primkova Sroubova plocha

Nejznaméjsi a nejcastéji vyuzivanymi zastupci piimkovych ploch jsou prim-
kové sroubové plochy. Vyuziti je rozmanité, napt. Srouby, schodisté a jejich
origindlni zastfeseni.

Parametrizace Sroubovice je zobecnénim kruznice do prostoru, spolu s jed-
noduchou parametrizaci piimky, proto jsou tyto plochy idealni pro tvod
do problematiky parametrizace ploch.

Pii 3D tisku je tfeba pocitat s dostatecné velkou zékladnou, aby nedoslo
k odtrzeni objektu od zdkladny, pii sklonu Sroubovice alespon 40° pak
neni nutné ani pouziti podpér.

2.2 Hyperbolicky paraboloid

Hyperbolicky paraboloid neboli sedlova plocha. Jednou z moznosti zadani
jeho ¢asti je uréit ji zborcenym étyiihelnikem (protéjsi strany jsou mi-
mobezné), tvoiici piimky protinaji vzdy dvojici protéjsich stran a jsou
rovnobézné s fidici rovinou. Ve stavebnictvi se s nim muzeme setkat ve
dvou formach:

a) zameérné vytvoreny — zastfesen{ lichobéznikového pudorysu

b) nechtény — pii neptresné zhotovené pultové stiese, jejiz protéjsi hrany
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rt=2;  $fn=100;
xA=150; yA=0; zA=120;
xB=0; yB=40; zB=0;
x(=10; yC=150; z(=90;
zD=20;

al=xB-xA; a2=yB-yA; a3=zB-zA;
bl=xC-xB; b2=yC-yB; b3=zC-2B;
el=xC-xA; e2=yC-yA;
u=(b1*e2-b2*e1)/(al*b2-a2*b1);
t=(el+u*al)/bl;

xD=xC+u*al; yD=yC+u*a2;
€1=xD-xC; c2=yD-yC; c3=zD-zC;
dl=xD-xA;  d2=yD-yA; d3=zD-zA;

BEfor (u=[0:1:1001){

f=u/100;
xF=xA+f*al; yF=yA+f*a2; zF=zA+f*a3;
xH=xB+f*bl; yH=yB+f*b2; zH=2zB+f*b3;
xJ=xD-f*dl; yl=yD-f*d2; z]=2D-f*d3;
gl=xC-xF; g2=yC-yF; g3=zC-zF;
r=(g1*b2-g2*b1)/(c2*bl-c1*b2);
XG=xC+r*cl; yG=yC+r*c2; zG=zC+r*c3;
translate([xF,yF,zF])color("red") sphere(1.2*rt);
translate([xG,yG,2zG])color("red") sphere(l.2*rt);

dml=sqrt(pow(xG-xF,2)+pow(yG-yF,2));
rotZ=asin((xG-xF)/dml);
dm=sqrt(pow(dml,2)+pow(zG-zF,2));
rotX=asin((2G-zF)/dm);

translate([xF,yF,zF])
rotate([-98+rotX,0,-rotz])

35 pI1 F(u¥10==0){

color("red")

cylinderCh=dm,r=1.2*rt, center=false);
Jelse{

cylinderCh=dm,r=rt, center=false);
+}//end if

}//end for

Obrézek 2: Hyperbolicky paraboloid

(nosniky) nejsou rovnobézné (v piipadé skleniku se sklenéné desky tihlo-
piitné ldmou)

Pro tisk je nutné vhodné umisténi podpér, které by ale nemély narusit
prostorovy dojem z plochy.

2.3 Plocha marseilleského oblouku

Zajimavym piikladem piimkovych ploch ve stavebni praxi jsou konusoidy.
Jedna se o piimkové nerozvinutelné plochy urcéené trojici kiivek, tvorici
piimky plochy musi protinat vSechny zadané kiivky napt. Marseillesky
oblouk je urcen piimkou a dvojici kruznic, z nichz jedna je posunuta
vertikalné dolu, analogicky muzeme vytvorit tzv. ”sikmy pruchod”, jedna
kruznice se posune horizontalné.

Tisk je mozny pii umisténi bud’ na vhodné dimenzovanou podstavu, pti-
padné pii oto¢eni na celni pulkruznici s dostateé¢nou sitkou.
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1 r1=90; r2=60; yS=100; zS=38; rt=2; $fn=100; 25 | eylinder(h-da,r=rt, center=False);

2 v=asin(25/r2); 26 | mirror([1,0,0])

3 27 | translate([r2*cos(u),yS, r2*sin(u)-251)

4 Edifference){ 28 | rotate([98-rotX,@, rotZ])

‘»%umunc){ 29 | cylinder(h=da,r=rt, center=false);

6E1for (u=[v:1:991){ 30 1-}//end if

7 | t=absCatanC(rz*sinCu)-z8)/Cr2*cos(ud))); 31 |3//end for

8 | d=sqreCponCri*cos(t)-r2*cos(u),2)+pow(ys,2)); 2L

9 | rotZ=acos(ys/d); 33 | rotate([90,0,81)

10 | da=sqrt(pow(ri*cos(t)-rz*cos(u),2)+pow(ys,2) 34 gicolor("red")difference(){

11 +ponCri®sin(t)-r2*sin(u)+zS,2)); 35 | cylinder(h=3*rt,r=r1+1.5%rt, center=true);
12 | rotX=acos(d/da); 36 | cylinder(h=6*rt,r=ri-3*rt, center=true);
13 37 | 3/7end diff

14 £ FQUEL0--0){ 38

15 | translate([r2*cos(u),yS, r2*sin(u)-251) 39 | translate([@,yS,-zS])

16 | rotateC[90-rotX,@,rotz]) 40 | rotate([90,0,01)

17 | color("red")cylinder(h=da,r=1.5%rt, center=false);  41fcolor(*red")difference(){

18 | mirrar((1,0,8]) 42 [ eylinder(h=3%rt,r=r2+1.5%rt, center=true);
19 | translate([r2*cos(u),yS, r2*sin(u)-z81) 43 | eylinder(h=6"rt,r=r2-1.5%rt, center=true);
20 | rotate([90-rotX,0, rotZ]) 44 L3//end diff

21 | color("red"Jeylinder(h=da,r=1.5*rt, center=false); 45 [3//end union

22 | Jelsef 46 | translate([-2*r1, -yS+2*rt,-2%r1])

23 | translate([r2*cos(u),yS, r2*sin(u)-251) 47 | cube([4*r1,2%y5,2%r1], center=false);

24 | rotate([9@-rotX,0, rotZ]) 48 | }//end diff

Obrézek 3: Marseillesky oblouk

3 Zaver

Na pifmkovych plochach muzeme studentim ukézat praktické vyuziti
analytické geometrie v prostoru — parametrizaci piimky (dsecky), kruzni-
ce, Sroubového pohybu, aplikaci goniometrickych a cyklometrickych funkci
veetné problému s definiénim oborem a oborem hodnot.

Technologie 3D tisku nam umoznuje uzaviit cely fetézec ”vymyslet, vypo-
¢itat /vytesit a vytvorit”. Ijlohy uz nejsou jenom abstraktnimi problémy
ale redlnymi. Je nutné nejen najit teoretické reseni, ale jesté ho prevést do
realizovatelné podoby s ohledem na moznosti tiskaren, materialu, naklady
i cas realizace. Vytvofené modely pouzivame ve vyuce deskriptivni a kon-
struktivni geometrie.

Podékovani

3D tiskarny Prusa i3 MK2 a Flashforge Creator Pro byly pofizeny z grantu:
Projekt 7/2016 : Inovace pocitacovych uceben a inovace néplné nékterych
pocitacovych predmétu.
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Zajimavé vlastnosti elipsy,
které se neprobiraji v ramci bézného uciva
Interesting properties of the ellipse which
are not mentioned in the standard syllabus

Alice Kralova

Ustav matematiky LDF Mendelovy univerzity v Brné
Zemédélskd 3, Brno, 613 00
alice.kralova@mendelu.cz

Abstrakt. Deduction of parametric representation of the ellipse, which
is in position that its major axis is rotated in relation to the z-axis.
Using these equations we will be able to draw the ellipse if three of its
points are given — vertex A, co-vertex C' and a common point M.

Keywords: Parametric representation, Ellipse, Revolution.

Klicovd slova: Parametrické rovnice, elipsa, otaceni.

1 Pootocena elipsa

V tomto pfispévku se podivame na to, jak budou vypadat parametrické
rovnice elipsy, jejiz hlavni osa je pooto¢ena vzhledem k ose z o zadany
thel «. Ziskané rovnice uzijeme pro konstrukci elipsy, ktera je urcena
hlavnim vrcholem A, vedlejsim vrcholem C' a obecnym bodem M.

2 Parametrické rovnice elipsy

Méjme zadédnu elipsu v ,zdkladni poloze“ se sttedem v bodé S[0; 0], hlavn{
poloosou délky a v ose x a vedlejsi poloosou délky b v ose y. Tuto elipsu
muzeme parametrizovat rovnicemi ¢ = a - cost, y = b -sint, t € (0;2m),

7 7. .7 ~ 7 . . 2 2
které vyhovujf jeji sttedové rovnici £z + %3 = 1.

Obrazek 1: Parametrizace elipsy v ,zakladni“ poloze

Musime vsak védét, ze uhel t v téchto parametrickych rovnicich neni od-
chylkou usecky SM, kde M je obecny bod elipsy, od kladného sméru
osy x! Tuto odchylku oznacime jako thel ¢.
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Abychom zjistili skute¢ny vyznam thlu ¢, ktery nazyvame excentrickd
anomdlie, uvazujme rozdilovou prouzkovou konstrukci elipsy. Sestrojime-
li pro obecny bod M elipsy tsecku M P o délce a tak, ze bod P lezi na
vedlejsi ose elipsy a bod @ na hlavni ose elipsy je vnitinim bodem usecky
MP, bude |MQ| =b.

Uhel ¢ udavé odchylku tsecky M P od hladného sméru osy x a pa-
rametrické rovnice elipsy lze vyjadrit z pravoihlych trojuhelnika M M;Q
a MMsP, kde My a M jsou kolmé pruméty bodu M na osy z a y. Spo-
jitost mezi dhly ¢ a t je ddna vztahem
tgp =Y =>Dbsnt — b .ty = o =arctg (L tgt).

Zvolme nyni soutadnicovy systém (S, z’,y’), v némz osa x’ svird s osou x
zadany thel o € <O; g> Necht je déna elipsa £ se stiedem S, jejiz hlavni
osa 01 je totoznd s osou z’. ProtoZe maji soufadnice obecného bodu M
elipsy € v systému (S, 2’ y') tvar 2’ = a-cost, y' =b-sint, t € (0;27), je
|SM| = Va2 - cos? t + b2 - sin®t.

Usecka SM je vzhledem k ose x oto¢ena o thel a+¢p = a+arctg (2 - tg t).
Protoze je hodnotou funkce arkus tangens tihel v rozsahu (—g; g), ziska-
me parametrizaci jedné poloviny elipsy &, a to oblouku omezeného ved-
lejsimi vrcholy C' a D na ose 3/, jenz protne kladny smér osy =’ v hlavnim
vrcholu A.

Pro parametrizaci zbyvajictho oblouku C'BD elipsy £ musime uvazovat
thel o + ¢ + ™ = o + arctg (g -tg t) + 7. Vzhledem k periodicité funkce
tangens stac¢i omezit t € (—g; g) .

Je-li bod P kolmym prumétem bodu M do osy x, uréime soufadnice
z ay bodu M v systému (S, z,y) uzitim pravoihlého ASPM tak, ze
cos(a+ ) = T = |SM| - cos(a + ),
sin(a + @) = 5 =y = [SM| - sin(a + ¢).

Obréazek 2: Parametrizace elipsy v pootocené poloze

Protoze cos(a + ¢ + ) = —cos(a + ¢), sin(a + ¢ + 7) = —sin(a + @),
parametrické rovnice elipsy £ maji tvar (x)
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:Ez\/@2-0052t+b2-si112t-cos[a—ﬁ—arctg(b-tg )] } te(-5:3)

= t
‘ - a pro oblouk
y=/aZ cos?t+b2-sin’t-sin [o + arctg (2 - tgt)] DAC

z=—Va2 cos2t+ b2 -sin®t - cos (o + arctg (g “tgt)] }tE (=3:3)

blouk
Y= —V/aZ - cos2t + b2 - sin®¢ - sin [o + arctg (g ~tgt)] proc?BBu

Vedlejsi vrcholy C' (gp = g) ,D (go = fg) parametrizujeme samostatné

C=[-b-sina,b-cosa], D=[b-sina, —b-cosal.

2.1 Konstrukce elipsy, je-li ddn hlavni vrchol A, vedlejsi vrchol C
a obecny bod M

Provedeme algebraické feseni této lohy. Aby se celd situace zjednodusila,
zavedeme novy soufadnicovy systém (O,2’,y’), v némz je bod O stiedem
usecky AC' a vrcholy A a C lezi na ose z’. Polozime A = [—r;0], C' = [r; 0],
kde r € (0;00). V tomto systému bude mit bod M obecné soufadnice
[m;ma].

Stied S hledané elipsy £ lezi na Thaletové kruznici k£ nad prumérem
AC, kterd je urcena stiedem O[0;0] a polomérem r, jeji parametrické
rovnice jsou tedy @’ = r-cosp, y' =1 -sinp, p € (0;27).

Protoze délka a = |AS| hlavni poloosy elipsy musi byt vétsi (nebo ale-
spoit rovna) délce b = |SC| vedlejsi poloosy, pro nalezen{ polohy stredu S
omezime velikost dhlu p na interval (—%; %) \{0}.

Délku a = ||ﬁ|| vyjédifme v upraveném tvaru 2r - cos (§) a délku

b = HC@H ve tvaru 2r - [sin (§)]. Protoze je [<COS| = p, odchylka «
hlavni osy elipsy £ od osy «’ je rovna |SCAS| = §.

Obrézek 3: Konstrukce elipsy pfi zadanych bodech A, C, M

Pro vyjadreni elipsy uzijeme odvozené parametrické rovnice (x), v nichz
k pravé strané pii¢teme souradnice stfedu S elipsy, nebot ten je posunuty
mimo pocatek O souradnicového systému. Po dosazeni ziskame rovnice
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' = :i:2r\/0052 (£) cos?t +sin? (£) sin? ¢t - cos [£ + arctg (| g (§)| gt)] + rcosp,
y :i2r\/cos2 (8) cos?t +sin? (5 (%)
ke pe (~5:5)\(0)t € (~5:3).

Jelikoz bod M[mq;mg] lezi na elipse &, dosadime jeho souradnice
za proménné z’ a y', a néasledné upravime pravé strany rovnic. V pro-
gramu Maple tedy fesime jednu ze dvou soustavu rovnic (v obou rovnicich
zapiseme bud’to znaménko +, nebo —)

my = 472 - /T + cos pcos 2t - cos (2 + arctg (|tg (g)’ ~tgt)] +rcosp,
mo = £rv/2- \/m sin [§ + arctg ([tg (§)] - tgt)] + rsinp,
kde p € (=5 5) {0}t € (=5:5)

Vysledkem vypoctu je velikost ihlu p, kterym otoc¢ime vedlejsi vrchol C'
kolem stiedu usecky AC do hledaného stfedu S elipsy, ¢imz je elipsa £
urcena. Pti chybné volbé dvojice rovnic program Maple thel p nespocita.

)sin2t-sin[§+arctg(‘ | tgt]+rsinp,

2.2 Parametrizace kiivek, po nichz se pohybuji ohniska F' a GG

V zavislosti na poloze stiedu S hledané elipsy £ se méni poloha jejich
ohnisek F' a G na hlavni ose 0; =<«> AS. Budou se pohybovat po jisté
kfivce, jejiz parametrické vyjadieni nyni odvodime.

Pouzijeme-li bod A a vektor ﬁ , muzeme parametrické rovnice hlavni
oSy zapsat ve tvaru
x=—-r+u-r-(1+cost)
y=1u-7-sint
(Z formalnich duvodu thel p pfeznaéime jako t.)

Osu o; protneme v ohniscich F' a G kruznici | se stfedem ve vedlejsim
vrcholu C' a polomérem a s rovnici (z — 7)? + y? = 4r% - cos? (1).
Dosazenim ziskame kvadratickou rovnici

[ ,UGR.

2 S V2 g2 2 (t
(=2r4u-r-(1+cost))®+ (u-r-sint)? = 4r% - cos? (%)
s proménou u, kterou nasledné upravime do tvaru

u? - cos? (%) — 2u - cos? (%) + sin? (%) =0.

0052(%)ﬂ: c0s4(2) 0052(%) sin2(%)

1 = _ _ 2cost
PakJQU1,2— COSZ(‘) =...=1=% T+cost"
_ _ 2cost _ 2cost ~ ;.
Prou; =1 Thcost & U2 = 1+ T oos je up < ug, COZ znamena, ze

hodnota u; udavéa polohu ohniska F', které je na ose oy blize hlavnimu
vrcholu A, a hodnota us uréuje ohnisko G vzddlenéjsi od vrcholu A.

Po dosazeni hodnot u; a us do parametrickych rovnic osy o; ziskame
parametrizaci kiivky f(¢), na niz lezi ohnisko F, resp. kiivky ¢(t) obsa-
hujici ohnisko G.
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) LB:T-<COSt— 200st-(1+cost)>
t):
y:r~sint-(1— f;g;;t)
r=r- (costJr \/QCost»(1+cost)>
g9(t) :

y=r-sint- (1 + f;é’;;t)

Po tdpravé muzeme psit, ze

Pritom plati, ze t € (—%; %) \{0}.

Vyrazy definujici proménnou y lze zjednodusit, pokud tuto mnozinu
rozdélime na dva samostatné intervaly <—5; O) a (0; 72r>

Pokud t € < 0) jesint < 0, proto sint = sin? —V/1 —cos?t,
zatimco pro t € (O > je sint > 0, tedy sint = Vsin? m

Pak se kiivky f( ) a g(t) rozpadnou na dvé ¢dsti fl( ) a fo(t), resp.
g1(t) a ga(t), jejichz parametrické rovnice jsou ve tvaru

x=r- (costf V/2cost - (1 +cost))

fi(t) - pr0t€< )
y=r- (smt+ \/2005t 1—cost)
=r. (cost—\/Qcost 1+cost>
fa(t) : pro t € (0; %)
=7r- (smt—\/2cost 1—cost)
(cost+ \/20081‘ 1+cost>
g1(t) profe ())
y=r- (Slllt—\/Qcost 1—CObf)
=r- (Lost+ \/QCosz‘ 1+cosf>
g2(t) : prot € (0;5)

y=r- (Slnt+ V/2cost - (1 —COSI‘))

Vyfesenim rovnice |FM|+|GM| = 2a v programu Maple najdeme po-
lohu stiedu S elipsy E. |[F M| a |GM| jsou vyrazy obsahujici proménnou ¢,

2a = 4r - cos (%)

2.3 Priklad : Urcete elipsu &, je-li A[—4;2], C[2;4] a M]5;2].
V novém soufadnicovém systému (0, 2'y') je pocatkem O stied tisecky

AC, proto O[ 3]. Osa 2/ =+ AC. Musime spocitat, jaké budou sou-
fadnice bodi A, C aMv novem soufadnicovém systému:

04 = (~3,-1), 04| = |[0A] = VI0 = A[-V10:0, C[VI0: 0], r = V0.

Oznacime- h M, a Ms kolmé pruméty bodu M na osy x’ a 3/, uréime nové
soufadnice m; a mg bodu M vypoctem délek |[OM;| a |OMz|. K tomu ale

;iti;ebujeme znat [OM| a |<MOC)|.

OM = (6;—-1), |OM| = V/37. Z AMOC spocitame | MOC| pomoci
kosinové véty, piicemz |OC| = v/10 a |[CM| = /13, nebot CM = (3; -2).
|CM|? = |OM|? + |OCJ? =2 - |OM]| - |OC| - cos (]« MOCY), odkud
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cos (| MOC|) = asin (|[¥MOC|) = ++/1 — cos? ([FMOC|) = —=.

\/ 0 V370

Obrazek 4: Konstrukee elipsy pro konkrétni zadani urcujicich bodu

Vyjéddiime |mq| = |OM;| = |OM]| - COS(|<IMOC'|)

N’
|ma| = |OMs| = |OM| - sin (][ <M OC|) = \/ﬁ'
V zévislosti na zvolené orientaci os =’ a 3 polozime M = [\}—110; _\/LTO}'

Vysledek ziskdme pomoci programu Maple vyfeSsenim soustavy rovnic
10V/2 - v/ 1+ cospcos2t - cos[ + arctg (‘tg<p>)4tgt>] + 10cos p
-9 = 10v2- v/ 1+ cospcos2t- sm[ + arctg (‘tg( )) tgt)] + 10sinp

Vypocitame dvé hodnoty thlu p, a to p; = —72,32°, py = —22,64°, jimiz
oto¢ime vrchol C' kolem pocatku O do stfedu S ehpby E.
Tentyz vysledek bychom ziskali také vyfesenim jediné rovnice ve tvaru

1
[(\}TLO — V0 - (cont — m)f + (7% _ Vio- (si1;t+\/m))2:| 24

10

17

[N

n [(% ~ V10 - (cost + \/m))z n (_\/% VIO (sint \/m))z] -
,4mco<(§)

3 Poznamka na zavér: grafické reSeni uvedené tulohy
Ackoliv jsme schopni elipsu € sestrojit na zdkladé vypocitané hodnoty
dhlu p, otazka, jak elipsu narysovat ¢isté geometricky bez uziti predloze-
ného vypoctu, zustava oteviena. ..

Reference
[1] A. Urban: Deskriptivni geometrie I, SNTL, Praha, 1965
[2] S. Vordcovéd a kol.: Atlas geometrie: geometrie krdsnd a uZitecnd,
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Abstract. The paper brings description of a study material on metric properties of
ellipse. Synthetic constructions of ellipse with drawing tools are realized in
interaction with software GeoGebra. Study material represents a contribution for
innovative teaching.
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1 Uvod

Vyucba kuzeloseciek, orientovana na ich syntetické konstrukcie, prebieha na
strednych odbornych $kolach a vysokych skolach technického zamerania. V
tomto prispevku ponukneme opis vytvoreného Studijného materialu ,, Metrické
konstrukcie elipsy* na FMFI UK [3], ktory sme zamerali prave na syntetické
konstrukcie elipsy pomocou rysovacich potrieb. Nasledne v interakcii s
GeoGebrou zabezpecime vykreslenie elipsy aj pri zmene polohy bodov ¢i
vstupnych udajov. Pouzity dynamicky softvér GeoGebra je volne Siritelny a
podl'a nasho nazoru je vhodné zaradit’ tento softvér do vyucby a podporit’
inovativne vyu€ovacie metody o digitalny rozmer [2].

Pri vypracovani $tudijného materialu sme mali na zreteli zostavit’ studijny text
tak, aby Citatel' rozumel konstrukcii elipsy, jednotlivé kroky konstrukcie boli
Citatel'ovi zrejmé a pri interakcii so softvérom GeoGebra vedel, Co program
,,fobi®.

Studijny text je rozdeleny na tri &asti: Teoretické vychodiska; Zbierka
rieSenych prikladov; Zbierka cvicent, ktoré maju pre jednoduchsiu orientaciu v
Studijnom texte rovnaku stavbu.

2 Elipsa - teoretické vychodiska

Pri konstrukciach elipsy z danych prvkov je potrebné poznat’ zakladné pojmy a
suvisiace vlastnosti. Pre metrické konstrukcie elipsy su to: ohniskova definicia
elipsy, suvisiace pojmy I. (ohniska, sprievodite bodu, suget dizok sprievodicov,
stred elipsy, linearna excentricita, hlavna os elipsy, vedl'ajSia os elipsy), suvisiace
pojmy II. (hlavné vrcholy, vedlajsie vrcholy, dizka hlavnej a vedlajiej osi,
charakteristicky trojuholnik elipsy), bodova konstrukcia elipsy, vykresl'ovanie
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elipsy pomocou oskulaénych kruznic, doty¢nica elipsy v jej bode, urCujice a
vrcholové kruznice elipsy.

Oboznamenie sa s tymito pojmami je doleZité pri naslednej praci v Zbierke
rieSenych prikladov. Detaily, iplné definicie, vety a ich dokazy su umiestnené v
praci [3], ktora tvori prilohu Studijného textu a ma podobnu struktru. Priloha [3]
je urcena pre Citatel'a, ktory chce poznat’, o ktoré definicie a vety sa konstrukcia
opiera.

K ilustracii tejto Casti uvedieme segment: Bodova konstrukcia elipsy

a) pomocou rysovacich potrieb, obr.1

Zostrojte body elipsy &, ak s dané ohniska F1, F» a sucet dizok sprievodi¢ov
[FiM| + |F2M| = |PQ| = 2a a plati |[F1F2| < |FiM| + [FoM|.

Vstup: |F1F2| = 4j, |[FiM| + |F2M| = 5] spifaju podmienku |FiF2| < |[FiM| + [F2M|

Ty

Obr. 1: Bodova konstrukcia elipsy

Postup konstrukcie:
1. Zvol'me vnitorny bod M; usecky PQ, kde |PM:| = r1, [M1Q| = 2.
2. Zostrojme kruznice ki(F1, r1), ka(Fz, 12).
3. Uréme priese¢niky kruznic kiNkz = {M, N}. Ak je splnena podmienka
[r1— ro| < |F1F2|, tak prieseéniky existuji a body M, N st body elipsy &.
4. Dalsie body elipsy zostrojime opakovanim krokov 1, 2, 3.
Vystup: body elipsy &

b) pomocou softvéru GeoGebra, obr.2
a) Vykresli elipsu pre vstupné data po kliknuti na bod M; a zapnuti
, Animating *,
b) Pontikne moznost’ menit’ polohu: ohnisk F1, F» a dizku tisecky |PQ];
c) Prinesplneni podmienky |r1— ra| < |FiFo| t. j. prieseéniky neexistuju, sa v
algebrickom okne vypise informacia ,, Undefined .
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QBodovd konstrukcia elipsy

oje OMmo Naporeda Prihtisenie

D5} fy + D64yt
-BBE) (g + 0.4 =

avod: Kilkni pravil

Obr. 2: Graficky vystup z GeoGebry pre bodovii konstrukciu elipsy

3 Elipsa — zbierka riesenych prikladov

Nosnou cast'ou Studijného materialu je Zbierka riesenych prikladov, ktorych
riesenie je realizované pomocou informacii ziskanych v teoretickej casti. Do
Zbierky bolo zaradenych 25 uloh, ktorych zadania sa vyskytli v réznych
ucebniciach [1], [4].

Priklady v Zbierke riesenych prikladov st rozdelené do Styroch skupin:

. Konstrukcia elipsy pomocou charakteristického trojuholnika;

l. Konstrukcia elipsy, ak pozname hodnoty a, b, e a polohu bodov A, B,
C, D, Fl, Fz, M;

I1. Konstrukcia elipsy, ak je dana doty¢nica;

V. Konstrukcia doty¢nice elipsy.

Vsetky riesené priklady maju spolo¢nu stavbu:

Text ulohy s grafickym vstupom na obrazku ozna¢enom a), ktory odporuca, ako
si zvolit’ vstupné prvky.
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Riesenic a) pomocou rysovacich potrieb

Postup konstrukcie: pozostava z jednotlivych krokov konstrukcie, odévodnenie
kroku je uvedené v prilohe [3].

Vystup: rieSenim je elipsa urcend prvkami vhodnymi na bodovi konstrukciu
a vykreslenie elipsy. Vykreslené rieSenie je na obrazku b).

Tato Cast rieSenia a) pomocou rysovacich potrieb obsahuje aj diskusiu o pocte
rieSeni, ktord zavisi od vstupnych prvkov.

Riesenic b) pomocou softvéru GeoGebra

Na zéklade vstupnych udajov a pomocou krokov z Casti a) je vykreslené rieSenie
ulohy a v interakcii s GeoGebrou je mozné vstupné data menit’.

Prave interakcia ponukne okamzité vykreslenie elipsy alebo informaciu o
neexistencii rieSenia. AvSak bez vypracovanej Casti a) prislusnej ulohy by sme
nevedeli, ¢o program spracovava. To bol dovod, preCo je najskdr zaradené
rieSenie a) pomocou rysovacich potrieb a nasledne riesenie b) pomocou softvéru
GeoGebra. K ilustracii vyberieme priklad 5. z II. skupiny prikladov (Cisla
obrazkov su ako v texte [3]).

Priklad 5.: Zostrojte elipsu &, ak je dan¢ ohnisko F, jej d\{a body M, N (body
F1, M, N st nekolinearne) a dlzka hlavnej polosi je urcena dlzkou tsecky KL.

Riesenie: a) pomocou rysovacich potrieb, obr. 3
Vstup: ohnisko Fi, dizka hlavnej polosi a =|[KL|, M, N € ¢, obr.3a).

a) b)

=
=

,_

Obr. 3: Riesenie prikladu 5
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Postup konstrukcie: (Obr. 3b)

Na polpriamke F1M zostrojime bod Q, pricom |F1Q| = 2a = 2|KL]|.
Na polpriamke FiN zostrojime bod P, pricom |F1P| = 2a = 2|KL]|.
Zostrojime kruznicu k(M, [IMQ)).

Zostrojime kruznicu I(N, |[NP]).

Vyzna¢ime k N | = {F, F>'}.

agrwbdE

Vystup: elipsa e(F1, F2, M), &'(F1, F2", M)

Diskusia: Podet rieSeni zavisi na vzajomnej polohe kruznic k, I:

-k NI = {F; F}, tak uloha ma dve rieSenia (obr. 3b)
&(F1, F2, M), ¢'(F1, F2', M),

- k NI = {F,}, tak uloha ma jedno riesenie,

- k N | =@, tak uloha nema riesenie.

Riesenie: b) pomocou softvéru GeoGebra

Kedze Citatel' vie, ¢o zostrojoval, je vhodné pouzit softvér GeoGebra, v
ktorom je vykresl'ované rieSenie s moznostou zmeny vstupnych dat. To je hlavny
prinos GeoGebry — interakcia pouzivatela medzi vstupnymi datami a rieSenim
ulohy.

Qgrl'klad 5

Obr. 4: Graficky vystup z GeoGebry pre priklad 5
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4 Elipsa — zbierka cvi¢eni

K samostatnej praci a overeniu ziskanych poznatkov klasickou metodou t. j.
pomocou rysovacich potrieb je zostavena zbierka cviceni. Odporuca sa zvolit’
polohu resp. hodnotu vstupnych udajov tak, ako ich ponika zadanie ilustrované
na obrazku.

Navrhnutych je 27 tloh, mnohé maju aj viac zadani, oznacenych a), b), c).
Niektoré ulohy mézu mat’ dve rieSenia, prave jedno rieSenie alebo ziadne
rieSenie.

Napriklad: Zadanie 6.

Zostrojte elipsu, ak je dané ohnisko F> a vedlajsi vrchol C, |F2C| = 2,5], a vel’kost’
vedlajsej polosije: a)b=3j; byb=25]; c)b=2].

Zbierka cviceni neobsahuje postup konstrukcie ani vysledky rieSeni. Je urend
pre samostatnil pracu k overeniu ziskanych poznatkov z teoretickej Casti ¢i zo
zbierky rieSenych prikladov.

5 Zaver

Klasické metody konstrukcie elipsy doplnené o interakciu v prostredi softvéru

GeoGebra otvaraju $irSie moznosti vyuzitia. Najskor tréning v syntetickom

ponati geometrickych konstrukcii vyrazne napomoéze v technickej vizualizacii

postupov nielen v deskriptivnej geometrii ¢i konstrukénej geometrii.

Nasou snahou bolo, aby sme ¢itatel'ovi napomohli pri rieSeni tlohy tak, ze :

e vezme si papier a rysovacie potreby;

e podl'a zadania a navrhu hodnoét a poldh vstupnych dat na obr. a) si ich
zakresli;

e podla krokov postupu konstrukcie dosiahne udaje vhodné na vykreslenie
elipsy pomocou rysovacich potrieb, ilustrované na obr. b).

Konstrukcie elipsy realizované pomocou rysovacich potrieb ale i v interakcii so

softvérom GeoGebra stivisia s vyuzivanim digitalnych technolégii a predstavuju

namet na inovativne vyucovanie.
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Abstract. The aim of the article is to present the making of GeoGebra questions
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learning management system Moodle.
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1 Uvod a motivacia

V dnes$nej dobe je samozrejmostou, ze na univerzitach jednotlivé predmety su
podporované aj elektronickymi kurzami, kde Studenti prihlaseni do kurzov si
moézu najst’ rézne informdcie, elektronické materidly k danému predmetu.
V niektorych krajinach dokonca tato e-learningova forma vzdelavania nahradila
ta klasickl formu vzdeldvania. Na riadenie tychto elektronickych kurzov
existuje niekol'ko systémov ako napriklad LMS Moodle (LMS — Learning
Management System).

Tieto systémy okrem iného, podporuju aj tvorbu elektronickych twloh
z ktorych je mozné zostavit’ test a poskytnut' ich $tudentom na otestovanie
ziskanych a osvojenych vedomosti. Vyhodou elektronického testovania je
okamzita spétna vizba pre Studenta a pre ucitela automatické vyhodnotenie
odpovedi, manazment znamok, variabilita testov a iné.

Prvy celoslovensky elektronicky testovaci systém pre zadkladné a stredné
Skoly vznikol vroku 2013 v ramci narodného projektu Zvysovanie kvality
vzdelavania na zdkladnych a strednych skoldach s vyuzitim elektronického
testovania, ktory realizoval Narodny ustav certifikovanych merani vzdelavania
v ramci Operaéného programu Vzdelavanie spolufinancovany zo zdrojov
Eurdpskeho socialneho fondu. Od roku 2015 vybrané zakladné a stredné $koly
sa kazdoro¢ne zucastnia na tzv. certifikacnych testovaniach, ktorymi s pre
zakladné $koly Testovanie 5 a Testovanie 9 a pre stredné $koly Maturita (pozri
[2] alebo [5]).

Najcastejsimi typmi otazok v elektronickych testoch st uzavreté otazky ako
uloha s vyberom jednej spravnej odpovede z ponukanych moznosti, tloha
S vyberom viac spravnych odpovedi z ponukanych moznosti alebo uloha
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zorad'ovacia aotvorené otazky ako tuloha s kratkou odpovedou a uloha
s doplnenim odpovede/i do textu. Ticto systémy vedia jednoznaéne vyhodnotit
len uzavreté otazky na zaklade definovaného kIi¢a spravnych odpovedi.
Odpovede na otvorené otazky eSte musia prechadzat’ manualnou kontrolou
z0 strany ucitela resp. hodnotitel’a.

Tvorba divergentnych tloh, pri ktorych existuje niekolko alternativnych
rieSeni ako napriklad konstrukéné ulohy, vobec neprichadza do tuvahy, ked’
hovorime o elektronickom testovani. Pridavanim zasuvného modulu Otazka
typu GeoGebra (question type) do LMS Moodle vyriesi tento problém.
V nasledujticej Casti si ukdzeme, ako vytvorit geometricku lohu v Moodle
pomocou GeoGebra a ako ju vyuzit’ v online testovani.

2 Tvorba iloh a testov

V nasledujicom predpokladame, ze Ccitatel pozna GeoGebru asponn na
pouzivatel'skej Girovni.

2.1 Tvorba ulohy v GeoGebre

Ulohu do testu vytvorime pomocou softvéru GeoGebra, ktory je volne
dostupny a mézeme si ho stihnit’ z webovej stranky pozri [3]. Alternativnym
rieSenim je tvorba lohy v online prostredi GeoGebry. My sme si zvolili sposob
tvorby ulohy pomocou nainstalovaného softvéru v pocitaéi.

Ako priklad si ukazeme ulohu, ako znazornit’ sucet dvoch vektorov. Postup
konstrukcie je popisany v nasledujicich bodoch.

1. Konstrukcia bodov A, C so suradnicami A=C= (0, 0).

2. Definovanie nadhodnych ¢isel bx, by, dx a dy ako
NdhodnyPrvok ({-1,1}) *NahodnyPrvok ({1,2,3}).
Definovanie ¢isla h=HodnostMatice ({ {bx, by}, {dx,dy}}).
Konstrukcia bodu B so sturadnicami B= (bx, by) .

Konstrukcia bodu D so stradnicami D= (Ak (h£1, -dx, dx) ,dy).
Konstrukcia vektorov u=vVektor (A, B), v=Vektor (C, D).
Konstrukcia rieSenia, ako sucet vektorov wl=u+v.

Konstrukcia bodov E=(0,0), F=(1,0) a vektora, ktory je definova-
ny tymito bodmi w=Vektor (E, F).

9. Definovanie logickej hodnoty pre spravnu (spr) apre nespravnu
(nspr) odpoved, priom spr=wZwl a nspr=-spr a do legendy
si napiSeme spétni vézbu (slovné hodnotenie) vtvare Spravna
odpoved a Nespravna odpoved (pozri Obr. 1).

Nasou snahou je vytvorit’ nahodne generovanti ulohu, preto v bode 2 sme
stradnice koncovych bodov vektorov definovali ako nahodné ¢isla z mnoziny
{-3,-2,-1,1,2,3}. Vylu¢ili sme tak nulovy vektor a pomocou podmienok z bodov
3 a5 sme vylucili linedrne zavislé vektory. Takto vytvorenu Glohu ulozime vo
formate ggb stboru.

N OA~®
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€7 Vlastnosti - SucetDvachVektorov.ggh === €7 Vlastnosti - SucetDvachVektorov.ggh ===
"TMeEH:® B TmaEHEI® B
E“GA Zakladné | Farba | Pokrodilé | E'““A ZakIadné | Faroa | Pokrogilé | skriptovanie
B . B .
c Naézov: spr c Nazov: nspr
'E’ Definicia: |w 2 w1 E Definicia: ~spr
or Legenda: |Sprévna odpoved. or Legenda: [Nespréuna odpoved.
Logické hodnota Logicks hodnota
nser [] Zobrazit objekt I el [ Zobrazit objekt
spr spr
Vektor Vektor
®u 7] Pomocnj objekt ®u 7] Pamocnj objekt
[ oy
o w @ w
wi wi
Cislo Cislo
bx o bx
by by
dx ax
dy dy
h h

Obr. 1: Definovanie spravnej a nespravnej odpovede

2.2 Tvorba ulohy v Moodle

Aby sme mohli nahrat GeoGebra ulohu do Moodle je nutné, aby bol
nainstalovany zasuvny modul GeoGebra question type, ktory si modZeme
stiahnut’ zo webstranky (pozri [3]). Instalacia si vyZaduje prava administratora.

V tejto Casti sa predpoklada, Ze Citatel’ pozna Moodle, vie ako sa vytvaraja
tlohy a testy. V Moodle namiesto terminu ,,aloha“ sa pouziva ,,otazka®“. Vsade
v d’alSom, kde na obrazku bude figurovat’ termin ,,otazka“, budeme pod nim
rozumiet’ ,,ulohu*.

Viyberte si typ otazky, ktord cheete pridat

Obr. 2: Vytvorenie tlohy typu GeoGebra v Moodle

2.3 Nastavenia tlohy

Po kliknuti na tlacidlo ,,Pridat* (Obr. 2) sa zobrazia zdkladné nastavenia ulohy,
ktoré st uvedené v nasledujticich bodoch (pozri [1] a [4]).

1. Kategoria.

2. Nazov otazky — povinny tdaj.
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&>

10.

11.

12.

Text otazky — povinny udaj a moéze obsahovat’ aj parametre; pozri tiez
10. bod.

Vychodzia hodnota znamky — preddefinovanou hodnotou je 1.
Vseobecna spétna viazba — je priestor na zadavanie textu, ktory sa ma
zobrazit’ kazdému Studentovi, ked’ zodpovedali konkrétnu ulohu. Toto
pole sa da rovnako vyuzit na zadavanie dopliujucich informécii ako
napriklad informacie o zdrojoch k danej téme.

URL alebo ID pracovného listu GeoGebra — moézeme pouzit bud
tla¢idlo Sirit’ na stranke GeoGebra a kopirovat’ a vlozit' odkaz, alebo
pouzit’ ulozisko GeoGebra. Applet a jeho parametre su uloZzené priamo
v Moodle databaze. Applet nebude znova nacitany z GeoGebry, ak o to
nepoziadame; pozri tiez 8. bod.

... alebo pouzi ggb subor — pomocou techniky Tahaj a pust’ (Drag and
drop) mozeme premiestnit’ nami vytvoreny ggb subor z naSho pocitaca
priamo na toto miesto. Ak pouzijeme tito metdédu zobrazia sa ndm
dalSie pokrocilé nastavenia ulohy.

Povolit’ pravé kliknutie a Gipravy pomocou klavesnice.

Povolit’ premiestiiovanie pomenovani.

Ukaz ikonu na resetovanie konstrukcie.

Povolit’ Shift-Drag a Zoom.

Ukéaz Menu.

Ukaz paletu nastrojov.

g. Ukaz prikazovy riadok.

(Znovu) nacditanie a zobrazenie appletu — (znovu) naditanie appletu
z GeoGebry a ulozenie novej verzie do Moodle databazy.

Existuju nejaké premenné, ktoré by mali byt nahodne zvolené? — moze
mat’ hodnotu ,,Ano“ alebo ,,Nie®.

Nastavovanie premennych za nadhodné — zoznam premennych, ktoré by
mali byt ndhodne zvolené (oddelené ciarkami). Nahodne mézu byt
zvolené len hodnoty posuvnika vytvorené v GeoGebre, priCom je
definovana jeho minimum, maximum a velkost’ kroku. Tieto premenné
moézu byt tiez pouzité aj v texte zadania ako dynamické texty len
musime ich uviest v mnozinovych zatvorkach napr. {a} je odkaz na
premennu ,,a%.

Obmedzenia (podmienky) — ak existuji nejaké obmedzenia resp.
podmienky pre premenné napr. a<b, tak ich mozno uviest’ na tomto
mieste. Jednotlivé podmienky treba oddelit pomocou ¢iarky.
Podporované relacie medzi premennymi su <, <=, >, >=

Premenna n — ak chceme pouzit’ automatické vyhodnotenie tlohy a ak
GeoGebra applet obsahuje logickil premennt pre (Ciasto¢ne) spravnu
resp. nespravnu odpoved, tak toto pole sa vypliia automaticky
po nahrati ulohy do Moodle. Nastavenim znamky, Moodle dokaze
automaticky vyhodnotit’ ulohu (Obr. 3).

~o o0 oW
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13. Spitnad vdzba — je automaticky prevzata z Legendy danej premennej
GeoGebra suboru (Obr. 3).

Premenna 1 Premenna 1 spr Znamka  100% s

Spatna vazba Spravna odpoved.

Premenna 2 Premenna 2 nspr Znamka  Ziadne :

Spatna vazba Nesprévna odpoved

Obr. 3: Automaticky doplnena spravna a nespravna odpoved’ z GeoGebra
ulohy s hodnotenim a s prisluSnou spédtnou vazbou

2.4 Uloha v teste a vyhodnotenie odpovede

Na zaklade nastaveni ulohy v bode 2.3 sa v teste zobrazi dynamicka tloha
natému sucet dvoch vektorov. Dynamickd vtom zmysle, Ze kazdému
Studentovi sa ndhodne zobrazia dva vektory a ich tlohou je premiestnit
koncovy bod zobrazeného vektora na spravne miesto tak, aby reprezentoval ich
sacet (Obr. 4 a Obr. 5).

el Posunutim koncovéno bodu vektora 4 zobrazte vektor 4 + .

nezodpovedang

Max
hodnotenie 1,00

Obr. 4: Zobrazenie GeoGebra ulohy v teste vytvorenom v Moodle na zaklade
nastaveni (zaciatoCny stav)
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Posunutim koncovéno bodu vektora @ zobrazte vektor i + .

Spravna odpoved

Obr. 5: Automatické vyhodnotenie odpovede a zobrazenie spétnej vizby

3 Zaver

Ukazali sme dalSie, menej zndme vyuzitie GeoGebry vo forme testovacej
ulohy prostrednictvom LMS Moodle a tym sme dali moznost’ u¢itelom zaradit’
do didaktickych testov aj ulohy zo SirSej oblasti geometrie.
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Abstract. As a byproduct of our recent papers [4], [6], and the
previous initiative of the first author, we have recently found an infinite
sequence of hyperbolic polyhedra Cw(2z,2z,2z) (6 < 22,3 < z odd
integer) which can be equipped with a fixed point free face pairing, as a
gluing procedure, so that the polyhedron become a compact hyperbolic
manifold. That means each point has a ball-like neighbourhood. The
visualization of such "finite Worlds" seems to be a timely task, and
we try to involve our students as well. First, we model the famous
hyperbolic football manifold, and restrict ourselves only for Cw(6, 6, 6)
manifold as in [6]. The description of fundamental groups and other
properties, moreover visualization of such "finite Worlds" seem to be
interesting problems, as well.

Keywords: Fixed point free isometry group of hyperbolic space, infinite
series of compact hyperbolic manifolds and possible material structures
(nanotubes).

1 Introduction

Complete Coxeter simplex (now orthoscheme) O = W, its extended
Coxeter’s reflection group G and its symmetric Coxeter-Schlafli matrix
(i,5 € {0,1,2,3}

(b7) = (cos(m — aij)) =

1( | —cos(ap1) — cosgaogg — cosgaogg
_ | —coslaw 1 —cos(aiz) —cos(a1s) | i 1
| —cos(azg) —cos(an) 1 —cos(ags) | — ((b*,b?)
—cos(agp) —cos(as;) —cos(asa) 1
(1.1)

are mean tools of describing regular polyhedra in absolute geometry, their
metric realization in Euclidean space E? (signature of (b¥/) is (+, +, +,0)),
in spherical space S? (signature is (+,+,+,+)), or in the Bolyai-Loba-
chevskian hyperbolic space H? (+, +, +, —), respectively.

Here projective spherical space PS3(V4, V4, R, ~1) on real (R) vector
space V4, its dual form space V4, model points (see [5]): (x) = (y) iff
y =cx, X,y € V4 c € R (positive reals), planes: (u) = (v) iff v = %u,
u,v € V4, L € RT. Point X = (x) is incident to plane U = (u)
iff xu = 0. Tt stands X € u', i.e. X lies in the positive half-space
(half-sphere) u™, iff xu > 0, i.e. the form u take positive real value
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on the vector x. Identifying opposite points (x) and (—x) (and forms
(u) ~ (—u)), we get projective space P3(V*4 V4 R,~) for modelling
Euclidean and hyperbolic geometry (also elliptic space) in the usual way.

For regular Platonic polyhedron P(u,v,w) we introduce the charac-
teristic Coxeter - Schléfli orthoscheme AgA;A2As (Fig. 1.a) where As is
the 3-centre (or solid centre) of the polyhedron, then A, is a 2-centre
(face centre) of P, A; is the 1-centre of an incident (to the previous face)
edge, finally Ay is a vertex of the previous edge. At the same time we
introduce the side faces b°,b%, 6%, b of AgA1A2As, so that b* = Aj AL A,
{i,7,k,1} ={0,1,2,3}. A;~s will be characterized by the vectors a; € V4,
while b7-s will be by the forms b’ € V4. The Kronecker symbol 8 = a;b’.
just describes the incidences of the above simplex as a projective coordi-
nate simplex as well. For the regularity of P we assume (postulate) the
angles

g1

o T
bV = ayj, so that agr = —, aia =
U

SHE

)

, Q23

(rectangle).

(1.2)
Thus, we also guaranteed AgA; A A; = b%b'6%b3 to be the characteristic
orthoscheme of the regular polyhedron P(u,v,w) with reular u-gon faces,
meeting v pieces at each vertex. Then = + 5 + 7 > 7 & = 4+ 7 > 7 for
the angle sum of spherical triangle, guarantees A3 as proper centre. This
is equivalent with

(3 < u,v,w € N), the others are g2 = g3 = @13 =

R

1 —cos = 0
det | —cosT 1 —cosT | >0and (+,+,+,-) (1.3)
0 —cos % 1

in the signature of the very important quadratic form

bijuiuj = (bOOUQuO + 2b01u0u1 + bllulul + 2b12’U,1UQ + b22UQUQ)+

1.4
+2b23U2’LL3 + b33’LL3U3. ( )

Similarly, the vertex Ay will be proper iff

T ow T
e 1.5
v+w>2 (1.5)

Thus, the face angle az3 = 7 will be important for P, so that it will be
a space-filler regular polyhedron, w pieces meeting at each edges.
Now the hyperbolic regular mosaic (honeycomb) with congruent pieces

of P will be characterized just the determinant of (1.1) specified by

det(b") < 0. (1.6)
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Figure 1:

Now we consider doubly truncated orthoschemes, as in Fig. 1.a , where
T 4 T < 7 guarantees that Az is outer point. Then we cut (truncate)
the simplex with its polar plane a3 = QFEJ. Furthermore, we assume
that = + 7 < 7 i.e. Ap is also outer vertex with truncating polar plane
ag. The corresponding minor determinant is also negative, as the com-
plete determinant in (1.6), too. Our aim in [2] was to construct the first
non-orientable series (besides orientable ones) on generalized regular poly-
hedron Py with centre () in Fig. 1.a, where 4u truncated orthoschemes
meet. Moreover, we intended to equip this Pg with face identification
(gluing procedure) so that this Py has hyperbolic ball-like neighborhood
in each point. To that procedure © = v = w even was needed. But
then the complete (truncated) orthoscheme O = Wy, have an additional
halfturn h about axis Fo3Fy2, where Fys and Fio are midpoints of AgAs
and Ay As, respectively. So the problem arises, whether a smaller hyper-
bolic space form (a half of the previous one) can also be constructed. Our
results are shortly formulated in (see [7])

Theorem 1.1 The cobweb manifold Cw(6,6,6) to Fig. 1 has been con-
structed by face identification in Fig. 1.b.

The fundamental group Cw(6,6,6) can be described by three generators
and three relations in formulas (2.13-15).

The volume of Cw(6,6,6) is ~ 8.29565. The largest ball contained
in Cw(6,6,6) is of radius r ~ 0.57941. The diameter of Cw(6,6,6) is
2R ~ 3.67268.

2 Construction of cobweb manifold Cw(6,6,6)

By the theory of [8] we have to construct a fixed point free group acting
in hyperbolic space H? with compact fundamental domain.
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In [7] and in the Introduction to Fig. 1 we have described the ex-
tended reflection group G(6,6,6) to the complete Coxeter orthoscheme
O = Wses and glued together the cobweb polyhedron Cw(6,6,6) as
Dirichlet-Voronoi (i.e. D-V) cell of the kernel point @ by its orbit un-
der the group G(6,6,6). Now by Fig. 1.b we shall give the face identi-
fication of Cw(6,6,6), so that it will be fundamental polyhedron of the
fixed-point-free group, denoted also by Cw, generated just by the face
identifying isometries (as hyperbolic screw motions).

The complete construction of C’w(67 6, 6) has appeared in Fig. 1.b with
face pairs, signed and numbered (from 1 to 24) edge triples, signed vertex
classes, all together 1+ 3 x 3 = 10 vertex classes.

In the previous considerations we described the extended complete
reflection group G(6,6,6). Fig. l.a, by its fundamental domain, where
the stabilizer subgroups of G can also be established. By gluing 4u = 24
domains at () (whose stabilizer subgroup Gg is just of order |stabg G| =
4u = 24) we can "kill out" the fixed points of G.

To this v = u = 6 edge domains (signed by —>) is just necessary and
sufficient at the former edge FysJ of half Wggs for a ball-like neighbour-
hood of points in —> edges. This can be achieved by 3 screw motions
S1, 82,83 for the 6 middle faces of the cobweb Cw(6,6,6), s; : sfl —
s;- The 12 images of the former Fyz will form a vertex class [, since
|stabp,, G| = 4v = 24 and just 24(= 4u) domains will form the ball-like
neighbourhood at these 12 O-images.

The most crucial roles are played by the former edges at the halv-
ing planes of the orthoscheme Wggs to the half-turn axis Fys3Fio. The
stabilizers of the mirror points are of order 2 divided into two parts
at Weges, namely at FyzFEpe and at FysFh3 for the odd numbered edges
1,3,...21,23, and of Fi2FEy, Fi2F 3 for the even numbered edges 2,4,
..., 22,24, respectively. The different roles of reflection mirrors of m' and
m?2, resp. m® and m? in the gluing procedure at @ yield that both edge
classes appear in three copies on the cobweb polyhedron Cw(6,6,6), each
of both classes maintains ball-like neighborhood at each point of them.

Now comes our tricky constructions for identifying the former half-
turn faces, furthermore the two base faces s~1 and s of Cw(6,6,6) with
each other (see Fig. 1.a). Two from the edge triple 1 (to FyzFE13) lie on
the faces 31_1 and s1, we introduce the deciding third edge 1 (to Fo3F12)
and the orientation preserving motions aj : al_l — a7 and its inverse
afl tap — afl by the mapping faces afl, a1. This edge triple 1 with faces
sfl, S1, a;l, a1 defines a third face pairing identification b : bgl — by SO
that

1: a;'s’ = by holds. (2.1)

Namely, three image polyhedra join each other, e.g. at the first 1 edge in
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space H? (now in combinatorial sense):
0! (Cu)s, sP (Co) T B (6 )P (Co)P e L (22)
Now comes again the identity polyhedron through the images
(al—l)albzsl_l (Cw)a1b25;1 (Sl—l)albgsfl' (2.3)
That means we get
a1b2sf1 =1 the identity < by = aflsl, (2.4)

indeed as in (2.1).

This general method for space filling with fundamental polyhedron,
equipped by face pairing generated group, has been discussed in [3]| in
more details.

The next edge class 3 defines the new face pairs with motion

3: sa;t s apsyt = spa ! and its inverse a;sy ! ;o spayt = agsy
(2.5)
The next edge class 2 (to edges FiaF13, Fi2Ep2), again with triple, just
defines the identification of the base faces of Cw(6,6,6):

2: s=(a;s;Ha;: st — s, (2.6)

as a screw motion s with 27/3 rotation. Repeating s we get a "nanotube"
and - finally a tiling with it - for the later material structure.
For the edge triple 4 (to Fi2E13, F12Fg2) we get relation

4: ajby'(s;') = 1 which will be a;(s; *a;)(a; 's1a; ) = 1

2.7
a trivial relation for generators a; and s;. 27)

Our next "lucky" choice (it comes from the starting triples 1) for edge
triple 5 was influenced by the trigonal symmetry of our cobweb polyhedron
Cw(6,6,6). Then the triples 6,7, 8 follow as formulas in (2.8) show

5: 87 by, 6: bys™h 7: (sby)sy, 8: (s7'by)s!(sby's;) =1. (2.8)

The last relation to edge class 8 is trivial again.
The procedure is straightforward now, and it nicely closes. The edge
triple 9 defines the face pairing motion

ay: ay' — ap moreover, a new motion a, 'sy = by. (2.9)

The further triples 10 — 16 and identifications are completely analogous.
The same holds for edge triples 17 — 24, starting with the face pairing
motion as.
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Figure 2:

It turns out that the first three screw motions s1,s2,83 can be ex-
pressed by aj,as, a3 and s at triples 2, 10, 18, respectively:

s = a;s laj, sy = axs 'a, s3 = ags ‘as. (2.10)

The relation, to the middle edge class —> of 6 edges yields then the

relation

1 1 1

a;)’(azs 'ay)?(azs 'az)? (2.11)

for the fundamental group of our cobweb manifold Cw(6,6,6). But in this
cyclic process, the pairing motion b; to edge class 5 is not independent.
Symilarly to 1: by = aflsl = s~ !ay, as above, we cyclically obtain b; =
aglsg = s 'az. So we get, at the edge class 7, the motion (sbfl)sl =
s(az's)(a;s'ay),

1= (azs”

1 = (sa3 'sa;s~'a;)sa; ', (2.12)
as well at (2.11). Analogously, at edge class 19, so we get the relations

1

1 = (sa; 'sags 'as)sa; '; and

1= saz_lsagsflagsafl; eliminating a3, we get

la;sa; 's)s ™! (sa; 'sags lags)sa; !,

1alsa2_1saflsags*1a252al_l.

2.13
1 = sa; 's(sa;s™ (2.13)

2

so 118 = saz_ls a;s”
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Figure 3:

Thus,as can be expressed, from (2.12) and (2.13), keeping 1 +> 2 symme-
try, and we obtain for the fundamental group Cw(6,6,6) three relations
for the three generators aj, ag, s. From (2.12-13) we get first (a 10 letters
relation)

1= alalsflalsaglaglsaglsfl, (2.14)
Second, from (2.11) we obtain (a 38 letters relation), symmetrically with
indices 1 and 2,

1 1

133 = (a;s'ay)?(azs 'ag)?(sa;s™ alsaglsaflsags_ azs)’.  (2.15)
But we do not give more details, e.g the first homology group H; of
manifold Cw(6,6,6), by the commutator factorgroup of Cw(6,6,6) can
easily be determined, as Z3 x Z1s X Zg direct product of cyclic groups.

Of course, this group Cw, is a subgroup of our former G(6,6,6) by
Fig. 1.b. These generators a;, as, s can be expressed by the former
reflections m®, m!, az and the half-turn h about FozFi» (Fig. 1.a).

The above manifold Cw(6,6,6) with 6 = 2z, i.e. 2 =3 =4p — 1, i.e.
p = 1 provides us the analogous case Cw(14,14,14) with 14 = 2z, i.e.
z=T7=4p—1,1i.e. p=2 (see Fig. 2). The screw motion s has a rotation

27 (z—1)
component —;—=.

3 Construction of cobweb manifold Cw(10, 10, 10)

In this section we only note, that we obtain similarly to the above section
the cobweb manifold Cw(10,10,10). The face pairing structure of this
manifold can be derived by Fig. 3.a. Fig. 3.b shows the Dirichlet-Voronoi
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cell of group Cw(10, 10, 10) with kernel point @ (see Fig. 1.a). The screw
motion s has rotation component @ We plan to turn back to this
topic in more comprehensive paper.

References

(1]

2]

3]

4]
[5]

(6]

7]

8]

Cavichioli, A. — Molnar, E. — Spaggiari, F. — Szirmai, J., Some tetra-
hedron manifolds with Sol geometry. J. Geometry, 105/3 (2014),
601-614.

Molnér, E., Space forms and fundamental polyhedra. Proceedings of
the Conference on Differential Geometry and Its Applications, Nové
Mésto na Moravé, Czechoslovakia 1983. Part 1. Differential Geome-
try, (1984), 91-103.

Molnar, E., Polyhedron complexes with simply transitive group ac-
tions and their realizations. Acta Math. Hung., 59 (1-2) (1992), 175-
216.

Molnéar, E., On non-Euclidean crystallography, some football mani-
folds. Structural Chemistry, 23 /4 (2012), 1057-1069.

Molnar, E. — Szirmai, J., Symmetries in the 8 homogeneous 3-
geometries. Symmetry Cult. Sci., 21/1-3 (2010), 87-117.

Molnar, E. — Szirmai, J., Top dense hyperbolic ball packings
and coverings for complete Coxeter orthoscheme groups. Submitted
Manuscript, (2016), arXiv: 161204541v1.

Molnar, E. — Szirmai, J., On hyperbolic cobweb manifolds. Stud.
Univ. Zilina. Math .Ser., 28, 43-52., 28 (2016), 43-52.

Wolf, J.A., Spaces of Constant Curvature. McGraw-Hill, New York,
1967, (Russian translation: Izd. "Nauka" Moscow, 1982).



Slovak—Czech Conference on Geometry and Graphics 2017 141

Tensegrity structures - the idea and the realization
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Abstract. The idea of tensigrity structures is very interesting. And the history
of developing this idea is interesting either. Who 1is the original author
of the concept? Master or pupil? The authors are trying to give the answer
on the question, in the paper. And the general idea of tensigrity has been presented
1n 1t, too.
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1 Introduction — the history of the idea

The concept of “tensegrity”, tensional integrity, was firstly patented
in 1962, by Richard Buckminster Fuller. But in real, the concept
of the structure, which is composed of simple rods and strings, has been started
earlier, and more then only one inventor had been working over it. The idea
of tensegrity is most often associated with three creators: Richard Buckminster
Fuller, Kenneth Snelson and David G. Emmerich. But the research of literature,
which has been realised by authors, has led to conclude that the undoubted
contribution to the formation of the concept of tensegrity is related to the work
of the Soviet constructivists and Bauhaus professors.

Each of three the most famous tensegrity creators, Fuller, Snelson
and Emmerich, has patents related to the concept of tensegrity. [1] Two
of them, Kenneth Snelson and Richard Buckminster Fuller, had possibility
to work together over the concept, at the Black Mountain College in North
Carolina, in the USA. The third one, David G. Emmerich, had been working
regardless, in Paris, in France. Sneller's and Fuller's collaboration started
by accident. Kenneth Snelson as a student ofart had been met Richard
Buckminster Fuller at the Black Mountain College in 1948. Fuller had been
working there as a lecturer and Snelson had been assisted and helped him
with construction of geometrical models which were necessary for Fuller'
lectures. On a base of such relationship of academic teacher and student,
Kenneth Snelson presented to Fuller his concepts of spatial structures,
with the most important one, called by him X - Piece. Richard Buckminster
Fuller was very interested in this structure and described it as “discontinuous -
pressure - and continuous tension structural advantage”. Snelson’s model was
a base for further Fuller’s publications connected with the idea of tensional
integrity and even for his further patents of tensegrity structures.
The background of Snelson’s spatial structure and his interest of them probably
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went from another relationship of academic teacher and student. At the Black
Mountain College, Kenneth Snelson took part in three - dimensional design
class of Josef Albers, the teacher of Bauhaus. Josef Albers, during his activity
in the USA, focused his interest in painting; he is known as the one of the most
famous American colour specialists. At the Bauhaus he were working with
another famous artist, Hungarian, Laszlo Moholy Nagy, the author of book
for students of Bauhaus - Von Material zu Architecture. They were working
together as the directors of the beginning course of the Bauhaus and they were
responsible of metal and wooden workshops. Laszlo Moholy Nagy was special
interested in the idea of constructivism. He had presented pictures of exhibition
of works of the group of young Soviet artists called Constructivists in his book.
The exhibition took place in Moscow, in 1921. There were presented 21 works
there, and 9 of them, spatial structures constructed with rods and strings, were
composed by Karl loganson, the Latvian artist. [2]

It is very probably that Josef Albers during his three - dimensional design
classes, which had been taken place in Black Mountain College, had inspired
students by constructivism idea. In this area, unfortunately, such conclusion
cannot be relied on publishing literature, one can only speculate on the basis
of the description left by Kenneth Snelson, which presents its genesis
of tensegrity. [3] But the third of the most famous creators of tensegrity, David
G. Emmerich, left publication in which he describing work of Karl Ioganson
Study in Balance and he related it to the Laszlo Moholy Nagy book. According
to Emmerich’s description, loganson’s structure was consisted of three struts
and nine cables, but he realized that cables were not prestressed.

Fig. 1: Kenneth Snelson work - X - Piece; http://www.tensegriteit.nl/e-
xmodule.html
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Fig. 2: Second exhibition of young artists - Moscow, 1921 - Works
of Karl Ioganson - Spatial structures; http://monoscop.org/Karl Ioganson

2 The general idea

Richard Buckminster Fuller have been described the tensegrity concept
as islands of compression inside an ocean of tension. [3] But this definition is
very broad and general. In accordance with this definition - inflated balloon
could be classified as a tensegrity structure. Attempts to define the tensegrity
system have been made by many researchers: Anthony Pugh (1976), Schodeck
(1993), Bin-Bing Wang (1998), René Motro (2003) and many others [1]

According to Valentin Gomez Jauregui publication, related
to architectural application of tensegrity, tensegrity is a structural principle
based on the use of isolated components in compression inside a net
of continuous tension, in such a way that the compressed members, usually
bars and struts, do not touch each other and the prestressed tensioned
members, usually cables or tendons, delineate the system spatially. [Gomez...]
The authors have adopted the following definition of tensegrity structures
for research and comparative analysis: Tensegrity structures are spatial
structures composed of simple rods and strings, in which mutual stabilization
of the stretched and compressed elements occurs. They are characterized
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by durability comparable to lattice systems. Tensegrity structures can be
divided into several groups. One of the more precise subdivisions was
formulated by Anthony Pugh and was based on the subdivision of flat
structures and spatial structures. According to Pugh subdivision - flat structures
are concentric or not concentric. Spatial structures are: regular, non regular,
prismatic, spherical and others. [4]

Tensegrity structures

2D structures 3D structures
concentric not regular not prismatic | spherical | others
concentric regular

Table 1. Subdivision of tensegrity structures according to A. Pugh

3 Tensegrity structures in Architecture

The research interests of authors are tensegrity structures occurring
in architectural objects. In the context of the analysis of architectural spatial
systems, the authors assume the division of structures into: open, closed,
dependent and dispersed. Such division of spatial structures will enable
comparative analyses of architectural objects in which tensegrity structures
occur. Existing objects with a tensegrity structure can be subdivided into the
following types: roof covering - roofing; buildings; bridges; artistic
installations.

The authors conducted a preliminary comparative analysis based
on the accepted division of spatial structures for selected architectural objects
such as:
= roof of world cycling centre in Aigle, Switzerland 2002 - Velodrome

Architects - Pierre and Pascal Grand,
= roof of the sports and entertaiment hall Spodek in Katowice, Poland 1971 -

architects - Maciej Gintowt, Maciej Krasinski,

* building “The Cloud” EXPO 2002, Yverdon-les-Bains, Switzerland,
architects - Pierre and Pascal Grand,
= para-tension pavilion London, England 2010, architects - Guangyuan Li,

Merate Barakat, Sebastian Nau, Sevinj Keyaniyan,

» Kurilpa Bridge, Brisbane, Australia 2009, architects - Cox Rayner

Architects,

» Forthside Pedestrian Bridge, Stirlig, Scotland 2009, architect: Keith Brownl,

= Needle Tower, Washington, USA 1968, architect - Kenneth Snelson,

= Kenichi Kawaguchi's Arch, Tokyo, Japan 2011, architect - Kenichi
Kawaguchi.
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4 Conclusion

Analysis of the research literature and preliminary comparative analysis
of selected architectural objects allows formulating the following conclusions:

the original definitions of tensegrity structures were based primarily
on the experiment and analysis of the structure of the physical models
of the structure,

definitions of tensegrity structures formulated by Anthony Pugh and other
researchers, based on the geometrical analysis of tensegrity structures were
the basis for formulating of the mathematical model of these structures,
formulated mathematical model of structures enables the use of computer
tools for studying and analysing tensegrity structures,

nowadays, the computer programs for parametric and generative design
allow the analysis of tensegrity structures in a manner similar to the analysis
of the physical model of the structure,

subdivision of tensegrity structures formulated by Anthony Pugh, based
on the geometrical analysis of tensegrity structures can be the basis
for adaptation of these structures in architectural objects,

formulating the additional spatial division of architectural objects, which
takes into account the designing of the architectural space, made it possible
to carry out a preliminary analysis of the architectural objects in which
tensegrity structures occur, in the context of the shaping of architectural
space which is very important in architectural contexts of the research,
tensegrity structures used in architecture give the architect the freedom
to shape architectural space,

the use of kinematic elements in tensegrity structures enables dynamic
shaping of the form of an architectural object,

the use of kinematic elements in tensegrity structures enables dynamic
regulation of sun exposure and ventilation of the building, during usage.
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Abstract. The Euclidean geometry of quadratic cones is equivalent
to the study of spherical conics. The normal (or orthogonal) quadratic
cones have circular sections being orthogonal to vertex generators.
These cones can be generated by congruent pencils of planes with
intersecting axes. The corresponding conics are the spherical analogues
of Thales circles.

FEquilateral quadratic cones are characterized by a vanishing trace. The
associated equilateral spherical conics have the property that the three
vertices of a regular right-angled spherical triangle can simultaneously
move along. Dualization yields cones which are the envelopes of triples
of mutually orthogonal planes. If cones of this type are tangent to a
regular quadric then their apices are located on a sphere. This reveals
the movability of ellipsoids in circumscribed boxes.

Keywords: quadratic cone, spherical conic, normal cone, equilateral
cone.

1 Introduction

A result of Linear Algebra says that for each quadratic cone (=cones of
274 degree) with real points other than the apex exists a coordinate frame
such that the cone’s equation has the standard form

ax? 4oy +e322 =0 with ¢ > 0> ¢ > cs. (1)

Irreducible quadratic cones intersect the unit sphere centered at the apex
along two symmetric spherical conics. We call each connected compo-
nent of its intersection with the unit sphere a spherical ellipse. Spherical
ellipses share many properties with planar ellipses, e.g., the gardener’s
construction, or the optical property: all rays radiating from one focus
pass through the other focus.

Each point P on the sphere has an antipode P*. Therefore each spher-
ical ellipse can also be seen as one branch of a spherical hyperbola. Fur-
thermore, all spherical parabolas ¢ are spherical ellipses with the major
axis 2a = § [1, p. 444].

Among conic constructions which hold in the plane as well as on the
sphere, we mention the construction of Proclus (or de la Hire) for points
of ellipses. But also the centers of curvature at the vertices can be found
for planar and spherical ellipses in a similar way. The latter construction
can even be recognized as an analogue of that for planar hyperbolas.
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Figure 1: The semiaxes a,b and the eccentricity e of a spherical conic.

If a spherical conic on the unit sphere is given by the standard equation
(1) then the semiaxes a,b and the eccentricity e satisfy (Fig. 1)
2 1 2 c1
tan“a = ——, tan"b=——, cosa = cosbcose.
C2 Cc3
We are going to study below the two particular cases:
e normal cones or conics are characterized by ¢1 + ¢3 = co.

e cquilateral cones or conics have a vanishing trace, ¢; + co + c3 = 0.

2 Normal cones

The cone c;22 + coy? + c32% = 0 with apex O at the origin is normal if
and only if sina = tanb. It is easy to confirm that exactly in this case
the circular sections of the cone, which are parallel to one of the planes
x\/c1 — e+ 2v/ca — c3 = 0, are orthogonal to one of the generators in the
plane y = 0 of symmetry.

Theorem 1. On the sphere the set of points P with < APB =7/2, i.e.,
the spherical analogue of the Thales circle, is a normal conic ¢ with A and
B as vertices on the minor axis (Fig. 2).

Proof. This can be proved using basic Descriptive Geometry: Let g, h
be the lines which connect the given points A, B, respectively, with the
center O of the sphere. We are looking for diameter lines p such that their
connecting planes with g and h are orthogonal. If we specify ¢ in vertical
position then for any plane € through g the normal line n through any
point H € h to ¢ is horizontal, and n spans with h a plane orthogonal
to €. The line p of intersection of these two planes passes through the
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Figure 2: The spherical analogue of the Thales circle is a normal conic.

pedal point of H in €. For H # O, this pedal point lies on a horizontal
circle, due to Thales’ theorem. Therefore the lines p belong to a cone,
which contains a horizontal circle and a vertical generator g in a plane of
symmetry. [l

Remark. In other cases the spherical isoptic curves c for the segment PQ,
i.e., the sets of points X with ¢ PXQ =¢ or m— ¢, where p # 7, are
spherical quartics (see [1, Fig. 10.20, p. 465].

In the plane, the constance of the angle ¢ of circumference and the
constant sum of interior angles in each triangle imply: Circles can be gen-
erated by an orientation-preserving congruence between two line pencils
P, Q. On the sphere the analogue curves are no more isoptic.

Theorem 2. An orientation-preserving congruence between the pencils
P, Q of great circles generates a pair of antipodal normal conics with the
spherical bisector of P and Q as the minor axis (Fig. 3).

Proof. By virtue of standard results of Projective Geometry, the given
congruence generates a pair of spherical conics ¢, and the great circle
1 = 2’ connecting P and @ corresponds to the respective tangents 1’ and
2 at @ and P. The angle bisectors 3,4 of 1,2 are mapped onto the angle
bisectors 3’,4’ of 1’,2’. Their points of intersection A € 3,3’ and B € 4,4/
lie on the orthogonal bisector of P and @, which is an axis of symmetry
of the generated conic ¢. Hence, A, B and @ define ¢ already uniquely,
and the conic c¢ is normal, by virtue of Theorem 1. [l

Remark. After replacing one base point P by its antipode, we obtain a
similar result in the case of an orientation-reversing congruence.
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Figure 3: On the sphere an orientation-preserving congruence between
two pencils of great circles generates a normal conic.

3 Equilateral cones
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Figure 4: In an equilateral conic a spherical octant can move around.
The cone (1) is equilateral iff ¢; 4+ ¢ + ¢3 = 0, hence iff

a2
. sin” a .
s,1n2b:3 — 1,Where \/g<sma<1.
sm- a —




Two particular quadratic cones 151

Figure 5: The conic p is inpolar to the conic c.

Theorem 3. In each equilateral spherical conic ¢ a reqular right-angled
triangle ABC' can move around while all three vertices A, B, and C' run
along c.

We prove this by using Projective Geometry.

Definition 1. A conic p is called inpolar (apolar) to the conic c if there
exists a triangle ABC' auto-polar w.r.t. p and inscribed in ¢ (Fig. 5).

Together with ABC' there is a always one-parameter set of triangles GH K
which are auto-polar with respect to p and inscribed in ¢. All these
triangles are circumscribed to the conic ¢ which is polar to ¢ w.r.t. p.

Proof. A result of von Staudt says: If the two triangles ABC and GHK
are auto-polar w.r.t. p the six vertices are located on a regular or singular
curve of degree 2. This curve is already uniquely defined by the five points

A,B,C,G, H. O

We show that in the case of Theorem 3 the polarity in p means or-
thogonality in the bundle, and the cone c is equilateral. For this purpose
we need another theorem from analytic Projective Geometry [1, p. 420].

Theorem 4. Given p: x'Px =0 and ¢c: x'Cx = 0 with symmetric
matrices P and C, with ¢ containing real points.

Then, p is inpolar to c if and only if in the characteristic polynomial
det(oP + 7C) = jo 0° + j1 02T + jooT? + ja 7°
the coefficient of o1 vanishes, i.e., j1 = det P-tr(CP~1) =0 [1, p. 420].

In our case we have P = I, hence tr(C) = 0.
The sides of the moving triangle envelope another spherical conic ¢.
The cones connecting ¢ and ¢ with the center are mutually orthogonal.
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Figure 6: Boxes circumscribed to a tri-axial ellipsoid can move around.

A regular right-angled triangle circumscribed to ¢ can move such that all
sides remain tangent to ¢. Such conics are called dual-equilateral.

Theorem 5. The point S = (£,1,() is the intersection of three mutually
orthogonal tangent planes 1, T2, T3 of the ellipsoid 2_2 + Z—z + 'z—z =11if

E+n?+F=a+b2+ (2)

and then M7'12+M7'22 —|—M7’32 =a?+b%+ 2.

A parameter count reveals (Fig. 6): Boxes circumscribed to a tri-axial
ellipsoid, hence inscribed in the director sphere (2), can move around [2].

4 Conclusion

Almost all presented theorems can be found in the classical geometry
literature. Nevertheless, one can still enjoy their beauty and the elegance
of reasoning. Furthermore, they are also a challenge to use modern media
for their visualization.
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Abstrakt. Piispévek ma za cil seznamit s historii a sou¢asnosti vyuky deskriptivni
geometrie na Stavebni fakult¢ VUT v Brné a novymi sméry pii vytvafeni vyukovych
materiald, pfedevsim za pomoci dynamického systému GeoGebra.

Abstract. The aim of the paper is to get acquainted with the history and the present
of the tuition of descriptive geometry at the Faculty of Civil Engineering, BUT, and
the new directions in the creation of teaching resources, especially with the help of
the dynamic GeoGebra system.

Klicova slova: Konstruktivni geometrie Zoner Context, OtherCAD, LaTeX,
GeoGebra.

Keywords: Constructive geometry Zoner Context, OtherCAD, LaTeX, GeoGebra.

1 Historie vyuky deskriptivni geometrie na Stavebni fakulté

Ustavy matematiky I, IT a Ustav deskriptivni geometrie vznikly bezprosttedné po
zalozeni Ceské vysoké §koly technické v Brné v roce 1899. Stolice deskriptivni
geometrie byla jednou z prvnich ¢tyf, které byly na ceské technice v Brné€ v roce
1899 zaloZeny a tvoii tedy zaklad této $koly. Zakladatelem Ustavu deskriptivni
geometrie byl prof. Dr. Jan Sobotka. Po jeho odchodu na Filosofickou fakultu
Karlovy university v roce 1904 vedl tstav prof. Bedfich Prochazka a v roce 1908
se ustavu ujal prof. Miroslav PeliSek. Po odchodu prof. Peliska na odpocinek v
roce 1925 se stal jeho nastupcem prof. Ing. Dr. Josef Klima.

V letech 1946 — 1950 byl prednostou Ustavu deskriptivni geometrie prof.
Klapka. V roce 1951 byla vSechna tfi pracovisté (Ustavy matematiky I, 1l a
Ustav deskriptivni geometrie) sloudena v jedinou Katedru matematiky a
deskriptivni geometrie s vedoucim prof. Kauckym. V letech 1956 — 1961
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vyucovala tato katedra matematiku a deskriptivni geometrii na vSech znovu
ziizenych fakultach, od roku 1962 pievzaly vyuku na strojni a elektrotechnické
fakulté nove vzniklé samostatné katedry matematiky.

V pribéhu v poslednich zhruba tficeti let se postupné snizovala hodinova
dotace predmétu Deskriptivni geometrie — z rozsahu 3/3 ve tfech
semestrech ptes 2/2 v zimnim semestru a 0/2 v letnim semestru az k dne$nimu
2/2 v semestru letnim.

Zaroven se také ménil obsah kurzu. Naptiklad v akademickém roce 1992/93
(rozsah 2/2, zkouska v ZS; 0/2, klasifikovany zapocet v LS) obsahoval
harmonogram v zimnim semestru zejména promitaci metody - Mongeovo
promitani a kolmou axonometrii, dale pak Sroubovici a plochy Sroubové, rotacni
plochy a plochy zborcené. Obsahem letniho semestru byla Sikma axonometrie,
perspektivni promitani, osvétleni a topografické plochy. V soucasné dobé — na
zakladé pozadavkd odbornych tustavii — obsahuje harmonogram zejména
koétované promitani, teoretické feseni stfech a topografické plochy (pii dotaci 2/2
v LS, zkouska).

Vyvoj predmétu Deskriptivni geometrie nyni akreditovaného jako
Konstruktivni geometrie doprovazel také vyvoj studijnich materialii a pomuticek.
Mnohé ¢asti byly v ptivodni literatufe zpracovany jen okrajové a s ohledem na
pozadavky odbornych tstavll vznikla nutnost doplnéni, pfipadné vytvoreni
novych vyukovych projekti.

Od klasickych tisténych skript pro vyuku piednasek a cviceni ptes CD-Rom
s teorii a fadou feSenych krokovanych ptikladd (toto vznikd po roce 2000 s
prechodem na bakalarské studium) az po dnes pfipravované studijni materialy
v dynamickém systému GeoGebra.

2 BAO3vs BA0O8

Pii ptechodu na nové akreditovany pfedmét Konstruktivni geometrie doslo
k pomérmé velkym zménam v obsahu predmétu, jak ukazuje nasledujici
srovnavaci tabulka.

BAO3 — Deskriptivni geometrie BAOO8 — Konstruktivni geometrie
1. Rozsireny euklidovsky prostor. 1. Rozsireny euklidovsky prostor.
Princip promitani stiedového a Princip promitani stfedového a
rovnobeézného. Perspektivni rovnobézného. Perspektivni
kolineace, perspektivni afinita. kolineace, perspektivni afinita.

2. Systém zdakladnich uloh, uziti na 2. Systém zakladnich uloh, uziti na
prikladech. Mongeovo promitant. prikladech, kétované promitani.

3. Mongeovo promitani. 3. Kotované promitani (zdakladni

4. Mongeovo promitani. konstrukce, primét télesa).

5. Axonometricka zobrazeni.
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6. Axonometricka zobrazeni. 4. Kotované promitani (Tezy téles).
7. Uvod do stredového promitani. Mongeova projekce — uvedeni do
Linearni perspektiva. problému.
8. Linedrni perspektiva. 5. Topograficke plochy (zakladni
9. Linearni perspektiva. pojmy a konstrukce).
10. Teorie krivek a ploch. 6. Topograficke plochy. Teoreticke
Sroubovice. reSeni stiech.
11. Primy sroubovy konoid. 7. Teoretické resent stiech.
Zborcené plochy. Zborcené plochy 8. Kolma axonometrie.
druhého stupné. Zborceny 9. Kolma axonometrie.
hyperboloid. 10. Uvod do stiedového promitani.
12. Hyperbolicky paraboloid. Plochy | Linedrni perspektiva.
stavebneé - technické praxe. 11. Linearni perspektiva.
13. Rezerva. 12. Linearni perspektiva.

13. Rezerva.

Soucasné studijni materialy vSak nepokryvaji vSechny partie nove
akreditovaného pfedmétu BAOO8 — Konstruktivni geometrie a tak vyvstala
potieba tyto ucebni texty doplnit.

Pro vytvofeni stavajicich studijnich materiali bylo v roce 2000 rozhodnuto
pouzit autorsky nastroj Zoner Context, pficemz dynamické obrazky byly
feSeny pomoci OtherCADu. Nicmén¢ toto FeSeni uz v soucasnosti nevyhovuje a
tak vyvstala otazka, v ¢em nové studijni materidly vytvaret. Nakonec se pro
vytvareni texti vyuzZilo typografického systému LaTeX a pro dynamické obrazky
systému GeoGebra.

3 Soucasné studijni materialy

3.1 Zoner Context

Zoner Context byl ve své dob€ vykonny a univerzalni autorsky nastroj pro
elektronické publikovani. Podporoval vlastni pokrocilou hypertextovou
technologii, umoziujici spojit §irokou $kalu dat — text a tabulky, grafiku, kresby,
obrazky a multimédia. Vlastni plnohodnotny hypertextovy ,,WYSIWYG* editor.
Umoznoval piehlednou stromovou strukturu obsahu, vyskakovaci (pop-up)
okna, tvorbu rejstiiku kli¢ovych slov, vytvaieni systémovych odskoki, spousténi
externich aplikaci, kontroly hypertextovych vazeb a vloZenych soubord,
automatické generovani matrice pro duplikaci CD-ROM.

3.2 OtherCAD

V ptipad¢ programu OtherCAD se jednalo 0 pivodni ¢esky graficky systém
firmy ALPRO, s.r.0. a jeho minimalni verze byla doplnéna o slideshow od Petra
Slepicky.
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Obr. 1: Vysledny vzhled CD-Romu Deskriptivni geometrie vytvoreny
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Obr. 2: OtherCAD



Vyuka deskriptivn{ geometrie a nové studijn{ materialy 157

OtherCAD umoziiuje praci s vektorovou i rastrovou grafikou. Jedna se o
modularni graficky systém, ktery neklade velké naroky na pocitac ani na kapacitu
disku. K zakladnimu systému lze doplnit velké mnozstvi profesnich knihoven a

multiplicity of B equals 1

A 0 0
M=[0 Re(p—ipt Im(p+igt|. (15)
0 —Im(p+ig)* Re(p+ig)

2] "
Re(p + ig)* = Z’(—lﬁ(z‘),r‘ 2P
P
1£72)

Im(p +ig) = 3 (—1\‘(7_"‘. ]),ﬁ*l"‘.f‘".
P

[ is the floor function and, for the whole numbers &, £,

K i k>e>
(k) L e
s 0

otherwise.

Case II - the geome

Due to Theorem 3, we can assume that the transition matrix S is
such that

/A6 A A A\

3: LaTeX

Obr. 4: GeoGebra
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4 Nové studijni materialy

4,1 LaTeX

LaTeX byl pivodné vytvoien Lesliem Lamportem. Jedna se o balik maker
programu TeX, jenz umozituje autorim textll sazet a tisknout sva dila ve velmi
vysoké typografické kvalité. LaTeX je dostupny zdarma a pro vSechny rozsifené
operacni systémy. Vzhled dokumentu nezavisi na tom, pod kterym opera¢nim
systémem byl pielozen, umoznuje velmi dobré (ne-li nejlepsi) moznosti tisku
matematickych text. Soucasti instalace LaTeXu jsou i konvertory do postscriptu
a PDF.

4.2 GeoGebra

Tvircem GeoGebry je Markus Hohenwarter. Jedna se o multiplatformni
dynamicky software pro vSechny urovné vzdélavani. Spojuje geometrii, algebru,
tabulky, znazornéni grafi, statistiku a infinitezimalni poéet. GeoGebra je volné
Sititelny multiplatformni software. Instalace GeoGebry neni nutnd, plnou verzi
programu lze kdykoliv spustit v internetovém prohlize¢i. Program poskytuje
autorizacni nastroje k vytvoreni vyukového materidlu na webové strance.

5 Manual pro tvorbu dynamickych obrazku

Do vytvafeni studijnich materidlu byl zapojen i student 4. ro¢niku Stavebni
fakulty Jozef Siveak, ktery se na Ustavu matematiky a deskriptivni geometrie
jako ,;studentska pedagogicko-védecka sila® podilel na vytvareni modelt pro
vyuku Konstruktivni geometrie a v souc¢asnosti pracuje na vytvoieni podrobného
manualu pro konstrukci dynamickych obrazka pomoci GeoGebry.

Nasleduje ukédzka z pracovni verze manualu pro vytvafeni interaktivnich
ptikladi v programu GeoGebra.

UvoD

GeoGebra je dynamicky matematicky software, ktery propojuje geometrii, algebru a
matematickou analyzu. Tento ndvod vam ptiblizi zejména geometrickou ¢ast programu
a konstrukei ¢asti vybraného piikladu na topografické plochy. Nachazi se tu poznatky
uzite¢né hlavné pro zacateéniky s GeoGebrou a informace které se v ¢ase vytvateni
tohoto podkladu tézko nebo viibec nedaly dohledat na internetu. Jedna se o nékteré
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vytvareni krokovani a animovani konstrukci pfikladii a uzitecné rady pro lepsi
prehlednost a orientaci v prostiedi softwaru.

1  ZAKLADNI FUNKCE SOFTWARU

Nez zaneme pracovat s GeoGebrou, piedstavime si par nezbytnych funkci a
nastaveni programu, které bude vhodné k vytvareni piikladu.

1.1  NASTAVENI PROSTREDI

Na zacatek doporucuji zapnout v nabidce Zobrazit moznosti: Algebraické okno,
Nakresna a Vstupni pole. V této nabidce dale vybereme moznost Rozvrieni ..., a na
karté Piedvolby — Rozvrieni moznost Zobrazit ndpovédu k panelu ndstrojii.

7 piiklad k névodu.ggb

i Néstroje Okno Napovéda

% 8 a=2 Ukazovatko
’._ @ @ 4‘« N = ‘%' Pfesun nebo vibér objekid

- L — [ —— ’-
~ Agedraicks [l Nakesna Ctri+Shift=1 W SN ETR R ©
| 1w fo| @ Nawesna R Vstupni pole

Grafickj nahled 3D Cirl+Shift+3
oa S : ky [ Zobrazit [im]

(0,0 | i Zpis konstrukce Cirl+ShifteL o ——
A (949 2. Pravagpododbstl kalkulaZka Cli+Shift+P
Ay (108 Lo Panel ndstrojfl
AE:(HHI »__Vstupnipole I [ Zobrazit [in] (1n] m
Ay 167 & Roardeni [ZobxeninaporEiipachaston
B: (210,
B3 &t pregresit Cri+F pche
By (1030 prgpocitatviechny objekty  Ciri+R 4 Zobrazt zaniavi
By (149,15, 230.17) | Povalit zobrazeni formatovacine panelu

v ’ . Postranni panel

Obrazek 2 — nabidka Zobrazit o 2otk st panet [

Obrazek 1 — okno Rozvrzeni
1.2  NASTAVENI VLASTNOSI OBJEKTU

Zmeéna vlastnosti objektd je potfebna z mnoha divodi a vyuzijeme to témét pii
kazdém objektu. Napiiklad: zdiraznéni nekterych objektl, prehlednost, barevnost
konstrukce nebo zvyraznéni vysledku ptikladu.

Vlastnosti najdeme v oknu Piedvolby, nebo kdyz klikneme pravym tlacitkem mysi
na libovolny objekt v Nakresné nebo Algebraickém oknu. Nabidka vlastnosti, které se
mohou meénit, zavisi na vybraném typu objektu. Ve zkratce - GeoGebra umoziuje
ménit zakladni vlastnosti (ndzev, definice, popisek, zobrazit objekt, zobrazit popis +
vybér popisu ...), barvu a styl objektll — tyto vlastnosti se 1isi v zavislosti na objektu

). Déle se v tomto oknu nachazi vlastnosti Pro pokrocilé, kterymi
se budeme podrobné zabyvat pozd&ji pti popisu krokovani a animovani konstrukce.
Dalsimi vlastnostmi jako Skriptovani, Algebra, nebo pozice, se zabyvat nebudeme.
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Obrazek 4 — viastnosti iisecky Obrazek 3 — vlastnosti textu

U textu je velkou vyhodou moznost zadavani v LaTeXu.

RychlejSi a praktictéjSi moZnost upravy se nam nabizi po oznaceni
kteréhokoliv objektu levym tlac¢itkem mysi, hned pod horni liStou okna Nakresna
(viz obrazek 7).

Nejpottebnéjsi vlastnost zobrazit/skryt objekt se da jednoduSe zapinat/vypinat
v algebraickém oknu klinutim na modry/bily bod vedle daného objektu (
). Slouzi hlavné k zptehlednéni a vy¢isténi konstrukce od objektd, které jsou dilezité
pro zkonstruovani piikladu, ale nedaji se vymazat, protoZe na né navazuji dal$i objekty,
které by se odstranily taky. Vy¢isténi pfikladu je znazornéno na obrazcich 8 a 9.

2  KONSTRUKCE PRIKLADU
2.1 SESTROJENI ZADANI

Zadani jsme méli narysované jenom na papiru a kvili vysledku jsme potiebovali
ptiklad co nejptesnégji prerysovat do nakresny GeoGebry. Proto jsme vyuZzili moznost
vlozeni obrazku, resp. Skenu, do nakresny a co nejpiesnéji piekreslili zadani.
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o Vlozeni obrazku

—  moznost se nachazi v nabidce Upravy — Viozit obrdzek z ... vybereme
ulozisté Soubor nebo Schrdnka, nasledné vyhledame obrazek a zvolime
Otevrit,

—  obrazek se da jednoduse vlozit taky pfemisténim ze souboru do prostoru
nakresny a GeoGebra si ho nacte s dvéma uchopovacimi body,

— pomoci uchopovacich bodi se da obrazek podle potieby
zmensovat/zvétSovat a taky otacet,

—  vime, Ze nas obrazek je sken A4, narysujeme pomoci ¢tyt bodl (rohové se
soufadnicemi rozméri A4) a mnohothelniku format s rozmérem A4 a
naskenovany obrazek uchopovacimi body piesuneme do tohoto formatu,

— body se tazenim chytaji k mfizce nebo se daji kdykoliv dvojklikem
v algebraickém oknu piepsat jejich soufadnice.

o Obkresleni zadani

—  zadani obkreslime pomoci bodu, usecek, piimek, kolmic, rovnobézek,
osové i stfedové soumérnosti a jinych nastrojii z panelu nastroji, jako
bychom rysovali za pomoci dvou pravitek a kruzitka,

—  pro nanaSeni vzdalenosti vyuZijeme kruZnici s polomérem nebo usecku
S pevnou délkou,

— navrstevnice pouzijeme kiivku. Nenachazi se v panelu nastroju, ale kresli
se pomoci ptikazu spline, ktery napiSeme do vstupniho pole. Nejprve ale
naklikdme na jednu vrstevnici minimalné 4 body (vrcholy a inverzni body
ktivky), doporucuji ale alesponi 6—8 bodi pro lepsi manipulaci s kiivkou,
a az potom zadame piikaz spline a vypiSeme body na vrstevnici pies které
ma kiivka prochézet,

—  ktivky nakopirujeme a pomoci bodl pfesuneme a nastavime pfiblizné na
ur¢ené pozice,

— dopiseme textem oznaceni objekti, piipadné text zadani,

— nakonec vypneme nepotiebné objekty véetné podloZeného skenu a
zptehlednime tak zadani prikladu.

2.2  KONSTRUKCE RESENI
2.3  ANIMACE PRIKLADU

3 ZAVER
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Abstract. In the contribution we talk about using geometric software
in the courses of geometry at University of West Bohemia. We present
a few examples we use in the practical lesson of course Differential
geometry.
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1 Uvod
V soucasné dobé je témér nemyslitelné predstavit si vyuku bez vyuzivani
techniky, zejména pocitacti. Vypocetni a dalsi technika je pouzivana ve
vech predmétech (technickych, pifrodovédnych, ale i humanitnich) a ani
matematika a geometrie nemuzou byt vyjimkou. Otdzkou je, jakym zpuso-
bem zapojit techniku do vyuky, neochudit studenty o vycvik praktickych
dovednosti, ale naopak vyuzit jeji potencidl. Specidlné pro geometrii je
vyznamné zvysSovani nazornosti studované latky. V piipadé pouziti bo-
dovych (tedy lokdlnich) konstrukei (Fezy, pruniky, charakteristiky) umoz-
nuje pocitacovd podpora vizualizaci celku (tedy globdlnf{ vysledek).
Skladba geometrickych pfedmétii je na ZCU je velice sirokd a také stu-
denti, ktefi je navstévuji, jsou z ruznych studijnich programu a dokonce
z ruznych fakult. Pfedndsime geometrii pro strojni fakultu, kde mame
nejsirsi zabér od zobrazovacich metod, pfes analytickou geometrii az po
geometrii kiivek a ploch, transformace objektu a kratkého nahlédnuti do
geometrického modelovani. Dalsimi nasimi studenty jsou posluchaci oboru
stavitelstvi, které seznamime se zobrazovacimi metodami, kfivkami a plo-
chami zejména ze syntetického pohledu a déle studenti programu Geo-
matika a Matematika, kterym k tomuto syntetickému pohledu nabizime
také pohled analyticky a diferencidlni a zprostfedkovani znalosti z geomet-
rického modelovani. Déle jsou zde studenti programu Ucitelstvi a studenti
Fakulty designu a umeéni, ktefi si z nasi nabidky vybiraji geometrii podle
svého zaméreni.



164 Tomiczkova Svétlana, Jezek Frantisek

V nabizenych predmétech je nutné nabidnout jak teoreticky zaklad,
tak podle typu predmétu vhodné praktiké ukazky formou ukazek prezen-
tovanych vyucujicimi, ale i samostatnou nebo skupinovou praci s vhodnym
geometrickym softwarem. Cést studentii prochdzi i praktickou strankou
vyvoje modulu pro feSeni geometrickych tloh ve vhodném vyvojovém
prostied{ (Matlab, Mathmatica).

2 Vybrané ulohy

V nasledujicim textu uvaddime nékteré z iloh fesenych na praktickém
cviceni z predmétu Diferencidlni geometrie. V téchto lohéch jsou pomoci
softwaru Rhinoceros vizualizovany zdkladni pojmy diferencidlni geomet-
rie, jako jsou ekvidistanty, kiivosti kiivek a kiivosti ploch (teoreticka ¢ast
vyuzivé klasickou literaturu [1], [3] a pomocny ucebni text [2]). Studenti
se pii préci se softwarem setkdvaji s problémy (nékdy je vhodné je k nim
i nasmérovat), o kterych je vhodné s nimi diskutovat.

Priklad 1 Pro elipsu zkonstruujte vnitini a vnéjsi ekvidistantu.
Reseni tilohy na teoretickém cviceni:
parametrizace elipsy: P(t) = (acost,bsint), t € R
1

normélovy vektor: i = —————(acost,bsint), t € R
/a2 cos? t+b2 sin? ¢
ekvidistanta: R(t) = P(t)+7-d, d € R

_((_ _d Y .
RO = (Jareas s T Voot (i, T bsind),
deR

Vizualizace ilohy na praktickém cviceni:

=
=

Obrazek 1: Vykreslena ekvi- Obréazek 2: Vykreslenda ekvi-
distanta, kde d je mensi nez ve- distanta, kde d je rovno vedlejsi
dlejsi osa elipsy ose elipsy

Otazky pro studenty k zamysleni a diskuzi:
1. Je ekvidistantou elipsy elipsa?

2. Funguje algoritmus vypoctu ekvidistanty spravné?
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Piiklad 2 Vypoéitejte 1. kiivost sroubovice. Vymodelujte ji a proved'te
vizualizaci vektoru 1. kfivosti.

Reseni tlohy (ve zkracené formé) na teoretickém cviceni:

( ) = (’/‘ COS 2S+ 2,7‘sin T28+627 \/rgi@)’ s € (—O0,00)
( ) = ( 2+C2 sin \/ 2+ ok \/T21+C2 CoS r2s+027 \/TQCJFCZ)
( ) = ( 2+C2 CO8 Vi 2+ 30 ﬂic? sin r28+62’0)

= Pll=/(rmre)? = =i

Vizualizace itlohy na praktickém cviceni:

Obrazek 3: Sroubovice Obrazek 4: Vizualizace kiivosti

Otazky pro studenty k zamysleni a diskuzi:

1. Co muzeme ¥ict o prvni kiivosti Sroubovice?

2. Jaky je problém vzhledem k prvni otazce ve vizualizaci? Z ¢eho tento
problém vyplyvé (jak je ziejmé Sroubovice datové reprezentovéana)?

Piiklad 3 Vypocitejte Gaussovu kiivost valcové plochy. Vymodelujte ji
a proved'te vizualizaci Gaussovy kiivosti.

Reseni tilohy (ve zkricené formé) na teoretickém cviceni:
X(s,t) =P(s) +tu, s,t € R
g1 =P -Pg=P -ugn=u-u
_ p. / R _ _
h11 =P (P X u) ||P/><l].||’ h12 0, h22 0

__ hithaa—(h12)?
T g11922—(912)?
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Vizualizace tlohy na praktickém cviceni:
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Obrazek 5: Ilustrace k para- Obrizek 6: Vizualizace Gaussovy
metrizaci valcové plochy kiivosti

Otazky pro studenty k zamysleni a diskuzi:
1. Jaké typy bodu existuji na valcové plose?

2. Jaky problém vzhledem k pfedchozi odpovédi vidite ve vizualizaci
a ¢im je zpusoben?

3 Zaver
Pii praci s geometrickym software dochazi k zajimavym situacim, kdy
vizualizace neodpovidéd nasim vypocétum a je tfeba diskutovat o tom, proc
tomu tak je. Nékdy je na viné chyba v pouzitém algoritmu, pak muzeme
diskutovat o tom, jakym zpusobem je mozné chybu oSetfit, jindy je to
zpusob ukladani dat nebo zaokrouhlovaci chyba. Napiiklad ve vizualizaci
Gaussovy kfivosti muzeme diskutovat o rozsahu zobrazovanych hodnot a
pripadném pirenastaveni presnosti.

Pokud vhodnym zptsobem vyuZzijeme jak vyhod, tak nepfesnosti a
chyb geometrickych softwara, muzeme zvysit pfidanou hodnotu predmétu
a vice ho pfiblizit studentim. Zejména se to tyka teoretickych predmétu,
jakym je v ¢lanku pouzity ptiklad Diferencidlni geometrie.

Literatura
[1] B. Budinsky, B. Kepr: Zdklady diferencidlni geometrie s technickymi
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Abstract: The paper presents the supplement of double-image parallel projection
record, which has allowed the restitution of elements on the basis of their two
projections. The possible application of such supplemented double-image
projection onto one projection plane has also been indicated.
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1 Introduction

At the turn of the 1950s and the 1960s, several articles on new types of
projections were written by authors such as Adam Zawadzki [1,2,3,4,7] and
Stanistaw Polanski [5,6], associated with the Silesian University of
Technology.

This article constitutes a supplement to the work by Adam Zawadzki and
Karol Bolek “Double-image parallel projection” [7], which, apart from the
representation of the principle of double-image projection, includes a mapping
of a line passing through two arbitrary points given, a projection of a line
parallel to one of two directions, a line parallel to the projection plane, an issue
of parallelism, a transformation of one of the directions, an issue of
perpendicularity, and rabattement, and basic transformation. This article omits
these issues yet supplements the record of projection parameters and related
issues. This supplement allows for the restitution of objects on the basis of their
double-image projection, as well as the possibility of use in technical issues in
the longer perspective.

2 Mapping principle

Proposed by the authors, [7], the method of mapping the Euclidean space
consists in adopting any projection plane of the projection plane = and adopting
two directions ki k2 non-parallel to each other or to the projection plane. For
point P not belonging to projection plane =, we lead two projection radiuses
parallel to direction ki and k2 respectively. These radiuses have common points
with projection plane =. Each of the radiuses penetrates the projection plane,
while the penetration points are the projections of point P and are marked as P*
P2. If the point lies on the projection plane, then both its projections are
identical with this point, e.g. R=R'=R? (Fig. 1). For a point P lying above the
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Fig. 1 Double-image parallel projection mapping principle [7]

projection plane r,, we assume line orientation P*P? as positive. We will place
a distinguished positive orientation in the form of an arrow described as k12 on
the projection plane.

2.1 Possibilities of restitution

Unfortunately, the record of kiz, orientation itself did not allow for restitution
in this method of mapping. It was unnecessary due to the considerations
contained in the description of the method [7]. The projections themselves do

Fig. 2 Records of orientation k1,2 and projections of point P(P*,P?) do not
allow for its restitution

not allow for restitution. There are a lot of solutions for the given projections
and unknown projection directions ki k2 (Fig.2).

2.2 Double-image parallel projection record

For arbitrary directions ki and k2 satisfying the condition ki,k, | 7. In order to
record all parameters allowing for restitution, it is necessary to determine two
directions, i.e. two lines. In general, four points of the Euclidean space are
needed. If one point is common to both lines, then three points are sufficient.
Assuming that two of these three points can lie on the projection plane =,, these
two points are unequivocally described with their projection. The third point
remains which, in principle, cannot lie on the projection plance, since it would
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Fig. 3 Record of information necessary for the restitution of point
Q(Q4,Q%Q"Q
a) b)

Fig. 4 a) record proposed by the authors [7], b) supplemented record
allowing for restitution, c¢) restitution of point R and S R on the
basis of their two projections RY,R? and S*,S?as well as recorded

directions of projection (12NX).

mean that ki,k»...7, , which is contrary to the assumption made earlier. For an
unequivocal point record, we need e.g. a normal projection and a point height,
two projections into perpendicular projection planes, etc. Adopting the version
with a normal projection and the height of apoint, we may adopt the convention
that we select the third point so that it is at a height of one unit and lines
parallel to directions ki and k2 will pass through it. However, determining the
length of the unit vector will be then necessary. Therefore, the method of
moving any point together with providing its height seems correct. Thus, the
placed record will be reduced to providing the position of the points
determining this mapping, 1,2,N,X (where: 1 - projection of the point in the
direction k1, 2 - projection of the point in the direction k2, N - normal
projection of the point, X - point rabattement), wherein segment NX will
always be perpendicular to segment 12.

3 Restitution of a point in the base of its double-image
projection

With orientation ki2 and points N,X as well as double-image projections of
point R in the form of points R%,R? (Fig. 4c) the remaining data can be
constructed for the restitution of R, i.e. points R",R*. In the figure, points 1,2
were exceptionally marked on orientation ki2 which is not needed, yet in this
case necessary for legibility and clarity of the construction and its description.
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In order to find point R", we use the parallelism of lines NN1...R"R* and
N2...R"R?, and find the searched point by constructing the corresponding
parallel lines. Point R*, which is found using parallelism 2X...R?R* and
NX...R"R* remains to be constructed. Instead the second parallelism
NX...R"R*, we may also use parallelism R"R* /RR?,

A similar algorithm is used for point S with data S* and S?, except that point
S lies below the projection plane.

It is worth noting that knowing two projectionsof a point, e.g. T of four
(T, T2,T",T%) unequivocally determining the the position of a point in space, we
can determine the position of the remaining two points on the basis of the
similarity of quadrangle 1,2,N,X.

4 Line mapping

Most of the issues related to the line have already been developed, yet some
issues have not yet been addressed. Without providing additional information
concerning projection directions, it is not possible to distinguish between
perpendicular line projections and lines creating other angles with the

k

12

Fig. 5 In the case of a simple perpendicular to the viewport and the given
projection directions k1 and k2, the projections of the straight lines will be
parallel to the projections of the projection directions. Projections of line
b_Lx with a record of its normal projection, a simplified record for line cLn
sufficient for an unequivocal interpretation of the projections

projection plane.

Figure 5 shows a suitable example. In case of a line perpendicular to the
projection plane and the given projection directions ki and kz, the projections of
the lines will be parallel to the projections of the projection directions.

5 Transformation

The issue of projection direction change has already been developed.
Supplementing the record with projection directions 1%,2',N, X! in case of
changing the projection plane requires the determination of parameters for the
new projection plane to describe the projection direction - points 12,22 N? X2,
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We have mapping parameters 12 (11, 2%, N%, X%) on projection plane 1 and
projections Al, A% of point A respectively from the projection direction ki and
k2. Let the new projection planenz be determined with line x1,2, which, similarly
to Monge's projections, will be the edge of projection planes n: and w2 and
dihedral angle a2, formed by the two projection planes. In order to simplify
the record of this angle, planed perpendicular to line X127 and the rectangular
projection onto that auxiliary projection plane were adopted. We must find the
projections of point A on projection plane w2 maintaining unchanged projection

k2

Fig. 6 Introduction of a new projection plane with projection directions
maintained

directions ki and k2. The construction of points 12, 22, N2, X? is based on
finding the points of penetrating the projection plane with projection radiuses ki
k2 with projection plane m2. A line parallel to the projection plane m: and a
rectangular projection applied on the projection plane perpendicular to axis xu,2.
were used here. The concise nature of the study does not allow a complete
discussion of the structure. It seems unnecessary for persons familiar with
descriptive geometry.

6 Application

Observing Google maps at different times, it can be noticed that the image
‘ - .

>

Y. S < ;

wib b) . c) > %

Fig. 7 Images of two identical adjacent buildings featured in Google maps

at different times a) earlier b) current c) projections constructed on the
basis of images (yellow sections)

a)
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shooting parameters are changing (Fig. 6a, 6b). The images are taken from the
circumterrestial orbit and it can be assumed that for ordinary buildings this is
not a perspective projection but a parallel projection. With two images taken
from different satellite positions, it can be assumed that we have two parallel
projections of the same element at our disposal. By combining these two
images, we get a double-image projection of the object. We only need to
combine the projections of the same points. Having an object of a known
height, we can construct points defining the directions of projection ki and k.

7 Conclusions

The presented supplement may allow the use of a double-image parallel
projection in technical applications implementing satellite imagery.
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1 Introduction

Analytic representation of classical geometric photogrammetric methods used
for 3D data reconstruction from uncalibrated images, supported by epipolar
geometry strategies, enable development of reasonably precise algorithms for the
reconstruction of selected objects depicted in 2 photographic images taken from
stable positioned cameras. Corresponding images of real points selected on
reconstructed objects have to be detected manually, which leads to certain
incorrectness in performed calculations. Aim of the project was to find methods
for optimisation of calculation results and some improvements of basic algorithm
for calculations of real data — 3D coordinates of points from 2D coordinates of
their images in 2 photos, and real distances between selected points. Interactive
user-friendly application CamWitt with Graphical User Interface has been
developed for manual detection of corresponding pairs of images of points on
selected objects in 2 uncalibrated photographic images of reconstructed 3D
scene. Application was supported by calculation module written in C++
programming language. Implementation was based on previous algorithm testing
in software package Maple. Parallel comparison of calculation results has been
performed using programming language Python, in order to detect possible
errors. The analysis of algorithm aimed to test its robustness, constraints and its
failures due to specific unsuitable input data geometric configurations have been
performed, too.

Project partners cooperating on project, Slovak University of Technology in
Bratislava and Criminological and Expertise Institute of Ministry of National
Defence of Slovak Republic, solved different tasks related to their expertise.
Scientists from university developed application CamWitt and implemented
algorithm in the supportive calculation module. Criminalists, who opted to use
project results in their criminalistics practise, dealt with the construction of tested
3D scenes in their photogrammetric laboratory, where photographic images were
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taken by installed stable cameras with known calibration. Two experimental
scenes were generated, see in Fig. 1 and Fig. 2, in both a cube was selected as
reconstructed object whose real dimensions had to be calculated by developed
algorithm. Calibration was done by detection of 6 pairs of corresponding points
in the 2 photographic images of scenes. These points were visibly marked for
better detection, avoiding thus, to a certain extent, some incorrectness that could
occur in calculations due to improper detection of their position in the scene.
Then, related pairs of points would be not really corresponding.

Fig. 2: — More complex example of 3D scene with selected object — cube

2 Algorithm analysis

Results of the analysis proved some of the originally stated hypothesis derived
in accordance with the experiences gained by using experimental data.
Hypothesis 1. 3D scenes displaying weak space variability perform worse results
and are not suitable for precise reconstructions.

Scene in Fig. 1, example of a weak space variability (only 3 visible perpendicular
planes) was not very suitable for precise reconstruction, and calculations of 3D
coordinates of selected vertices on depicted cube were overloaded by higher
percentage of errors. Scene in Fig. 2, with higher variability of different objects,
enabled homogeneous distribution of points used for calibration, therefore
calculated results were more realistic and precise.
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Various approaches were used in order to optimise calculation results not
depending on the detection of corresponding pairs of points in their views in
images of the 2 testing scenes. They were related to changes in input parameters
— distance of cameras (estimated parameter, which need not be precise), focal
distance (variable with respect to camera self-focusing), position of principal
point in image (view of centre of projection). Comparison of calculation results
in different algorithm implementations are presented in the following tables.
Table 1 contains columns with results of 3 different implementations (CamWit
— C++, original implementation in Maple, new optimised implementation in
Maple), including input parameters (distance of cameras, focal distance —
position of focus to image plane, horizontal position, vertical position), number
of used scene (1, 2), name of tested edge, calculated length of this edge, its real
length, and columns with difference of calculated and real length of the edge in
mm and in percentage.

Table 2 shows five most precise results of searching for minimal differences by
means of changing focal length in scene 1. Table 3 brings survey of all resulting
differences for various configurations of parameter focal distance f, horizontal in
row and vertical in column.

Distance of
cameras, Length Difference
| Algorithms " focal length, ' ' ' |
Implement. X, Y, points Scene Edge Calculated Real [mm] [%]

' 11100, 2432, 2736, ' ' ' ' '

CamWit 1824, 10 1G 552,6 550 26  047%
1100, 2432, 2736,

CamWit 1824, 10 1E 525,7 530 43 0,81%
1100, 2432, 2736,

CamWit 1824, 10 1F 88,0 88 0,0 0,00%
1100, 2432, 2736,

CamWit 1824, 10 1F1 83,1 88 49 557%
1100, 2432, 2736,

CamWit 1824, 10 1B 439,9 450 -101  2,24%

' 1100, 5320, ' ' ' ' ' '

CamWit 2736,1824, 15 2 B2 67,0 88 -21,0 23,86%
100, 5320,

CamWit 2736,1824, 15 2 Bl 64,7 88 -23,3 26,48%
100, 5320,

CamWit 2736,1824, 15 2B 714 88 -16,6 18,86%
100, 5320,

CamWit 2736,1824, 15 2 C1 16,8 88 -712 80,91%
100, 5320,

CamWit 2736,1824, 15 2 C 24,3 88 -63,7 72,39%
100, 5320,

CamWit 2736,1824, 15 2 A 19,4 102 -82,6 80,98%
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100, 5320,

CamWit 2736,1824, 15 2 Al 294 102 -726 T71,18%

' 11100, 2432, 2736, | ' ' ' ' '

Maple orig. 1824, 18 16 500,32 550 -49,68  9,03%
1100, 2432, 2736,

Maple orig. 1824, 18 1E 481,87 530 -4813  9,08%
1100, 2432, 2736,

Maple orig. 1824, 18 1F 79,19 88 -8,81 10,01%
1100, 2432, 2736,

Maple orig. 1824, 18 1F1 76,44 88 -11,55 13,13%
1100, 2432, 2736,

Maple orig. 1824, 18 1B 384,45 450 -6555 1457%

' 11100, 2432, 2736, | ' ' ' ' '

Maple new 1824, 18 16 501,00 550 -49,00  891%
1100, 2432, 2736,

Maple new 1824, 18 1E 47620 530 -53,80 10,15%
1100, 2432, 2736,

Maple new 1824, 18 1F 79,40 88 860 9,77%
1100, 2432, 2736,

Maple new 1824, 18 1F1 75,50 88 -1250 14,20%
1100, 2432, 2736,

Maple new 1824, 18 1B 39430 450 -5570 12,38%

' 1120, 5320, ' ' ' ' ' '

Maple new  2736,1824, 31 2 B1 62,60 88 -2540 28,86%
120, 5320,

Maple new  2736,1824, 31 2B 313,20 88 22520 255,91%
120, 5320,

Maple new  2736,1824, 31 2 c1 4547 88 -42,53 48,33%
120, 5320,

Maple new  2736,1824, 31 2 C 331,20 88 243,20 276,36%
120, 5320,

Maple new  2736,1824, 31 2 A 172,30 102 70,30 68,92%

Table 1 — Part of results from testing on real data

Parameter change Differences between
calculated and real results [mm]

In total
Focal | Horizont Vertical [mm]

length position position © E - = e
-5% -5% 10% 0,53 7,95 0,28 3,82 29,43 42,00
-5% -5% 5% 2,00 14,77 0,70 2,46 27,81 47,73
-5% -5% 0% 2,48 19,44 0,94 1,43 25,30 49,59
-5% 0% 5% 13,81 7,22 2,49 4,94 26,95 55,40
-5% 0% 10% 14,72 13,24 2,80 6,18 25,42 62,35

Table 2 — Best results for variable focal distance in scene 1
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Data presented in tables prove certain assertions, which can be regarded useful
as guide for choice of best data input and algorithm self-improvements, and
which were proved to be valid during testing real data in experimental scenes.

Al. Complicated scenes are more suitable and enable more accurate calculations
of reconstruction.

Taking into consideration only algorithms in programme CamWit, average
difference in scene 1 is 1,82 %, while in scene 2 up to 53,52 %. In the
implementation Maple new it is even higher (11,08 % vs. 135,68 %)

A2. Higher number of detected pairs of points in images does not guarantee
higher precision.

Algorithms Maple new in scene 2 was calculated with 31 points but the error
remained quite high (135,68 % in average).

A3. Errors can be very different for various edges.

Algorithms Maple new in scene 2 and edge B1 showed small error (28,86 %)
comparing to edge C, where the relative error was almost ten times higher
(276,36 %).

A4. Algorithm is not able to improve precision of results in all directions and
domains, from the provided input data.

Data in Table 2 show that although difference on all edges decreased under 10
mm, difference on edge B remains over 25 mm. This fact can cause a problem
provided not enough reference distances are available.

A5. Even the simple form of algorithm can find the best possible solution by
means of consequent change of parameters

Best results can be seen for values [-1, -1, 2] (see Table 2). Simple form of
algorithm searching for the best result, which starts in the arbitrary point
and proceeds by one step in just one direction, finds this best results in 56 % of
various initial positions. In all other situations it could end up in some of the
points [-2, 0, -2], [-2, 2, 2], [0, -2, -2]. These open possibilities for design of more
intelligent searching algorithms with smaller steps (actually it is 5 %), which
could find more precise solution. Parallel running of several algorithms from
different positions could more reliable prove that found solution is really the best
possible (actually from 4 parallel running algorithms at least one could find the
best solution with probability almost 96 %).

3 Conclusions

Interactive application CamWitt equipped with the calculation module for 3D
data reconstruction from 2 photographic images of 3D scene based on classical
geometric photogrammetric methods and concepts of epipolar geometry was
presented. Application was tested on experimental data and its robustness and
preciseness have been analysed with respect to suggested modifications of the
set of input data, namely distance of two cameras, focal distance, and changing
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position of principal point in the image in vertical and horizontal direction.
Statistical analysis of differences in real and calculated distances of detected
points in the 2 images of 2 experimental scenes were presented and compared,
and possible assertions useful for configuration data detection leading to most
precise calculations were formulated and explained.

Other improvements of the reconstruction algorithms are possible, namely
combination of various searching algorithms in the space of solutions for
different input parameters and due to change in the calculation of the
fundamental matrix, or their combination. New experimental scenes must be
generated to analyse suggested optimisation approach, and also real scenes from
the practical reconstruction problems should be considered.
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Abstract. In the contribution, we talk about synthetic methods in
the projective extension of the real plane or three-dimensional space
for solving problems of projective incidence and affine geometry. We
use the concept of von Staudt’s ,,Wurf*, defined in his Beitrdge zur
Geometrie der Lage, and the derived property that cross-ratios are
invariant under projective transformations. The concept of choosing an
infinite hyperplane is used for making hypothesis in an affine space to
solve projective problems and vice-versa. Insight into the von Staudt’s
constructions on the projective scale is given. The methods are shown
on some examples in elementary planimetry and stereometry.
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1 Introduction

Projective geometry was systematically formalised by Karl Georg Chris-
tian von Staudt on synthetic reasoning in his Geometrie der Lage [1] and
Beitrége zur Geometrie der Lage [2]. In contrast with current fashion in
textbooks on projective geometry, we follow this point of view and show
some intuitive synthetic ways of solving problems with the use of projec-
tive geometry. We avoid deeper theoretical issues and suggest well written
book [5] in both synthetic and analytic way, for further reading.

2 Synthetic projective methods

The real projective space can be defined in various ways. Von Staudt
constructed it in an axiomatic manner based on the incidence property
by composition of perspectivities. A classical textbook in which incidence
projective geometry is constructed axiomatically is [3]. Our method of
projection follows this point of view. Another construction of the projec-
tive space may be obtained by projective extension of the affine or eu-
clidean space. We only need to add infinite points corresponding to affine
directions. Currently, the most common definition is of existential nature,
where projective space is vector space up to scalar multiplication. Sub-
traction of a hyperplane from the projective space gives an affine space.
Last two definitions suggest possibility of working with infinite elements,
which leads to the method of selection of the infinite hyperplane.

2.1 Method of projection

The basic machinery for treating projective geometry synthetically is the
method of projection. Von Staudt called placement of four elements in
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some (one-parametric) system ,, Wurf“ (,,throw*). The value of throw is an
analogue of our cross-ratio. Two important facts are needed: Perspectivi-
ties preserve cross-ratio. Projectivity is a perspectivity or composition of
perspectivities. Perspectivities are denoted by A, projectivities by A. We
demonstrate the method on the following property, which can be found

in ([3], p.12).

Theorem 1. Let us have four collinear points A, B,C and D. The cross-
ratios (A, B;C, D) and (B, A; D,C) are equal.

Proof. (Figure 1) We need to find the sequence of perspectivities, which
maps the points A, B,C and D to B, A, D and C, respectively. Let O be
an arbitrary point not on the line AB and draw a distinct line through
the point D.

Assume the following composition
of perspectivities:

(%)
ABCD A~ A'B'C'D

(4)

A'B'C'D A OXC'C

(B")
O0XC'C AN BADC
therefore ABCD A BADC
and (A,B;C,D) = (B, A; D, C).

Figure 1: Method of projection.
O

2.2 Method of selection of the infinite hyperplane

The second method consists of selecting the infinite line (in RP?). If we
draw a picture on a paper or computer screen, we consider it embedded
in an affine plane (there simply exist parallel lines). To think projectively,
we have two choices: We can accept directions of parallel lines to be the
infinite points and work in our affine plane of the paper. On the other
hand, we can select the infinite line in the paper, which is the line of
points of intersections of original parallels (more properly, we perform
a collineation which maps the infinite line onto a finite line). Figure 2
demonstrates the idea on two images of the same parabola.

Using the method, we can clarify, from our experience in elementary
geometry in affine setting, why some projective constructions work. In
Figure 3 (Left) is the common interpretation of the ,,von Staudt’s con-
struction“ of addition of two elements A; and B; on the projective scale
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Figure 2: (Left) The infinite line is mapped onto a finite line. (Right) The
infinite line is the set of intersections of parallels.

given by the projective coordinate system 01,17,001 (for details see [5],
pp. 89—91, [4], pp. 20—24, 88—91). The construction is performed in
the following steps:

\\
.
\\
.
\\
N
N
N
\\
\
N
0 11 B A+ By 001
\

Figure 3: Addition on a projective scale.

1. choose an arbitrary point S not on the line A; B; and join it with
0, and B4

2. choose an arbitrary distinct line (green) through ooy and not passing
through S

3. join the intersection of the line 0.5 and the green line with A, and
find its intersection with the line Soo;

4. join the last intersection on the line Soco; with the intersection of
the green line and B1S and find its intersection point A; + By with
the line A1 Bl

If we consider the line Soco; to be the infinite line, it is analogous to the
affine situation, and the construction becomes much easier to understand.
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Translation of the oriented segment 01 B; to an arbitrary parallel line in
the ,direction“ of S and another translation of the segment to point A;
may be one of the interpretations. Figure 3 (Right) shows the construction
of addition on a conic. The join of the intersection of the tangent at the
point co with the line AB with the point 0 intersects the conic in the
point A + B. Von Staudt used similar constructions to form the fields of
real and complex numbers ([2], vol. 2).

The most important construction in synthetic projective geometry is
the construction of the harmonic conjugate D of the given point C with
respect to a pair A, B (Figure 2.2). The cross-ratio of such points, har-
monic quadruple, is (A, B;C, D) = —1.

Lo NN i/ 1. choose two arbitrary distinct
Ny . . .
\‘\‘\‘ points F and F not on the line
\
‘ N f AB
v E
o e NN . .
Il @ W 2. find the intersections G of the
Fooms N lines AE and CF, and H of
DR NN o et .
JONSAN Hs the lines BE and CF
’ SN TS
NN N
{ o T o .
e — e 3. join the intersection I of the
---- A D B ™. _C > lines AH and BG with E
Il’ ‘\\ \\\‘ . ~ A
d A} Ay S . . . .
! * E ~ 4. the point D is the intersection

of the lines AB and EI

Figure 4: Construction of the harmonic conjugate.

Figure 5: Transformations of the harmonic conjugate construction.
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If we consider the line EC to be the infinite line, the point D is the
midpoint of the segment AB, and the construction becomes the paralle-
logram rule in the affine setting (Figure 5) (Left) or a simple property of
a rectangle in the euclidean plane (Figure 5) (Right).

The construction of the harmonic conjugate can be effectively used for
solving the following property, which is usually proven in elementary ge-
ometry with the use of areas of triangles or homotheties.

Theorem 2. Let ABHG be a trapezoid, where AB||HG and E be the in-
tersection point of AG and BF'. The intersection point I of the diagonals
AH and BG lies on the median of the triangle ABE through E.

Proof. We will conveniently transform the theorem into the projective
extension of the real space.

Let C be the intersection of par-

allel sides AB and HG. Nam-

ing CE the infinite line, we have

the construction for harmonic con-
Y jugate, where A, B,C and D form
harmonic quadruple. Hence, the
point I lies on the join of E and
the midpoint of AB.

Figure 6: The property of trapezoid.
O

Our last construction can be taken as a planar generalisation of the har-
monic conjugate construction on a line. Strictly speaking, we will find the
pole of a line with respect to a triangle. Poles and polars with respect
to a triangle are described for example in [6], pp. 61—62. Let us have a
triangle ABC and a line [, in a plane (Figure 7, Left).
1. choose an arbitrary point V' not in the plane ABC and join it with
the vertices of the triangle

2. choose an arbitrary distinct plane p through the line [, and find its
intersection points A’, B’ and C’ with the lines AV, BV and CV,
respectively

3. find the intersection point O of the planes ABC’, BCA’ and ACB’

4. the point T' (pole of the line /) is the intersection of the line VO
and plane ABC

Again, if we transform our problem into an affine setting with [, being
the line at infinity, the point 7" is nothing else then the centroid of the
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Figure 7: A pole and polar with respect to a triangle.

triangle ABC'. Figure 7 (Right) shows the net of the pyramid ABCV in
which we can easily notice three constructions of harmonic conjugates on
the sides of the triangle ABC.

3 Conclusion

We described and gave new applications of synthetic methods of projection
and selection of the infinite hyperplane on examples of some elementary
geometric properties and projective constructions. The given methods
show that we can effectively use intuitive ,projective” thinking not only
to solve projective, but also affine or euclidean problems.
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