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c© Vydavatelský servis, 2017
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Dagmar Szarková – STU Bratislava

Scientific Committee:
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Gunter Weiss – Technische Universität Wien (AT)





Slovak�Czech Conference on Geometry and Graphics 2017 5

Table of Contents

Forewords . . . . . . . . . . . . . . . . . . . 7

Plenary talks . . . . . . . . . . . . . . . . . 9

Odehnal Boris
Hermite Interpolation with Ruled and Canal Surfaces . . . 11

Pech Pavel
Investigation of loci in dynamic geometric . . . . . . . 13

Vajsáblová Margita
Geometric tools in a precision of image elements on maps . 25

Contributed talks . . . . . . . . . . . . . . . 37

Bátorová Martina, Kudli£ková So¬a
Softvérová podpora výu£by deskriptívnej geometrie a geomet-

rického modelovania na FMFI UK . . . . . . . . . . 39

Bizzarri Michal, Lávi£ka Miroslav, Vr²ek Jan
On rational approximation of curves parameterized by square

roots . . . . . . . . . . . . . . . . . . . . . 45

Blaºková Eva
Algebraic Curves Given by Puiseux Tree . . . . . . . . 53

�melková Viera
GeoGebra a výu£ba zobrazovacích metód . . . . . . . . 61

Ferdiánová V¥ra
Krátký úvod do Geometria del Compasso . . . . . . . . 65

Gergelitsová �árka, Holan Tomá²
Jak rozpohybovat GeoGebru? . . . . . . . . . . . . 71

Ha²ek Roman
Dynamická geometrie online . . . . . . . . . . . . 77

Hole²ová Michaela
Ovals in Technical Practice . . . . . . . . . . . . . 83

Chalmovianský Pavel
Local Intersection Multiplicity . . . . . . . . . . . . 89

Kme´ová Mária
Visualisation in problem solving . . . . . . . . . . . 97



6 Slovak�Czech Conference on Geometry and Graphics 2017

Kolcun Alexej, Raunigr Petr
Plánování pohybu robota pomocí nástroj· nUrBS . . . . . 103

Kolomazník Ivan, �ervenka Franti²ek
Modelování ploch technické praxe a jejich 3D tisk . . . . . 111

Králová Alice
Zajímavé vlastnosti elipsy, které se neprobírají v rámci b¥ºného

u£iva . . . . . . . . . . . . . . . . . . . . . 115

Kudli£ková So¬a, Mackovová Alºbeta, Bátorová Mar-
tina
Kon²trukcie elipsy v interakcii s GeoGebrou . . . . . . . 121

Ma´a²ovský Alexander, Visnyai Tomá²
Moºnosti zásuvného modulu GeoGebra systému Moodle . . . 127

Molnár Emil, Szirmai Jeno
Non-Euclidean polyhedral manifolds, models and visualization 133

Sroka-Bizo« Monika, Polinceusz Piotr
Tensegrity structures � the idea and the realization . . . . 141

Stachel Hellmuth
Two particular quadratic cones . . . . . . . . . . . 147

�afa°ík Jan, Slab¥¬áková Jana, Siv£ák Jozef
Výuka deskriptivní geometrie na Stavební fakult¥ VUT a nové

studijní materiály vytvá°ené v dynamickém systému GeoGebra 153

Tomiczková Sv¥tlana, Jeºek Franti²ek
Geometrický software a výuka geometrie . . . . . . . . 163

Tytkowski Krzysztof
About a certain supplement of double-image parallel projection 167

Velichová Daniela
3D Data Reconstruction . . . . . . . . . . . . . . 173

Zamboj Michal
On Methods of Synthetic Projective Geometry . . . . . . 179

List of Participants . . . . . . . . . . . . . . 185



Forewords

The third Slovak–Czech conference on Geometry and Graphics took place
in hotel Vršatec, Vršatské Podhradie, Slovakia, on September 15–18,
2017, as a joint event of 26th Symposium on Computer Geometry
CSG´2017 organized annually by the Slovak Society for Geometry and
Graphics and 37th Conference on Geometry and Graphics held
by the Czech Society for Geometry and Graphics of the Union of Czech
Mathematicians and Physicists.

Conference was attended by 48 participants from 7 countries: Slovakia,
Czech republic, Poland, Hungary, Germany, Austria and Australia, who
presented 31 contributed talks and 3 posters from applied and pure geome-
try, geometric modelling, computer graphics and education of geometry.
Participants enjoyed also interesting live presentation of 3D printer in
performance. Conference organizers hosted three plenary speakers with
invited lectures focused on different fields of pure and applied geometry.
Margita Vajsáblová from Civil Engineering Faculty of Slovak University of
Technology in Bratislava introduced some basic information on geometric
concepts and methods used in cartography in lecture entitled Geometric
Tools in a Precision of Image Elements on Maps. Invited speaker Boris
Odehnal from University of Applied Arts in Vienna presented in his talk
an interesting algebraic approach to Hermite Interpolation of Ruled Surfa-
ces and Canal Surfaces. Plenary lecture Investigation of Loci in Dynamic
Geometric Environment by Pavel Pech from South Bohemian University
in České Budějovice was related to utilisation of dynamic geometric soft-
ware for automated theorem proving, by means of symbolic geometric
methods currently introduced and available in the dynamic mathematical
software environment.

Slovak-Czech GeoGebra Workshop about dynamic mathematical software
GeoGebra was also a part of the conference. Participants presented here
their experience with software inclusion to maths education, both teaching
and learning, as supplementary dynamic didactic tool, and shared their
good practise in development of applets as dynamic presentations and
study materials.

Conference was organized by the committee of the Slovak Society for
Geometry and Graphics. Social programme included short walks in the
Vršatec Mountain, the most spectacular part of White Carpathians, visit
to small glass museum in Lednické Rovne and trip to ruins of an old castle
Lednica, build on a steep stony hill and boasting with interesting history,
unusual interior structure, and nice view to the countryside.
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We would like to invite all interested participants to attend also the next
Czech–Slovak Conference on Geometry and Graphics organized in Czech
republic in September 2018, that will be held in cooperation of repre-
sentatives of both societies for geometry and graphics as join event of
38th Conference on Geometry and Graphics and 27th Symposium
on Computer Geometry SCG´2018. We are pleased to keep success-
fully the good tradition of our common meetings deeply rooted in the
history.

Bratislava & Plzeň, November 30, 2017

Daniela Velichová
chair of SSGG

Miroslav Lávička
chair of ČSGG
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PLENARY TALKS





  

Hermite Interpolation with Ruled and Canal 

Surfaces 

Boris Odehnal 

University of Applied Arts Vienna 

Oskar-Kokoschka-Platz 2, A-1010 Wien, Austria 

email: boris@geometrie.tuwien.ac.at 

Abstract. We show an algebraic way to interpolate Hermite data of ruled or canal 

surfaces. For that we construct rational (indeed polynomial) curves within Plücker’s 

quadric M2
4 and within Lie’s quadric L2

4 which are point models for the geometries 

of lines and spheres. The technique we use applies to both types of surfaces, because 

they can be represented as curves within the afore mentioned quadrics. The Bézier 

ansatz for a curve in either quadric involves some design parameters guiding the 

shape of the ruled or canal surfaces. These parameters are to be determined by 

solving a system of algebraic equations. The degrees of the equations admit a 

prediction of the number of possible solutions. Together with geometric criteria, 

useful solutions, i.e. solutions that meet practical requirements can be selected. Our 

main goal is the interpolation of Gk data at the boundaries of ruled surfaces and canal 

surfaces. Depending on k, the degree n of the curve in the Bézier ansatz has to be 

chosen: the higher k, the higher the degree of the ansatz. Nevertheless, we aim at low 

degree interpolants, and therefore, we choose the lowest possible n in any case. 

Key words: Interpolation, Hermite data, ruled surface, channel surface, Plücker’s 

quadric, Lie’s quadric, rational normal curve. 

 

 

Remark. 

Full paper with all information presented at the conference plenary talk will be 

available published in the issue of scientific journal G – Slovak journal for geometry 

and graphics, vol. 14, No. 28, 2017. 
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Investigation of loci in dynamic geometric

environment

Pavel Pech

Faculty of Education, University of South Bohemia
České Budějovice, Czech Republic

pech@pf.jcu.cz

Abstract. A classical problem in plane geometry consists of searching
for the path of a point, that is subject to given constraints. Except
for the most simple loci such as lines, circles or possibly conics, this
topic is not contained in most geometry texts. The reason might be
difficulties when visualizing various objects with different movements.
The use of dynamic geometry software (DGS) considerably facilitates
the loci investigation. Whereas in the past the study of loci by DGS
was based on numerical methods, now we are facing the introduction of
symbolic methods based on the theory of automated theorem proving
into DGS. The result is the implicit equation of the locus. In the text
a few concrete examples are given.

Keywords: Dynamic geometry, locus, locus equation.

1 Introduction
Roughly spoken a locus is a set of points subject to some geometric con-
straints. Searching for loci belongs, in our opinion, to difficult part of
mathematics school curricula all over the world. New technologies con-
siderably facilitate searching for loci not only to students but also to math-
ematicians. Firstly dynamic geometry tools such as the command Locus

appeared. Nowadays we encounter the use of CAS based on the theory of
automated theorem proving, such as commands Prove, LocusEquation.

2 Command Locus
The tool Locus belongs to one of traditional functions of dynamic ge-
ometry systems. To its application we need two points. The first point
is a mover, the point which usually moves along a certain object. The
second point - a tracer - is somehow dependent on the mover and draws
the sought trajectory. The command Locus is very simple and useful, we
can use it at all types of schools.

Problem 1

Let ABC be a triangle with a side AB and a vertex C on a circle c cen-
tered at A and radius |AB|. Determine the locus of the orthocenter H of
ABC when C moves along c.

Using the command Locus, first clicking on the tracer H and then on
the mover C, we get the curve of the third degree which is the strophoid,
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Figure 1: Computer displays the strophoid

Fig. 1.

How to compute it?

Let A = (0, 0), B = (a, 0), C = (u, v) and H = (p, q). Then:

(H − C) ⊥ (B −A) ⇔ h1 : p− u = 0,

(H −A) ⊥ (C −B) ⇔ h2 : p(u− a) + qv = 0.

C ∈ c ⇔ h3 : u2 + v2 − a2 = 0.

Elimination of u, v in the system h1 = 0, h2 = 0, h3 = 0 gives the equation
of the fourth degree which decomposes into the strophoid and the line

(p3 − ap2 + aq2 + pq2)(p− a) = 0. (1)

How is it possible?

The problem lies in the position when C arrives at B, i.e. u = a, v = 0,
and the line BC is not defined, Fig. 2. Then the system h1 = 0, h2 = 0,
h3 = 0 transforms into one relation

p− a = 0

which is the line in (1).
To avoid this, we add the condition B �= C, i.e. ((u − a)2 + v2)t− 1 = 0,
where t is a slack variable, into the system above. Then we get the only
equation

S : p2(a− p)− q2(a+ p) = 0

14 Pech Pavel



Figure 2: Together with the strophoid an extraneous line appears

which is the strophoid.

Opposite implication (often neglected at schools).

Let H ∈ S. We ask whether the vertex C lies in the circumcircle of ABC
for a given orthocenter H. Then adding the condition q �= 0, which leads
to the point [a, 0], to the system above, we get NF = 0. This means

q2(u2 + v2 − a2)2 = c1(p− u) + c2(p(u − a) + vq) + c3S, (2)

where c1, c2, c3 are certain polynomials. Then (2) implies u2+v2−a2 = 0.

Conclusion: The locus is the strophoid without the point [a, 0].

Problem 2

Let A be a fixed point on a circle c, and l = AM a line passing through
A and a point M ∈ c. Determine the locus of P ∈ l such that |MP | = k,
where k is a constant, when M moves along the circle c.

Similarly, using the command Locus we get the curve of the fourth degree
called the limaçon of Pascal, Fig. 3.

How to compute it?

Let A = [0, 0], S = [a, 0], M = [u, v], P = [p, q]. Then:

M ∈ c ⇔ h1 := (u− a)2 + v2 − a2 = 0,

|MP | = k ⇔ h2 := (p− u)2 + (q − v)2 − k2 = 0,

Investigation of loci in dynamic geometric 15



Figure 3: Computer displays the limaçon of Pascal

P,M,A are collinear h3 := pv − qu = 0.

Elimination of u, v in the system h1 = 0, h2 = 0 h3 = 0 gives the equation

(p2 + q2 − k2)((p2 + q2 − 2ap)2 − k2(p2 + q2)) = 0 (3)

of the degree six which decomposes into the limaçon of Pascal and the
circle.

Why?

The problem arises in the position when M arrives at A, i.e. [u, v] = [0, 0],
and the line AM is not defined. Then the system h1 = 0, h2 = 0, h3 = 0
transforms into the only relation

p2 + q2 − k2 = 0

which is the circle in (3), Fig. 4.
To get rid of this ”extraneous” circle, we add the condition M �= A, i.e.
(u2+v2)t−1 = 0, where t is a slack variable, into the system above. Then
we get the only equation

S : (p2 + q2 − 2ap)2 − k2(p2 + q2) = 0

which is the limaçon of Pascal.

Opposite implication.

Let P ∈ S. We ask whether the point M ∈ AP ∩ c fulfills |MP | = k.

16 Pech Pavel



Figure 4: Together with the limaçon of Pascal an extraneous circle appears

Adding the condition apu �= 0, which is equivalent to P �= [0, 0], into the
system above, we get NF (1, L) = 0.

Conclusion: The locus of P is the limaçon of Pascal S without the point
[0, 0].

3 Command LocusEquation

The command Locus cannot be applied to any locus. Problems that we
will present now are of this case. To solve them we have to use a more
advanced tool LocusEquation which has recently been implemented into
GeoGebra version 5. This command brings a new approach in searching
for loci. It is based on automated discovery, the part of the theory of
automated theorem proving. This tool uses elimination of variables in a
system of algebraic equations describing the locus. It returns an implicit
equation of the locus. It is well known that the result is the Zariski closure
of a projection on the space of local coordinates. This often leads to the
situation that instead of a real locus we get the smallest variety which
contains, besides the locus, also some extraneous objects not pertaining
to it.
Before using the command LocusEquation we have to construct in Ge-
oGebra a geometric diagram describing the locus. After constructing the
diagram we apply the command LocusEquation which has two parame-
ters. The first one is the thesis T (which must be a Boolean expression),
the second one is a free point P, whose locus we investigate. The result
of LocusEquation [T,P] produces the set V such that ”if T is true then
P ∈ V ”.

Investigation of loci in dynamic geometric 17



Several Boolean expressions in the form of commands such as AreCollinear,
AreParallel or AreConcyclic are tested in a few problems which results
to curves in the plane.
By searching for loci we apply Gröbner bases method using software Co-
CoA.

Problem 3

Determine the locus of a point P such that its reflections K,L,M in the
sides of a given triangle ABC are collinear.

It is obvious that in this case the command Locus cannot be applied.
However the command LocusEquation solves the problem. Procedure
determining the locus is following:

1. First construct a geometric diagram

– Construct a triangle ABC.

– Choose an arbitrary point P.

– Construct reflectionsK,L,M of the point P in the sidesAB,BC,
CA.

2. Enter the command LocusEquation[AreCollinear[K,L,M],P].
Besides the graph of the searched locus one also gets its equation in given

Figure 5: On the screen the circumcircle of ABC appears

rectangular coordinates

x2 + y2 − 5x− y = 0.

We see that the locus is the circumcircle of ABC, Fig. 5.
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Which way does the computer proceed?

Let us show how we arrive at the solution — the circumcircle of ABC —
using the theory of automated theorem proving.

Let the coordinates be chosen such that A = [0, 0], B = [a, 0], C = [u, v],
P = [p, q], K = [k1, k2], L = [l1, l2], M = [m1,m2]. Suppose that the

Figure 6: The locus of the point P is the circle

points K,L,M are collinear. Then:

PK ⊥ BC ⇔ h1 := (p− k1)(u − a) + (q − k2)v = 0,

K ′ ∈ BC ⇔ h2 := 2av + u(q + k2)− v(p+ k1)− a(q + k2) = 0,

PL ⊥ CA ⇔ h3 := (p− l1)u+ (q − l2)v = 0,

L′ ∈ CA ⇔ h4 := (p+ l1)v − (q + l2)u = 0,

PM ⊥ AB ⇔ h5 := p−m1 = 0,

M ′ ∈ AB ⇔ h6 := q +m2 = 0,

K, L,M are collinear ⇔
h7 := k1l2 + l1m2 + k2m1 − l2m1 − k1m2 − k2l1 = 0.

After eliminating variables k1, k2, l1, l2,m1,m2 in the system above we get

av2 · S = 0,

where
S = vp2 + vq2 − avp+ (au− u2 − v2)q.

If a �= 0 and v �= 0, i.e. if A �= B and A,B,C are not collinear, then S = 0
represents the circumcircle of ABC, Fig. 6.
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This can be easily verified by substituting coordinates of the triangle
vertices into S = 0.

Opposite implication.

Let P ∈ S. We ask whether K,L,M are collinear, i.e. h7 = 0. Suppose
that A �= C and B �= C, i.e. (u2 + v2)((u − a)2 + v2) �= 0. Then we get
NF = 0, which is equivalent to

(u2 + v2)((u − a)2 + v2)h7 = c1h1 + c2h2 + . . .+ c6h6 + c7S. (4)

Since we suppose that h1 = 0, h2 = 0, . . . , h6 = 0 and S = 0, then (4)
implies that h7 = 0.

Thus every point P of the circumcircle of ABC satisfies the condition that
K,L,M are collinear.

Conclusion: If A �= B, A �= C, B �= C and A,B,C are not collinear, then
the locus is the (entire) circumcircle of ABC.

Problem 4

Let ABCD be a quadrilateral and K,L,M,N feet of perpendiculars from
a point P to the lines AB, BC, CD, DA. Determine the locus of P such
that the lines KN and LM are parallel.

It is obvious that in this case the command Locus cannot be applied. We
will use the command LocusEquation.

Procedure determining the locus is following:
1. First construct a geometric diagram

– Draw a quadrilateral ABCD.

– Choose an arbitrary point P.

– Construct feetK,L,M,N of perpendiculars from P to the lines
AB,BC,CD and DA.

– Denote m = KN and n = LM.

2. Enter the command LocusEquation[AreParallel[m,n],P].
Besides the graph of the searched locus one also gets its equation in given
rectangular coordinates

(x− 1)2 + (y − 3)2 = 10.

We see that the locus is a circle, Fig. 7.

Following questions may arise:
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Figure 7: On the screen the circle is displayed

• Is the solution really the entire circle?

• Is the solution always a circle (and not another curve)?

• If the solution is not a circle, which positions of the verticesA,B,C,D
does it happen for?

Which way does computer proceed?

Let’s show how we arrive at the solution using the theory of automated
theorem proving.
Let A = [0, 0], B = [a, 0], C = [u, v], D = [w, z] P = [p, q], K = [k, 0],
L = [l1, l2], M = [m1,m2] N = [n1, n2]. Suppose that the lines KN and
LM are parallel. Then:

PK ⊥ AB ⇔ h1 := p− k = 0,

L ∈ BC ⇔ h2 := ul2 + av − al2 − vl1 = 0,

PL ⊥ BC ⇔ h3 := (p− l1)(u− a) + (q − l2)v = 0,

M ∈ CD ⇔ h4 := um2 + zm1 + vw − wm2 − uz − vm1 = 0,

PM ⊥ CD ⇔ h5 := (p−m1)(w − u) + (q −m2)(z − v) = 0,

N ∈ DA ⇔ h6 := wn2 − zn1 = 0,

PN ⊥ DA ⇔ h7 := (p− n1)w + (q −m2)z = 0,

KN ‖ LM ⇔ h8 := (l1 −m1)n2 − (l2 −m2)(n1 − k) = 0.

After eliminating variables k, l1, l2,m1,m2, n1, n2 in the system above we
get

z(av − vw − az + uz)S = 0, (5)

Investigation of loci in dynamic geometric 21



Figure 8: The locus of P is the circle

where

S = (p2 + q2)(avw − 2uvw + vw2 − auz + u2z − v2z + vz2) + p(u2vw +
v3w− avw2+ au2z−u3z+ av2z−uv2z− avz2)− q(au2w−u3w+ av2w−
uv2w − auw2 + u2w2 + v2w2 − u2vz − v3z − auz2 + u2z2 + v2z2).

In (5) we can suppose that z �= 0, av−vw−az+uz �= 0, otherwise ABCD
degenerates.
Thus (5) implies the locus equation of P = [p, q]

S = 0.

Denote the coefficient at p2 + q2 by

T = avw − 2uvw + vw2 − auz + u2z − v2z + vz2.

If T �= 0, then (5) is the circle passing through the points A,C and the
Miquel point H, Fig. 8.
Now suppose that T = 0. Then S = 0 is the line passing through the
vertices A,C. For P ∈ AC the angles by B and D are equal, Fig, 9.

Opposite implication.

Does every point P = [p, q] satisfying S = 0 have the required property
KN ‖ LM?
Suppose that P obeys S = 0. We want to show that then KN ‖ LM, i.e.
h8 = 0. Using the command Normal Form NF in CoCoA we get NF �= 0.
The answer is negative.
Adding the conditions P �= A and P �= C, i.e. (p2 + q2)((p − u)2 + (q −
v)2)s− 1 = 0 to the system above, we get NF=0. This implies that h8 = 0.

Conclusion:
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Figure 9: If the angles by B and D are equal then the locus is the line
AC

— If the angles by B and D of a quadrilateral ABCD are distinct then
the locus is the circle through the points A,C and the Miquel point H,
without A and C.

— If the angles by B and D are equal then the locus is the line AC
without the points A and C.

Remark: Realize that if P = A or P = C then K = N or L = M and
the lines KN or LM are not defined.

4 Conclusion

In the article investigation of loci in the plane using new GeoGebra com-
mands Locus and LocusEquation is given. Firstly we applied these
commands on a few problems, secondly these problems were analyzed
in detail. Realize that the locus equation generated by the command
LocusEquation is only the necessary condition for validity of the con-
dition given by a Boolean expression in the command. We recommend,
mainly for educational reasons, despite the fact that this is a difficult prob-
lem, to implement the verification of the opposite implication — which
part of the found set of points belongs to the locus — into the program in
future.
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Geometric tools in a precision of image elements on 

maps 

Margita Vajsáblová 

Dept. of Mathematics and Descriptive Geometry, Fac. of Civil Engineering, Slovak Univ. of 

Technology in Bratislava 

Radlinského 11, 810 05 Bratislava, Slovak Republic 

email: margita.vajsablova@stuba.sk 

Abstract. Maps in analog and digital form affect every area of life. An actual 

problem affected by the precision of positioning geodetic points using new GNSS 

technologies in coordinate systems is the precision of the map projection. Map 

projections are coming out of geometric expression of properties of reference 

surfaces of Earth using methods of differential geometry, as well as of relation 

between two linear manifolds - reference ellipsoid and map plane. Choice of 

cartographic projection is determined by the geometrical characteristics of the 

territory and choice criteria for distortion of map elements. The aim of this paper is 

to show the role of geometry and mathematics in the cartography and different 

options for access to the distortions of the territory, such as optimization of extreme 

value of distortion, summing and integral criterion on area territory, in some case 

using criterion with the requirement of a minimum mean value of scale distortion in 

a given area. 

Key words: Riemann manifolds, reference surfaces, conical, azimuthal, variational 

cartographic projection, scale distortion. 

1 The role of geometry in map creation  

„Experience proves that anyone studies geometry in infinitely quicker to grasp 

difficult subjects than one who has not.“ This is the big idea from Platon (The 

Republic Book 7, 375 B.C.). Map creation is the interdisciplinary problem 

connected geometrical, mathematical and cartographical view. An actual 

problem affected by the precision of positioning geodetic points using new 

GNSS technologies in coordinate systems is the precision of the map 

projection. Multi-geometry tools are introduced into this process, as 

differential, analytical, constructive and descriptive geometry as well spherical 

geometry and topology. The aim of this paper is to show the role of geometry 

and mathematics in the cartography and different options for access to the 

distortions of the territory, such as optimization of extreme value of distortion, 

minimizing summing and integral criterion on area territory, in some case using 

criterion with the requirement of a minimum mean value of scale distortion in a 

given area. 

Map projections are coming out of geometric expression of properties of 

reference surfaces of Earth using methods of differential geometry, as well as 

of relation between two linear manifolds - reference ellipsoid and map plane 

(Grafarend&Krumm, 2006). 
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2 Distortion in map projections of reference ellipsoid 

Reference ellipsoid is two-dimensional Rieman manifold  with curvilinear 

coordinates  and , with parametrization (, ), whose elements of vector 

are right side of system of equations: 
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where a is length of the semi-axis of meridian ellipse b and e is the 

1st numerical eccentricity. Gaussian matrix G of reference ellipsoid:  
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For meridian radius of curvature M and for normal radius of curvature N it 

holds:  
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The 1st fundamental form of ellipsoidal surface  (expressing differential 

length ds of the element of geodesic) is formulated from elements of metric 

tensor G: 
222222 dcosdd  NMs                  (4) 

Cartographic projections define mathematic relation between geographic 

coordinates on reference surface 1 and coordinates in the map plane 2 that is 

mean relation between two-dimensional Riemann manifolds determined by 

map equations for orthogonal coordinates: 
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and map equations for polar coordinates: 
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Relation of distortion between two-dimensional Riemann manifolds is 

expressed by Cauchy–Green deformation tensor C (Pressley, 2001): 
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where J1 is Jacobi matrix of the first differentials: 
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G2 is metric tensor of Riemann manifold 2 – image of the points of 

ellipsoid onto a plane by map equations:  
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Than Cauchy–Green deformation tensor C1 is:  
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Scale distortion between two Riemann two-dimensional manifolds is 

expressed by scale distortion factor m, which is quotient of the first 

fundamental forms, of Cauchy–Green deformation tensor and sum of the 

elements Gaussian matrix of reference ellipsoid:  
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Factors mp and mr of scale distortion of meridian and parallels are:  

                         (12) 

 

3 Conformal conical and azimuthal projection of reference 

ellipsoid 

Map projections on developable surfaces are the most important in cartographic 

and geodetic practice. Conical and azimuthal projections are relations between 

two-dimensional manifolds: 

  1 with parameters ,  - ellipsoidal surface,  

  2 with parameters ,  - image of the points of ellipsoid on conical 

surface after developing onto a plane. 

Their relation is defined general map equations for polar coordinates: 

              (13) 

where n is one of the parameters of conical projection, for azimuthal projection 

parameter n = 1. Transformation of polar coordinates  and  on orthogonal 

coordinates x and y: 

,sin

,cos0









y

x               (14) 

where 0 is radius of image of standard parallel with ellipsoidal latitude 0. 

Constants 0 and 0 are also parameters of conical projection. 
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Distortion in conical projection formulated by Cauchy-Green deformation 

tensor C1 first order, which is given as product of Jacobi matrix and Gaussian 

matrix: 

        (15) 

there are  matrix J1 is Jacobi matrix for manifold 1, elements of Gaussian 

matrix G2 of manifold 2 are determined from first partial derivations of 

parametrization 2(, ). Gaussian matrix G1 for ellipsoid is equation (2). 

Elements of matrix C1 denoted by cij and elements of matrix G1 by gij, 

where i, j  {1,2}. Scale distortion of meridian and parallel mp and mr are 

expressed from elements of matrixes C1 and G1 by (12): 
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Because azimuthal projections have parameter n = 1:  
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Map equations for conformal projections are determined by condition for 

factors of scale distortion of meridian and parallel:  

.rp mm                 (18) 

Than map equations for conformal conical projection of reference ellipsoid 

are (Srnka, 1986): 

    (19) 

where e is the 1st numerical eccentricity of ellipsoid, 0, 0 and n are 

mentioned parameters of conical projection. From the condition (18), map 

equations for conformal azimuthal projection of reference ellipsoid are: 
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4 Choosing and optimizing of cartographic projection 

depending on geometric character of area   

Choosing cartographic projection depending on geometric character of area and 

optimization of its parameters are solving for example in 
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(Vajsáblová&Klimeková, 2016), (Szatmári, 2016) especially for Slovakia in 

(Vajsáblová, 2015). In this paper the geometric characteristics of Croatia and 

some proposals of cartographic projection are presented.  

The currently used cartographic projection in Croatia is Gauss-Krüger 

conformal projection in System HR-HDKS. Croatia territory on reference 

ellipsoid Bessel is divided on two meridian bands (Zone 5with central meridian 

15°, Zone 6 with central meridian 15°) which are projected onto two cylindrical 

surfaces in transverse position. Maximal scale distortion is +18 cm/km. 

For comparison we formulate conformal conical projection in normal 

position for Croatia territory. Parameters of projection are determined from 

criterion on equal distortion on bounded parallels J and S and on the standard 

parallel 0. The equation for parameter n is derived (Vajsáblová, 2009) from 

the first requirement on equal scale distortion of bounded parallels J and S:  

                     (21) 

Equation for parameter 0 is derived from the second requirement, that 

absolute value of scale distortion of bounded parallels J and S is equal to 

absolute value of scale distortion of standard parallel 0. This condition is 

formulated: 
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From the both of these conditions the parameters n, 0 of conical projection 

are calculated by equations: 
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  (23) 

where NJ, NS and N0 are normal radii of curvature in parallels with latitudes 

J, S and0 and c is determined by J and S:        

                    (24) 

This conformal conical projection of Croatia has 2 preserved parallels with 

latitude 43°27'51.73786" and 46°0'40.07021", angle of vertex is 

44°44'32.96365".  Geometric principle of this projection is on the Fig. 1. 
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Advantage of this projection is 1 surface, therefore 1 coordinate system for 

Croatia territory. Disadvantage is maximal scale distortion:  25 cm/km, bigger 

than in Gauss-Krüger conformal projection currently used in Croatia. On the 

Fig. 2 is cartographic parallels (isometric lines), meridians and Croatia 

boundary in designed conical projection. 

  

Fig. 1: Geometric principle of conical projection in normal position of 

Croatia 

 
Fig. 2: Croatia territory in conformal conical projection in normal position  
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Geometric properties of projected area are position, size and shape. 

Quantification of area position is by the point T near the centroid of area. For 

Croatia is this point outside of country and its coordinates are: 

T = 44°49'19.20", T = 16°18' 32.40".  

Size is expressed by area value P, this is: 

P = 52 038.297 km2. 

Perimeter O of the boundary is: 

O = 2 682.551 km 

Quantification of the shape of area is by compactness index Ik. For area on 

the ellipsoidal surface Ik is defined in (Vajsáblová, 2015): 
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here MT  and NT  are radii of curvature in the point T solved by (3). Value of 

compactness index Ik for Croatia calculated from Croatia boundary is: 

Ik = 0.091. 

Value of compactness index I´k for Croatia calculated for Croatia bordered 

by ellipsoidal trapezium is more useful to choosing of cartographic projection: 

I´k = 0.780. 

Value of compactness index I´k means that Croatia is bordered by 

ellipsoidal trapezium with circular shape. It follows that for projection of 

Croatia territory the azimuthal projection is effective. We designed conformal 

azimuthal projection in oblique position with cartographic pole equals to the 

mentioned point T. Geometric principle of this projection is on the Fig. 3. The 

reference ellipsoid was projected by conformal projection on the sphere after 

that projected on the secant plane in oblique position with preserve circle 

(cartographic parallel) whose cartographic latitude is 88°24'20.72016". 

Parameter c and cartographic latitude of preserved parallel of conformal 

azimuthal projection was calculated from requirement on equal scale distortion 

of border parallel and scale distortion in cartographic pole: 

              (26) 

From previous we derived the equation for calculation parameter c:  
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(27) 

Maximal scale distortion is  19 cm/km ergo similarly Gauss-Krüger 

projection used in System HR-HDKS. But our proposal projection has the 

advantage that Croatia is projected on one surface and has approximately equal 

scale distortion. On the Fig. 4 is cartographic parallels (isometric lines), 

meridians and Croatia boundary in designed azimuthal projection.  

.1

,1









J

Pol

m

m

Geometric tools in a precision of image elements on maps 31



 

 
Fig. 3: Geometric principles of azimuthal projection in oblique position of 

Croatia 

 
Fig. 4: Croatia territory in conformal azimuthal projection in oblique 

position 

Amplitude of Croatia cartographic parallels is 2°7'45.73438". This indicates 

using conical projection in oblique position for territory Croatia. Geometric 

principle of this projection is on the Fig. 5. Parameters of conformal conical 
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projection of reference ellipsoid with 2 preserved parallels from requirement on 

scale distortion of 0, J and  S.  

 

 
Fig. 5: Geometric principles of conical projection in oblique position of 

Croatia 

 
Fig. 6: Croatia territory in conformal conical projection in oblique position 
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Cartographic latitudes of two preserved parallels are:  88°9'25.24343" and 

89°43'22.61029". On the Fig. 4 is cartographic parallels (isometric lines), 

meridians and Croatia boundary in designed conical projection. Vertex angle of 

cone is 89°3'50.26891" and maximal scale distortion is  10 cm/km, which is 

almost half scale distortion of cartographic projection on the proximate plane. 

On the Fig. 6 is cartographic parallels (isometric lines), meridians and Croatia 

boundary in designed conical projection. 

Optimizing of scale distortion on the projected territory by variational 

criteria is alternative criterion for creation of cartographic projection. Proposal 

of variational projection for Czechoslovakia is in (Hojovec, 1996), for Czechia 

in (Bořík, 1999), for Canadian territory in (Frankich, K., 1982). Proposal for 

Slovakia territory in (Vajsáblová, Szatmári, 2014) aplied Airy-Kavrajskii 

criterion for conformal projection with condition ma = mb = m, therefore 

integral criterion on area is: 
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By minimizing I we obtain characteristic function for calculation scale 

distortion m, which determined map equations of cartographic projection. 

A minimax or variational projection can be derived for the reference sphere 

using the following procedure. In conformal projections it holds: 

                (29) 

where Q is isometric latitude and function u is: 

      (30) 

After application expression for conformal projection of the point in the 

complex plane with the using isometric coordinates Q and V (Q is the function 

of geographic latitude and V is equal to geographic longitude), we obtain for 

the scale distortion factor (complex variables for n = 4):  
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By minimizing I we obtain system nine equations for i = 0 to 4, j = 1 to 4 

where i-th or j-th equation is derivation I by variable ai and by variable bj: 

                     (32) 

We get value of coefficients a0-a4, b1-b4 and we calculate value of factors of 

scale distortion m. 

Variational projection we designed from boundary and interior points of 

Croatia. Value of the coefficients of variational projection is: 

 a0  = 13.41036, a1 = -24.51991, a2 = -18.18192,  
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a3 = 52.49748, a4  = -23.3965, b1  = -111.057,  

b2  = 182.47383, b3 = -20.64307, b4  = 26.56114. 

Scale distortions in this projection have value from -8.9 cm/km to 

+19.6 cm/km. Isometric lines in variational cartographic projection of Croatia 

is on the Fig. 7. Advantage of variational projection is optimization distribution 

of scale distortion on projection territory therefore the smaller distortions are on 

the bigger area value. 

 
Fig. 7: Croatia territory in conformal variational projection  

5 Conclusion 

Contributions has been depicted in the approach to creating a cartographic 

projection from geometric character of projected area and the use of various 

geometric tools in cartography were shown. 

The evaluation of the projection from the view of the extreme distortions or 

the distribution of the distortion on the projected area was shown both in the 

process of creation and in the final evaluation. The efficiency of the projection 

is also affected by the number transformation steps.  

The role of geometry and mathematics was visible on each of the steps of 

cartographic creation.  
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1 Deskriptívna geometria a geometrické modelovanie na 

FMFI UK 

Štúdium a výučba deskriptívnej geometrie a geometrického modelovania má na 

Fakulte matematiky, fyziky a informatiky Univerzity Komenského (FMFI UK) 

dlhú a bohatú tradíciu, hoci formálna i obsahová štruktúra zodpovedajúcich 

študijných programov prešla viacerými zásadnými zmenami.  

Deskriptívnu geometriu (DG) na FMFI UK je v súčasnosti možné študovať 

ako odbor učiteľstva v kombinácii s matematikou, a to na bakalárskom s dĺžkou 

štúdia 3 roky [1] a na magisterskom stupni s dĺžkou 2 roky [2]. Navyše je 

k dispozícii trojročný konverzný magisterský študijný program, ktorý umožňuje 

absolventom bakalárskeho stupňa príbuzných odborov (matematika, 

informatika) plnohodnotné štúdium deskriptívnej geometrie (v kombinácii 

s matematikou). V rámci všetkých uvedených programov je dôraz kladený 

predovšetkým na dôsledné osvojenie si matematických základov zobrazovacích 

metód a ich aplikácií v rôznych oblastiach ľudskej činnosti. 

Geometrické modelovanie (GM) tvorí významnú časť magisterského 

študijného programu Počítačová grafika a geometria (PGG), pričom niektoré 

predmety z tejto oblasti sú zaradené ako povinne voliteľné alebo výberové 

i v rámci ďalších príbuzných študijných programov (napr. informatika, 

aplikovaná informatika). Vo výučbe geometrického modelovania sa vyžaduje 
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nielen dôkladné osvojenie si rigoróznych matematických postupov, ale snahou 

je sprostredkovať študentom aj možnosť budovať svoju profesionálnu technickú 

a technologickú erudovanosť, predovšetkým prostredníctvom vypracovávania 

náročnejších programovacích zadaní vo viacerých moderných programovacích 

jazykoch a im zodpovedajúcich vývojových prostrediach.  

Absolventi odborov DG a GM nachádzajú na trhu práce široké možnosti 

uplatnenia. Majú možnosť pracovať na pozíciách vyžadujúcich prácu 

s technickými výkresmi, topografickými mapami, rekonštrukciou objektov 

z fotografií a pri spracovaní geometrických a grafických informácií resp. 

obsadzujú programátorské pozície na budovaní a rozširovaní Computer Aided 

(Geometric) Design (CA(G)D) systémov či pri vizualizácií rôzneho typu dát.  

Ukazuje sa, že modernizáciou výučby sa zvyšuje paleta možnosti uplatnenia 

našich študentov. V ostatných rokoch sa stále vo väčšej miere zaraďujú do 

výučby rôzne softvérové (SW) riešenia, ktorých ambíciou je slúžiť 

predovšetkým ako nástroj budovania a cibrenia technologických zručností 

a technického myslenia. 

2 Existujúci SW vo výučbe 

Vo výučbe sa vo zvýšenej miere používajú predovšetkým nástroje podporujúce 

priamu výučbu resp. následné samoštúdium študentov. Mnohé študijné materiály 

sú po náležitej úprave publikované ako študijné materiály, učebné texty alebo 

učebnice i v komerčných nakladateľstvách. Prirodzene, takéto práce a výstupy 

by nemohli vzniknúť bez náležitej grantovej a inej podpory. 

Vo výučbe a praxi DG a GM tiež čoraz väčšiu úlohu zohráva programovanie 

a algoritmizácia ako taká. Pri použití vhodných softvérových riešení takto 

modifikovaná výučba umožňuje pochopenie preberaných pojmov v ich 

najpraktickejšej forme – takej, ktorá sa dá priamo aplikovať, použiť, vyskúšať, 

vypočítať, zostaviť. Študenti zároveň získajú cenné praktické zručnosti 

a skúsenosti, ktoré môžu využiť v profesionálnej dráhe po ukončení štúdia. 

2.1 Nástroje Office 

Medzi obľúbené patria kancelárske softvérové balíky (Office), a to vo svojej 

platenej i voľne dostupnej verzii. Vďaka svojej intuitívnosti, jednoduchosti 

používania a dostupnosti i pre študentov sa kontaktná výučba a následné 

samoštúdium značne zjednodušuje. Príkladom takýchto materiálov vzniknuvších 

na podporu DG a GM sú napr. výučbové texty [3]. V obsažnej a zároveň 

esteticky príťažlivej forme umožňujú nielen sprostredkovať preberané učivo, ale 

i oboznámiť publikum s niektorými zložitejšími konštrukciami, ktoré pri použití 

statických vizualizácií prichádzajú o svoj časový rozmer – ako a v akom poradí 

sa jednotlivé kroky robia a prečo. 
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2.2 CAS (wx)Maxima 

V súčasnosti si i teoretické matematické odbory vyžadujú prácu s modernými 

výpočtovými prostriedkami, programovanie a skriptovanie nevynímajúc. Preto 

je podľa nás veľmi dôležité, aby sa študenti mohli oboznámiť s takou formou 

algoritmizácie matematického myslenia, ktoré im napomôže uchopiť a prakticky 

aplikovať získané poznatky. 

Na FMFI UK používame ako jeden z nástrojov Computer Algebra System 

(CAS) Maxima [4], najmä v kombinácii s jeho používateľsky príjemným 

grafickým rozhraním wxMaxima [5]. Ide o komplexný voľne dostupný systém 

počítačovej algebry založený na jazyku LISP, pričom je dostupný pre všetky 

majoritné operačné systémy (Windows, Linus, MacOS).  

CAS Maxima pracuje so symbolickými a numerickými výrazmi potrebnými 

na riešenie úloh v diferenciálnom a integrálnom počte, vrátane Taylorových 

radov, obyčajných diferenciálnych rovníc, systémov linerárnych i nelineárnych 

rovníc atď. Umožňuje taktiež prácu s polynómami, množinami, vektormi, 

maticami a tenzormi a ďalšími matematickými štruktúrami.  

Výsledky dosiahnuté pomocou CAS Maxima dosahujú vysokú numerickú 

presnosť,   jednak vďaka tomu, že je možné pracovať s presnými zlomkami, 

najdôležitejšími konštantami (Eulerova konštanta e, číslo π), celými číslami i s 

číslami s premenlivou desatinnou čiarkou. Výsledky je možné vykresliť (napr. 

grafy funkcií, a to v rovine i trojrozmernom priestore) a taktiež exportovať do 

viacerých napr. vektorových formátoch.  

Vďaka všetkým uvedeným  vlastnostiam je CAS Maxima ideálna nielen pre 

testovanie hypotéz, ale i vysokokvalitné generovanie vizualizácií nielen pre 

potreby výučby, ale i pre odborné publikácie. 

Pre potreby výučby je CAS Maxima výhodná najmä vďaka úspornosti kódu, 

jednoduchosti používania, výbornej online podpore napr. na používateľských 

fórach. Vďaka integrovaným vizualizačným knižniciam je možné u študentov 

veľmi jednoducho rozvíjať priestorovú predstavivosť a geometrickú intuíciu. 

 

 
Obr. 1: Logo CAS Maxima (vľavo, zdroj [5]) a wxMaxima (vpravo, zdroj [6]). 

3 SW vznikajúci v rámci záverečných prác 

Softvérové diela sú častým priamym alebo vedľajším produktom záverečných 

prác študentov DG a GM. Texty a výstupy bakalárskych a diplomových prác sú 
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umiestňované spolu s elektronickými študijnými materiálmi na stránke 

Oddelenia geometrie KAGDM FMFI UK [6] resp. na stránkach vyučujúcich a 

sú prístupné širokému počtu záujemcov, teda aj potenciálnych študentov 

deskriptívnej geometrie a geometrického modelovania. 

3.1 Záverečné práce z GM 

GM patrí medzi oblasti poskytujúce širokú paletu problémov, ktoré si vyžadujú 

nielen kvalitné teoretické, ale aj zmysluplné praktické softvérové riešenia. 

V rámci záverečných prác si študenti GM často volia témy práve z tejto 

problematiky, pričom neraz vypracovávajú natoľko kvalitné softvérové 

aplikácie, že ich je možné použiť nielen v odbornej praxi, ale napr. aj v ďalšej 

výučbe.  

Výborným príkladom je diplomová práca (DP) P. Bezáka [7], konkrétne SW 

výstup Splines and surfaces tvoriaci jej praktickú časť. V rámci používateľsky 

príjemnej a intuitívnej aplikácie autor implementuje krivky a plochy preberané 

v rámci celého základného kurzu GM študijného programu PGG na FMFI UK, 

pričom dôsledne prepája algebraický a geometrický prístup ku geometrickému 

modelovaniu. Aplikácia je výnimočná nielen rozsahom, ale i kvalitou 

vypracovania a svojou prístupnosťou pre medzinárodné publiku, keďže je 

(vrátane používateľskej príručky) dostupná v angličtine. 

 

 
Obr.  2: Peter Bezák: Splines and Surfaces (ukážka z DP [7]). 

3.2 Záverečné práce z DG 

Inšpiráciu pre bakalársku prácu Styčné a dotykové roviny geometrických 

telies Daniely Hansmanovej [8] tvoril článok [9] venovaný tvorbe anaglyfických 

obrázkov priestorových scén. Obdobný prístup bol použitý i na spracovanie 

tematiky styčných a dotykových rovín gule, valca, kužeľa, ihlana a hranola. 

Práca nachádza vynikajúce uplatnenie pri budovaní priestorovej predstavivosti 

resp. pri prezentácii tematiky v rámci výučby DG.  
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Obr. 3: Daniela Hansmanová: Styčné a dotykové roviny geometrických telies 

(ukážka z BP [8]). 

Bakalárska práca Alžbety Mackovovej [10] sa venovala metrickým 

konštrukciám elipsy, pričom dôraz bol kladený na vypracovanie 25 úloh 

v interaktívnom softvérovom nástroji GeoGebra [11]. Autorka vo svojej práci 

uverejnenej i v rámci Študentskej vedeckej konferencie [12] vedie ku 

konštrukciám elipsy, oskulačných kružníc a dotyčníc neformálnou cestou. 

Výsledky tejto práce sú po značnom rozšírení a dopracovaní uverejnené 

i v rámci iného príspevku tohto zborníka [13]. 

 

 
Obr. 4: Alžbeta Mackovová: Metrické vlastnosti elipsy (ukážka z BP [10]). 

4 Záver 

V príspevku sme predstavili niekoľko prevažne voľne dostupných softvérových 

nástrojov a vývojových prostredí, ktoré sú na FMFI UK používané na podporu 

a modernizáciu výučby deskriptívnej geometrie a geometrického modelovania. 
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Uviedli sme tiež niekoľko výnimočných študentských projektov, vzniknuvších 

v rámci záverečných prác, ktoré demonštrujú využitie moderných 

techonologických prostriedkov pri štúdiu predmetných odborov. 
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Abstract. We study situations when non-rational parameterizations of planar
curves from special classes as results of certain geometric constructions arise.
In particular, we deal with rational, elliptic or hyperelliptic curves that are
square-root parameterizable. On the example of conchoids and strophoids,
we present the algorithm from [4] for computing an approximate (piecewise)
rational parametrization using the Weierstrass curves of the considered curve.
Simple shapes reflecting a number of real roots of a univariate polynomial and a
possibility to approximate easily each branch separately play a main role in this
method.
Keywords: Square-root parameterizations, hyperelliptic curves, Weierstrass
form, topological graph, rational approximation, conchoids, strophoids

1 Introduction
NURBS representation, based on parametric descriptions via polynomials and
rational functions, is nowadays considered as a universal standard in computer
aided geometric design (CAGD), see [11]. Nonetheless, most of geometric op-
erations applied to NURBS curves or surfaces do not preserve rationality. Nat-
urally, the first simple non-rational parametric descriptions are square-root pa-
rameterizations. Then suitable approximate parameterization methods must be
used to overcome shortcomings of non-rational descriptions.

In what follows we will focus on the situations when square-root parameter-
izations of some planar curves as results of geometric operations appear. We use
the algorithm designed and studied recently in [4] and present it on the so called
conchoids and strophoids, which are typical geometric constructions leading to
hyperelliptic results, in general. The approach is presented an two commented
examples.

2 Motivation and preliminary
Let a rational curve C ⊂ R2 be given by a parameterization x(t). By Lüroth
theorem, x(t) can be computed to be birational, i.e., its inverse provides a one-
to-one map C → R. From this point of view, the simplest class of non-rational
curves are those possessing a two-to-one map C → R.

Definition 2.1 A curve C is called hyperelliptic if and only if there exists a two-
to-one map C → R.
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The following proposition is a classical result from algebraic geometry, [9].

Proposition 2.2 Each hyperelliptic curve of genus g is birationaly equivalent to
a planar curve in the Weierstrass form

y2 − p(x) = 0, (1)

where p(x) is a square-free polynomial of degree 2g + 1 or 2g + 2.

The computational aspects and efficient algorithms for finding the Weier-
strass form (implemented in CAS Maple) can be found in [14, 15]. Nevertheless,
in the case of conchoids and strophoids (which will be studied in this manuscript)
the Weierstrass form can be obtained directly without any subsequent transfor-
mation step, see Sections 4 and 5.

Next, recall that a curve is called square-root parameterizable if there exists
a square-free polynomial p(t) and

x
(
t,
√
p(t)

)
=
(
x1

(
t,
√
p(t)

)
, x2

(
t,
√
p(t)

))
, (2)

such that xi are rational expressions in t and
√
p(t) and for almost all points p

on the curve there exists a unique t0 such that p = x
(
t0,
√
p(t0)

)
. It can be

proved, see [4]

Lemma 2.3 A curve is square-root parameterizable via x
(
t,
√
p(t)

)
if and

only if it is birational to a Weierstrass curve in the form y2 − p(x) = 0.

Thus, we can assume in what follows that a curve in the Weierstrass form
is the input for further considerations. Since the mapping x(x, y) is in fact a
rational map

x : R2 → R2 (3)

which sends E to C, then we will construct a collection of polynomial arcs fi(t)
approximating the Weierstrass curve E and using

t 7→ x(fi(t)), i = 1, . . . , k (4)

we arrive at a piecewise rational curve replacing the given non-rational curve C.

3 Rational approximation of curves in the Weierstrass form
For the later use, we start with short recalling some fundamental notions
which are necessary for constructing the topological graphs of algebraic curves.
A point p on a planar curve C defined by f(x, y) = 0 is called a x- or y-critical
if fy(p) = 0 or fx(p) = 0, respectively. The points on C which are simulta-
neously x- and y-critical are the singular points of C, for more details see e.g.
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[2, 3]. By the topological graph of a real algebraic curve we understand a con-
struction of some arrangement of polylines which is topologically equivalent to
the given curve, see [7].

Now, we present a method for computing an approximate (piecewise) ratio-
nal parametrization of a hyperelliptic curve E in the Weierstrass form in some
prescribed bounding box, as it was designed in [4]. It consists of two steps:

(i) first, we construct the topological graph of E having the critical points and
the inflection points of E as its vertices;

(ii) next, we replace each edge of the graph by some free-form curve and
optimize its shape.

As concerns PART (i), any general method for constructing topological
graphs of planar curves can be employed, see for instance [5, 3]. However when
a planar curve is given in the Weierstrass form (1) the construction of the topo-
logical graph is considerably simpler than for the general case. Since we work
with a function in one variable in this case, it is easy to compute the critical and
inflection points. For instance, no elimination technique is needed. Then it is
not necessary to determine the number of branches starting at the critical points,
cf. [3], and therefore it is straightforward to join the corresponding pairs. And
we do not have to deal with the singular points.

In PART (ii) we replace all edges of the graph by some (parts of) free-form
curves, which will approximate the original curve E , we prescribe all the criti-
cal and inflection points of E to the set of vertices of the topological graph; this
improves the consequent computation of the approximant. Such a graph is usu-
ally called a graph of critical points of the curve E and denoted by G(E). Let
us emphasize that it brings another simplification compared to general methods,
cf. [5, 3], as no other extra points are needed for constructing the topological
graphs. Furthermore, we can exploit a useful fact that the curve E is composed
of two symmetrical parts E±, i.e., graphs of the functions y = ±

√
p(x). Hence

it is enough to deal only with e.g. E+ given by the function y =
√
p(x) and use

the symmetry to obtain the results for E−.
Let us now present the method in more detail. We start with comput-

ing the real roots (lying in some prescribed interval of interest [a0, a1]) of the
polynomials in one variable p(x), p′(x) and 2p′′(x)p(x) − p′(x)2 which cor-
respond to the x-critical, y-critical and inflection points (of a corresponding
part) of E+, respectively. More precisely, if xi is a real root of the poly-
nomial p(x), p′(x) or 2p′′(x)p(x) − p′(x)2, then the point (xi,

√
p(xi)) is a

real x-critical (i.e., (xi, 0) in this case), y-critical or inflection point on E+, re-
spectively. Thus when sorting all the roots (lying in [a0, a1] together with the
boundary values x0 = a0, a1 = xk+1) and computing the corresponding real
points (xi,

√
p(xi)) (the points satisfying p(xi) ≥ 0) it is enough to connect the

consecutive pairs (xi,
√
p(xi)) and (xi+1,

√
p(xi+1)) assuming the polynomial

p(x) is non-negative on [xi, xi+1].
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Now we replace each edge of the topological graph G(E) representing any
real segment Ei of E by a suitable arc fi(t) of the Ferguson cubic (or any other
free form curve when needed), cf. [6], which possesses the same tangent lines
at its endpoints (vertices of G(E)) as E has. The tangent vectors at the points
pi = (xi, yi) are equal to

ti =
(
2
√
p(xi), p

′(xi)
)
. (5)

Especially, these are the multiples of the unit vectors (0, 1) and (1, 0) for x- and
y-critical points, respectively.

Thus for each edge of G(E+) connecting the points pi and pi+1 we con-
struct the Ferguson cubic fi(t, αi, βi) interpolating these two points and the cor-
responding tangent vectors ti and ti+1 with the lengths αi, βi which serve as
free modelling shape parameters. Next, the particular values α̂i, β̂i of the lengths
αi, βi are computed w.r.t. some natural criteria. For instance we can require that
the curvatures of the Ferguson cubics fi(t, αi, βi) at pi and pi+1 are equal to the
curvatures of

(
x,
√
p(x)

)
at these points.

Of course any other criterion or approximation method can be used. For
instance one can always compute α̂i, β̂i by minimizing the objective function

Φi(αi, βi) =

∫ 1

0

f2(fi(t, αi, βi))

‖∇f(fi(t, αi, βi))‖2
dt, (6)

which measures the orthogonal distance of the parametric curve fi(t, αi, βi) to
the implicitly given curve f(x, y) = y2 − p(x) = 0, see [3] for further details.

Finally, using the symmetry we obtain a (piecewise) polynomial approxima-
tion of the whole curve E .

4 Rational approximation of conchoids
The construction of a conchoid curve to a given curve finds its origin already
in the ancient Greece; we recall for instance the conchoid of Nicomedes (which
is the conchoid of a line), discovered when studying the problem of angle tri-
section. The conchoidal constructions have been recently attracted different au-
thors, see for instance [12, 1, 8, 10].

Definition 4.1 Let C be an algebraic curve, o a given point and δ ∈ R a positive
constant. If ↔ ox denotes the line joining o and x then the δ-conchoid CδC is
the closure of the set

{q ∈↔ox | x ∈ C and ‖q− x‖ = δ} . (7)

If C is a rational curve described by a parameterization x(t) = (x1(t), x2(t))
then the two branches of the conchoid are given by

c±(t) = x(t)± δ
x− o

‖x− o‖ . (8)
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Figure 1: Left: A part of parabola (blue) with the rational approximation
of its conchoid (red) from Example 4.3. Right: Graph of critical points
G(E+) of its corresponding Weierstrass curve E .

Although x(t) is rational the conchoid does not have to be rational, in general.
The conchoids are square-root parameterizable and thus they are again hyperel-
liptic by Lemma 2.3. If we write

√
(x− o) · (x − o) =

q(t)

r(t)

√
p(t), (9)

where p(t) is a square-free polynomial, then we arrive at:

Lemma 4.2 A generic conchoid of a rational curve is hyperelliptic with Weier-
strass form (1), where the square-free polynomial p is obtained from (9).

For a rational curve x = (x1/x3, x2/x3), a direct computation shows

p(t) = x2
1 + x2

2 − 2x3(x1o1 + x2o2) + x2
3(o

2
1 + o22). (10)

Hence we can again approximate curve with equation y2 = p(t) and use it for
computing the approximation of the conchoid.

Example 4.3 Consider a part of parabola

x(t) =
(
t, 8t2

)
, t ∈ [−1, 1], (11)

point o = (0, 1) and δ = 6. Then the corresponding conchoid has the following
equation

c±(t) =

(
8x± 48t√

t4 + 62t2 + 1
, t2 ∓ 6

(
1− t2

)
√
t4 + 62t2 + 1

)
, t ∈ [−8, 8].

(12)
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Hence we approximate the following curve:

E : y2 − t4 − 62t2 − 1 = 0, t ∈ [−1, 1]. (13)

The whole approximation is composed of two arcs and has the error less than
2.7 · 10−9, see Fig. 1.

5 Rational approximation of strophoids
The algorithm designed in [4] and presented in this paper can be typically used
for resulting curves of many well-known algebro-geometric operations, as off-
sets, conchoids (see the previous section), bisectors of special curves, convolu-
tions with curves of convolution degree two etc. We conclude this paper with
applying the presented method on another classical class of curves, namely on
strophoids, see also [13].

Definition 5.1 Let C be an algebraic curve, o and p are given points. If ↔ox
denotes the line joining o and x then the strophoid SpC is the closure of the set

{q ∈↔ox | x ∈ C and ‖q− x‖ = ‖p− x‖} . (14)

Consider a regular parametric planar curve x(t), then the strophoid can be
parameterized

s±(t) = p+ (x(t) − p)(1± n(t)), (15)

where

n(t) =
‖x(t)− o‖
‖x(t)− p‖ . (16)

Analogously to the conchoid case the strophoids admit square-root parameteri-
zations and thus they are again hyperelliptic by Lemma 2.3. If we write

‖x(t)− o‖
‖x(t)− p‖ =

q(t)

r(t)

√
p(t), (17)

where p(t) is a square-free polynomial, then we can formulate:

Lemma 5.2 A generic strophoid of a rational curve is hyperelliptic with Weier-
strass form (1), where the square-free polynomial p is obtained from (17).

In particular, for a rational curve x = (x1/x3, x2/x3) the parametric equa-
tion of the strophoid contains the square-roots of the polynomial

p(t) =
((
o21 + o22

)
x2
3 − 2x3 (o1x1 + o2x2) + x2

1 + x2
2

)
((
p21 + p22

)
x2
3 − 2x3 (p1x1 + p2x2) + x2

1 + x2
2

)
. (18)

Again we approximate a curve in the Weierstrass form and consequently we
compute a rational approximation of the strophoid.
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Figure 2: Left: A part of the ellipse (blue) with the computed rational
approximation of its corresponding strophoid (red) from Example 5.3.
Right: Graph of critical points G(E+) of its corresponding Weierstrass
curve E .

Example 5.3 In particular, consider a part of the ellipse

x(t) =

(
4t

t2 + 1
,
1− t2

t2 + 1

)
, t ∈ [−1, 1], (19)

and two points p = (1,−1) and o = (−1, 2). Then the parametric equation of
the corresponding strophoid contains the square-root of the polynomial (18), i.e.

p(x) = 2
(
t4 − 8t3 + 18t2 − 8t+ 5

) (
5t4 + 4t3 + 12t2 + 4t+ 1

)
. (20)

The computed approximation of the strophoid possesses the error less than 1.9 ·
10−8, see Fig. 2.

6 Conclusion
A simple algorithm for computing an approximate rational parametrization of
hyperelliptic curves using topological graphs of their Weierstrass form was in-
troduced recently. Simple shapes reflecting a number of real roots of a univariate
polynomial and a possibility to approximate easily each branch separately play
a main role in this approximation method. In this paper, the functionality of the
method was demonstrated on the example of conchoids and strophoids.
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Algebraic Curves Given by Puiseux Tree
Eva Blažková
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Abstract. Puiseux tree represents locally planar curve branches at
a given point. It is well known how to find Puiseux tree from the
algebraic equation of the curve. We consider the other direction and
propose an algorithm to find algebraic equation of (one of many) curve
having prescribed Puiseux tree or branches at the origin. It allows us
to generate curves having singularities of given properties.

Keywords: Puiseux tree, singularity, curve branch, planar algebraic
curve

1 Introduction
Puiseux tree is one possibility how to represent the branches of a planar
curve. From Puiseux tree, we can easily compute rational Puiseux series,
the local curve branches parametrizations, introduced by Duval in [4].
Rational Puiseux series are suitable tool to study the local properties of
algebraic curves at theirs singular points, because the system of rational
Puiseux series is in bijection with the branches (trough the origin) of a
given algebraic curve.

In publications about (rational) Puiseux series, e.g. [1, 4, 5, 7], is
always very neatly described how to compute the local parametrizations of
the branches of the given algebraic curve at the given point. This paper is
devoted to the other direction, which was never considered before. Assume
that we are given the branches at the given point and we describe how to
compute an equation of an algebraic curve having there a singularity with
the prescribed branches. In this paper, we restrict ourselves to curves
defined by a polynomial from Q[x, y].

This procedure can be used as a source of examples of algebraic curves
having interesting singularities.

2 Puiseux Tree of an algebraic curve
Puiseux tree is a data structure, which represents parametrizations of
branches of a curve at the origin. It is build while computing the Puiseux
series of the branches.

Definition 1. Puiseux tree is generally infinite tree having nodes of three
types
• the root of the tree with attached a polynomial,

• N -nodes represents edges of Newton polygon and they have attached
quadruple (q, p, l, h), where q ∈ N, p, l ∈ Z, p, q coprime and h(z) ∈
C[z]
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• C-nodes represents coefficients of Puiseux series. They have at-
tached quadruple (%, γ, δ, g), where %, γ, δ ∈ C and g ∈ C[x, y].

N -nodes and C-nodes periodically alternate.

The Newton polygon of f =
∑n
i=0

∑m
j=0 ai,jx

jyi, computed in every

C-node, is lower convex hull of Newton graph Gf = {[i, j] ∈ N2 | ai,j 6= 0}.
Every edge L of the Newton polygon of f corresponds to one child N -node.
The line containing each edge has the unique equation pi + qj = l. The
characteristic polynomial of L is defined as h(z) =

∑
[i,j]∈L ai,jz

(i−i0)/q,
where i0 is the minimal number for which exists j0, so that [i0, j0] ∈ L.

Each root % of h(z) corresponds to one C-node and the attached values
are computed as follows. First we choose u, v ∈ Z such that uq + vp = 1.
Then we define coefficients γ = %−v and δ = %u. The new polynomial g
is then computed as g(x, y) := x−lf(γxq, xp(δ + y)).

An important subtree of Puiseux tree is a singular Puiseux tree, which
is sufficient to describe the local structure (topology and geometry) at a
given point, see [3].

Definition 2. For every branch of Puiseux treeB = (f,N1, C1, N2, C2, . . . )
there exists j0 such that for every k > k0 it holds

γk = qk = 1 and δk ∈ Q(γ1, δ1, γ2, δ2, . . . , γk0 , δk0).

The part of the tree branch (f,N1, C1, N2, C2, . . . , Nk0 , Ck0) is called sin-
gular. The subtree consisting of singular part of each branch is called
singular Puiseux tree of f .

Using Puiseux tree, the paramtrization can be expressed as follows,
for the proof see e.g. [3, 4].

Proposition 3. Let B = (f,N1, C1, N2, C2, . . . , Nw, Cw) be a part of a
Puiseux tree branch of f and its singular part have length 2k0 and w >
k0. The parametrization corresponding to the Puiseux series of the curve
branch is


λtn,

k0∑

j=1

ξjt
cj +

w∑

j=k0+1

χjt
dj + · · ·


 (1)

where

λ =

k0∏

k=1

γ
∏k−1

i=1 qi
k , n =

k0∏

k=1

qk, ξj = δj

j∏

l=1

(
k0∏

k=l+1

γ
∏k−1

i=l+1 qi
k

)pl
,

cj =

j∑

i=1

(
pi

k0∏

k=i+1

qk

)
, χj =

δjξk0
δk0

, dj = ck0 +

j∑

i=k0+1

pi.
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Qualitative Puiseux tree

A singularity having branches with same topology can be present on many
algebraic curves. Singular Puiseux trees of theirs polynomials coincide in
many values. We define qualitative Puiseux tree, which will be identical
for such polynomials.

Definition 4. Qualitative Puiseux tree of a polynomial f is singular
Puisuex tree having at each N -node attached

• (q, p) describing the slope of the Newton polygon edge and

• m – the horizontal length of the Newton polygon edge.

In every C-node are attached values

• % - the root of the characteristic polynomial

• r - the multiplicity of %.

Note, that we consider only the singular Puiseux tree. Due to Def. 2,
once having a leaf of the singular Puiseux tree, the rest of the tree branch
is uniquely determined.

Now, we formulate and prove the necessary and sufficient condition
for a tree to be a qualitative Puiseux tree of a polynomial.

Proposition 5. Let the nodes of a tree T has attached values as in Def-
inition 4. The nodes satisfy the following conditions

(a) If C is a leaf of T than r = 1.

(b) If C has children N1, N2, . . . , Ns, then
∑s
i=1mi = r.

(c) If C1, C2, . . . , Cs are children of N , then
∑s
i=1 ri = m/q.

if and only if there exists a polynomial f having T as its qualitative
Puiseux tree.

Proof. As by the way product of the proof of proposition in Definititon 2
(see [7, page 102]) we obtain that every leaf of the singular Puiseux tree
has one root of the characteristic polynomial of multiplicity one, so the
necessity of condition (a). The sum of horizontal lengths of the Newton
polygon edges of negative slope equals the multiplicity of the root of char-
acteristic polynomial (see [7, page 101]) which implies the necessity of (b).
It rests to prove the necessity of (c): let N be a node of a Puiseux tree
and C1, C2, . . . , Cs be its children. The characteristic polynomial h has
degree m/q, so due to the Fundamental Theorem of Algebra we have that∑s
i=1 ri = m/q, which is the necessity of condition (c).

The proof of the sufficiency is constructive and it is given by the fol-
lowing section.
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3 Algebraic curve given by qualitative Puiseux tree
Once given a properties of curve branches at the singularity, we first build
(one of many) qualitative Puiseux tree satisfying them. Then we com-
pute (one of many) equation of an algebraic curvee having the prescribed
qualitative Puiseux tree. The first half can be done using properties of
singular Puiseux tree (see cf. [3]). This section covers the second part.
We proceed in three main steps.

(1) Using only qualitative Puiseux tree T̃ , we can compute a parametriza-

tion P̃i for each branch of T̃ .

(2) For each branch, from parametrization P̃i : x = Bi,x(t), y = Bi,y(t),
using resultant, we obtain its local equation fi(x, y) = 0.

(3) The product of polynomials fi of all branches represents a reducible
curve having the prescribed qualitative Puiseux tree. Adding one
term, we obtain an irreducible polynomial having the same qualita-
tive Puiseux tree.

Now, we will describe all steps in details. To compute P̃i, we use
Proposition 3. We need values pi, qi, γi, δi, ki,0. The values pi, qi, ki,0 are
given by the qualitative Puiseux tree, the values γi, δi can be uniquely
computed. As the given qualitative Puiseux tree T̃ is finite, the obtained
parametrizations are finite, too. Remind that these parametrizations rep-
resent the branches locally, but they are sufficient to describe all topolog-
ical qualities of the curve singularity. Every such parametrization has the
form Pi = [Bi,x(t), Bi,y(t)]. To find the explicit equation, we compute the
resultant of Bi,x − x and Bi,y − y with respect to t. The zero set of the
obtained polynomial fi(x, y) is the implicit equation of the given branch.

In the last step, the product of local polynomials of all branches f̃ =∏k
i=1 fi(x, y) has by construction the prescribed qualitative Puiseux tree.

But we are looking for an irreducible curve. We show that by adding one
term to f̃ we can obtain an irreducible polynomial having same qualitative
Puiseux tree.

First observe, which terms we can add to the polynomial without
changing the qualitative Puiseux tree. To do so, we will need at each
N -node also the value l, which delimits the position of the Newton poly-
gon in the coordinate system. The easiest variant is to assume that
each Newton polygon has exactly one vertex on each axis. Assume that,
the N -nodes are orded by the descending slope of the Newton polygon
edges. If the Newton polygon consists of edges N1, N2, . . . Nk, for every
i ∈ {1, 2, . . . , k}, we compute li as follows:

li =


 ∑

1≤j<i
mj


 pi +


 ∑

i≤j≤k

pjmj

qj


 qi.
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Then the terms not disturbing qualitative Puiseux tree are character-
ized by the following proposition:

Proposition 6. Let f̃ ∈ Q[x, y] and f = f̃+cxMyS for c ∈ Q and M,S ∈
N0. Denote T̃ and T theirs qualitative Puiseux trees, respectively. For
every branch B = (N1, C1, . . . , Nk0 , Ck0), we denote R1 = q1S+ p1M − l1
and Ri+1 = qi+1Ri − li+1. Trees T and T̃ are identical if for each branch
of T̃ is satisfied

Rk0 > 0. (2)

To prove this proposition, it will be useful the following lemma:

Lemma 7. Assume the notation as in Proposition 6. For i ≥ 2, the term
cxMyS influences only vertices of Newton graph Ni+1 lying in the triangle
∆i+1 defined by its vertices:

[0, Ri],


0, Ri + S




i∑

k=2

pk

i∏

j=k+1

qj




 ,


S,Ri + S




i∑

k=2

pk

i∏

j=k+1

qj




 .

Proof. In Newton graph N1, the term cxMyS influences only the point
[S,M ]. In the iteration step, we substitute fi(x, y) := x−lifi−1(γix

qi ,
xpi(δi+y)). Therefore, in Newton polygon N2, the term cxMyS influences
vertices [α, q1S + p1M − l1] = [α,R1] for α = 0, 1, . . . , S. Similarly, every
vertex [α,R1] in N2, influences in N3 vertices [β, q2R1−l2+αp2] = [β,R2+
αp2] for β = 0, 1, . . . , α. Considering all α = 0, 1, . . . , S, these vertices lie
in the triangle given by [0, R2], [0, R2+Sp2] and [S,R2+Sp2]. This proves
the statement of the lemma for i = 2.

Now, let us prove the inductive step. Assume that the vertices influ-
enced by cxMyS in Ni+1 lie the triangle ∆i+1. A point of ∆i+1 has the
form 

α,Ri +




i∑

k=2

βkpk

i∏

j=k+1

qj




 ,

where ∀ k ≤ i : α ≤ βk ≤ S. This point influences points


α1, qi+1Ri − li+1︸ ︷︷ ︸

Ri+1

+




i∑

k=2

βkpk

i+1∏

j=k+1

qj


+ αpi+1




of Ni+2 for α1 = 0, 1, . . . , α. These points lie in the triangle ∆i+2, which
proves the inductive step and the lemma, too.
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Proof of Proposition 6. First observe that if [0, Ri] does not influence New-
ton polygon Ni+1, then no other vertex in triangle ∆i+1 does not influence
it. It is clear from the definition of the Newton polygon as the lower con-
vex hull.

Specially, the point [0, Ri] does not influence the Newton polygon, if
it is over each edge of Newton polygon, i.e qi+1Ri > li+1, equivallently
Ri+1 > 0. By the assumption of the proposition we have Rk0 > 0. It
rest to prove it also for all smaller i. If Ri = qiRi−1 − li > 0, then also
Ri−1 > li/qi > 0. So, by induction, Ri > 0 for all i = 1, . . . , k0. Thus
Newton polygon at any level of singular Puiseux tree is not influenced by
cxMyS as the proposition claims.

Due to this propositon, it suffices to choose S and M sufficiently large
to do not influence the qualitative Puiseux tree. Now, let us focus on the
irreducibility of the resulting polynomial. To prove it, we use the following
proposition (see [6]).

Proposition 8. Let f ∈ Q[x, y] has the form f(x, y) = g0y
d+g1(x)yd−1+

· · · + gd(x), where g0 is a nonzero constant and gi(x) ∈ Q[x] for i =
1, 2, . . . , d. Denote

νy(f) = max
i=1,2,...,d

deg gi
i

.

If νy(f) = m/d and gcd(m, d) = 1, then f is absolutely irreducible.

Clearly f̃ satisfies assumptions of this proposition as the leading coef-
ficient in y is the product of leading coefficients in y of all fi. By explicit
computation of resultant (in step 2), we get that the leading coefficient of
fi(y) is λ

cik0
i , which does not depend on x.

Then, we want to add xM to f̃ to obtain an irreducible polynomial f .
We will seek M in the form M = νy(f̃) ∗ d+N such that

gcd(νy(f̃) ∗ d+N, d) = 1. (3)

There exists infinitely many such N , because between any d succeeding
numbers, there is one which has after division by d the remainder one.

Denote N0 the smallest N satisfying (3) and for which xνy(f̃)∗d+N does
not influences qualitative Puiseux tree (Proposition 6). Then νy(f) =

(νy(f̃) ∗ d+N0)/d and due to Proposition 8, f is absolutely irreducible.

Naturally, we can consider the polynomial f̃ as graded in x and sim-
ilarly, we can compute suitable S, for which f = f̃ + yS is irreducible,
too.
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4 Example
We will demonstrate the algorithm on an example. Assume that we want
to construct a polynomial having at the origin a singularity with 5 real
branches with given properties: B1 : vertical normal vector, curvature
1/2, B2 : normal vector slope −1/2, curvature greater than 1, B3 : nor-
mal vector slope −1/2, zero curvature, B4 and B5 both horizontal normal,
singular, inflection. Example of qualitative Puiseux tree having the pre-
scribed properties is in Figure 1.

f

(1, 2), m = 1

% = 1/4, r = 1

(1, 1), m = 2

% = 2, r = 2

(1, 1), m = 1

% = 6, r = 1

(1, 3), m = 1

% = 3, r = 1

(3, 2), m = 6

% = −1, r = 2

(1, 3), m = 2

% = 1/3, r = 1 % = 1, r = 1

Figure 1: Qualitative Puiseux tree having prescribed properties.

First, we have to compute local parametrizations of branches: P1(t) =
[t, t2/4], P2(t) = [t/12, t/6+t2/6], P3(t) = [t/2, t+3t4], P4(t) = [−t3,−t2+
t5/3], P5(t) = [−t3,−t2 + t5]. Using resultant, we get theirs implicit
equations:

f1(x, y) = 4y − x2 = 0

f2(x, y) = −24x2 − 2x+ y = 0

f3(x, y) = −48x4 − 2x+ y = 0

f4(x, y) = x5 + 9x4 + 27x3 + 27x2 + 27y3 = 0

f5(x, y) = x5 + 3x4 + 3x3 + x2 + y3 = 0

Their product, we denote f̃ = f1 · f2 · f3 · f4 · f5. And we compute νy(f̃)
as defined in Propopsition 8:

νy(f̃) = max (4, 3, 8/3, 9/4, 11/5, 13/6, 2, 2, 2) = 4.

So the first irreducible candidate to have prescribed qualitative Puiseux
tree is f = f̃ + x37. It is the case, because for branches of qualitative
Puiseux tree, we have B1 : R1 = 1 · 37− 7 > 0, B2 : R2 = 1 · 30− 2 > 0,
B3 : R2 = 1 ·30−4 > 0, B4,5 : R2 = 1 ·93−6 > 0. Assumimg f as graded
in x, we have

νx(f̃) = max

(
0,

1

2
,

1

3
,

3
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1

2
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4

7
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7
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7
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9

14
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)
=

2

3
.
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The second irreducible candidate to have the given tree is f = f̃ + y13.
This polynomial has also the required qualitative Puiseux tree as B1 :
R1 = 2 · 13 − 7 > 0, B2 : R2 = 1 · 6 − 2 > 0, B3 : R2 = 1 · 6 − 4 > 0,
B4,5 : R2 = 1 · 8− 6 > 0.

The polynomial f = f̃ + y13 has smaller degree, so we will prefer it.
Next to the rational Puiseux series of its branches at the origin, we can
see theirs graphs.

B1 : [t,
t2

4
− t20

28991029248
+ . . . ]

B2 : [
t

2
, t+ 3t4 +

2t6

81
− 53t7

216
+ . . . ]

B3 : [
t

12
,
t

6
+

t2

6
− t6

1889568
− 331t7

60466176
+ . . . ]

B4 : [−t3,−t2 +
t5

3
+

t7

648
+

t8

162
+ . . . ]

B5 : [−t3,−t2 + t5 − t7

648
− t8

162
+ . . . ].

x

y

B1

B2 B3

B4

B5

Note, that the constructed polynomial is only one of many polynomi-
als having the prescribed qualitative Puiseux tree or even the prescribed
properties, because we can add to it arbitrary many terms, which does
not influence the qualitative Puiseux tree (Prop. 6), neither the properties
of the singularity.
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GeoGebra je voľne šíriteľný matematický edukačný softvér. Centrála 

vývoja sídli v rakúskom Linzi. Počas viac než 15 rokov vývoja zožal softvér 

GeoGebra množstvo medzinárodných ocenení. Je širokopoužiteľný. Pôvodná 

myšlienka bola spojiť algebru a geometriu pri podpore výučby na základných 

a stredných školách.  Neskôr sa však pridali oblasti ako matematická štatistika, 

matematická analýza a tiež sa rozšírila možnosť zobrazovať rovinné vzťahy 

útvarov na možnosť trojdimenzionálneho zobrazovania jednoduchých objektov 

využitím dvojstredového premietania. Pri výučbe učitelia určite oceňujú rôzne 

možnosti zviditeľnenia, resp. zmeny údajov a učitelia geometrie určite ocenia 

možnosť krokovania konštrukcie. 

Ako bolo spomenuté GeoGebra je širokospektrálny program. Ale platí to 

nielen čo sa týka oblastí matematiky, pri ktorých výučbe je možné GeoGebru 

použiť, ale aj vekových kategórií študentov. 

Na Fakulte prevádzky a ekonomiky dopravy a spojov Žilinskej univerzity 

používame GeoGebru v podpore výučby predmetu Geometria. Náplňou tohto 

predmetu je voviesť študentov do tajov zobrazovacích metód. Keďže predmet 

má dotáciu 2/2 a vyučuje sa v prvom semestri bakalárskeho štúdia, je možné 

podať študentom len základy. Sústreďujeme sa preto najmä na pochopenie 

princípov a logických schém. 

Vzhľadom na skladbu študentov (prevažne ekonomické stredné školy 

a dopravné odborné školy v odboroch, ktoré absolvujú predmet Geometria) 

používame softvér GeoGebra najmä na podporu domáceho štúdia. Študenti po 

prebraní učiva na prednáške a cvičeniach majú voľne prístupné applety 

s riešenými príkladmi, pomocou ktorých si môžu doma danú tému precvičiť 

hlbšie a konzultujeme spolu tieto riešenia aj na ďalších cvičeniach. Tieto 
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applety, ako bolo spomenuté, je možné krokovať, čo je veľká výhoda a dodáva 

to konštrukcii prehľadnosť, študenti si uvedomujú nadväznosť krokov 

konštrukcií. 

 

 
Obr.  1: Obraz pravidelného šesťuholníka v osovej afinite I 

 

 

 
Obr.  2: Obraz pravidelného šesťuholníka v osovej afinite II 
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Obr.  3: Obraz pravidelného šesťuholníka v osovej afinite III 

 

 

 
Obr.  4: Obraz kružnice v osovej afinite I 

 

Máme už vytvorených niekoľko súborov príkladov, ako napr. úvod 

do Mongeovho premietania, teleso zobrazené v Mongeovom premietaní, úvod 

do kolmej afinity, polohové úlohy riešené pomocou v kolmej afinity a iné. 

V obrázkoch prikladáme zopár appletov zo sady príkladov na precvičenie 

osovej afinity v rovine. 
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Obr.  5: Obraz kružnice v osovej afinite II 

Záver 

Záverom môžeme len odporúčať GeoGebru všetkým učiteľom , ktorí majú 

záujem priniesť do výučby matematiky a príbuzných predmetov svoje 

myšlienky, svoje inovácie a nový vietor do metodiky vyučovania. 

Literatúra 

[1] GeoGebra, prevzaté 29 Sept., 2017, z https://www.geogebra.org/ 
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Abstract. The paper presents selected Mascheroniho structure in which only uses 

compasses. This is a limited-resource construction. The Italian mathematician Lorenzo 

Mascheroni (1750-1800) described these constructions in his book Geometria del 

compasso (1797). 
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1 Georg Mohr a Lorenzo Mascheroni 

Georg Mohr (Jørgen Mohr) byl matematik, který se narodil v roce 1640 

v dánské Kodani. Jelikož jeho život není podrobně zmapován, předpokládá se, 

že odešel studovat na některou z holandských univerzit, které v té době byly 

velmi populární a většina dánských vzdělanců té doby je navštěvovala. V roce 

1672 publikoval knihu Euclides Danicus, která obsahuje základní myšlenky 

Mascheroniho teorie, ale byla napsána v dánštině a dlouho se předpokládalo, že 

se jedná o přepis Euklidova díla. Až v roce 1927, upozornil na významnost této 

knihy profesor Johann Hjemslevov, který ji dostal od svého studenta [4]. Druhá 

Mahrova kniha Compendium Euclides Curiosi byla vydána v roce 1673 a její 

obsah vychází z Euklidovy knihy Základy.  

Zajímavostí je dochovaný dopis ze dne 12. května 1676 od Leibnitze 

adresovaný sekretáři H. Oldenburgovi londýnské královské společnosti, ve 

kterém píše: „Georgius Mohr Danus bude přínosem v geometrii a analýze“. 

Leibnitz se v daný čas nacházel a působil v Paříži [2], takže je teoreticky 

možné, že se oba matematici setkali anebo se Leibniz seznámil s Mohreho 

prací.  

Mohr se v roce 1681 vrací zpět do Dánska a uchází se o místo u dánského 

královského dvora, král mu nabídl pozici pro dohled budování královského 

loďstva, kterou nepřijal. V roce 1687 se oženil a odstěhoval se do Holandska, 

prameny tvrdí, že to bylo z důvodů neshodů s dánským králem. Před sklonkem 

svého života přijal Tschirnhausovu pracovní nabídku a odešel se svou rodinou 

do německého Kieslingwaldu [4].  

Skoro o 200 let později se narodil italský kněz, básník a matematik Lorenzo 

Mascheroni (1750-1800) v italském Bergamu. Již v 17 letech byl Mascheroni 
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vysvěcen na kněze a  pokračoval ve studiích rétoriky, kterou začal vyučovat 

v Bergamu o 5 let později. Další oblast jeho zájmu byla filozofie, která se 

zaměřovala  i na základy logiky a fyziky. V roce 1786 nastupuje na pozici 

profesora algebry a geometrie na pávské univerzitě.  Ve stejném roce publikuje 

knihu Nuove ricerche sull' equilibrio delle volte (1786) a poté následují další 

významná díla Adnotationes ad calculium integralem Euleri (1792), Problemi 

per gli agrimensori (1793) a Geometria del Compasso (1797). Poslední 

jmenováné dílo je pro nás z pohledu geometrie stěžejní, jelikož zde Mascheroni 

popisuje euklidovské konstrukce, které lze sestrojit pouze za pomocí kružítka 

[5].  

 

 

 

 
Obrázek 1 Euclides Danicus 

 

2 Geometria del Compasso 

 

Geometria del Compasso je napsána starou italštinou a jedná se o ucelené 

Mascheroniho dílo. Kniha je rozdělena do dvanácti hlavních kapitol, přičemž 

jedna kapitola vždy obsahuje kompletní problematiku daného tématu. Struktura 

jednotlivých kapitol je systematicky uspořádána a obsahuje: Zadání úlohy, 

popis konstrukce s odkazem na konstrukci, důkaz, alternativní řešení. Výsledné 

konstrukce nalezneme na konci knihy jako přílohu. Při konstrukcích 

Mascheroni využívá pro větší přehlednost nejen kružnice, ale i oblouky. Každá 

kapitola postupuje od nejjednodušší po nejsložitější konstrukce. Například 
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v kapitole zaměřené na rozdělení a prodloužení úsečky, začíná rozdělením 

úsečky na dvě stejné části (obr. 2). Poté pokračuje rozdělením úsečky na 4, 8 

atd. stejných částí a následně přechází na rozdělení v lichém počtu a poslední 

konstrukce se zabývá rozdělením úsečky na 𝑛 stejných dílů. 

 

 
 

 
Obrázek 2 Zadání a řešení úlohy [3] 

 
Obrázek 3 Konstrukce dle Mascheroniho [3] 
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Zadání: Sestrojte střed úsečky AB. 

 

Rozbor: Konstrukční úloha obsahuje i nalezení bodu E, pro něž platí |𝐵𝐴| =
|𝐴𝐸|. K sestrojení bodu E využijeme jednoduchou konstrukci pro zdvojení 

délky úsečky (viz obr. 4). Dále při konstrukci můžeme využít vlastností 

trojúhelníků. 

 
Obrázek 4 Zdvojení délky úsečky AB 

 

Popis konstrukce: 

1) 𝐴𝐵; 
2) Konstrukce bodu 𝐸; 

3) 𝑙;  𝑙 = (𝐸, 𝑟 = |𝐵𝐸|); 

4) 𝐶1, 𝐶2;  𝐶1, 𝐶2  ∈ 𝑘 ∩ 𝑙; 
5) 𝑚1; 𝑚1 = (𝐶2, 𝑟 = |𝐶2𝐵|); 
6) 𝑚2; 𝑚2 = (𝐶1, 𝑟 = |𝐶1𝐵|); 
7) 𝑀;  𝑀 ∈ 𝑚1 ∩ 𝑚2 

 

 

Konstrukce: 
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Závěr 

Georg Mohr a Lorenzo Mascheroni nezávisle po sobě popsali možnost 

konstruovat úlohy pouze za pomoci kružítka. Následně se touto problematikou 

zabýval Steiner (1833) a až v roce 1906 přišel s inovací Adler, jenž danou 

problematiku rozšířil o využití kruhových inverzích [1]. Příspěvek měl za cíl 

poukázat na existenci výjimečné knihy, která zůstala již trochu opomenuta. 

Výhodou je, že v dnešní době elektronizace italští kolegové knihu naskenovali 

a je k dispozici v originále. Čtenář je ve výhodě oproti Adlerovi, který již 

vycházel z německého překladu. Do budoucna je v plánu vytvořit alespoň 

český překlad všech zadání, které jsou uvedeny v Geometria del Compasso.    
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Abstract. When creating more complex applets you may need to
program less or more. In the paper we show three different ways how
to implement more advanced technique in GeoGebra, each of them we
demonstrate on one applet. In the first one lists are very useful objects
for reaching the goal, in the second one we comment use of GeoGebra
Script and finally we show the benefits of using JavaScript.
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1 Úvod
GeoGebra poskytuje přehledné prostřed́ı a mnohé intuitivńı nástroje pro
rychlou tvorbu výukových applet̊u a pro př́ımé využit́ı v hodině. Pokud
je třeba, můžeme s trochou úsiĺı vytvořit pomoćı př́ımých nástroj̊u Geo-
Gebry i výukové materiály profesionálńıho vzhledu a funkćı. Přesto může
být někdy nutné při tvorbě appletu přistoupit k programováńı. V tomto
článku chceme ukázat, jak v GeoGebře vytvořit (složitěǰśı) aplikaci. Ty
zp̊usoby budou tři, jeden bez programováńı a dva s programováńım ve
dvou r̊uzných programovaćıch jazyćıch. Ale pokud vás programováńı ani
vytvářeńı aplikaćı nezaj́ımá, nepřestávejte č́ıst – možná se vám budou ho-
dit i ty samotné aplikace, které si hotové můžete stáhout z adresy uvedené
v závěru článku.

2 Aplikace
Abychom věděli, k čemu chceme doj́ıt a také abychom netratili ty čtenáře,
které vytvářeńı aplikaćı nezaj́ımá, pojd’me se nejdř́ıve pod́ıvat na ho-
tové aplikace. Budou to dvě pomůcky, nebo

”
hry“, chcete-li, které můžete

použ́ıt ve výuce a které vyžaduj́ı (a rozv́ıjej́ı) prostorovou představivost.
Prvńı aplikace je demonstrace řešeńı úlohy, v ńıž máme naj́ıt polohu,

kam se po několika překlopeńıch krychle přemı́st́ı jej́ı daný vrchol. Apli-
kace umožńı simulovat postupný pohyb krychle a vyznačuje pohyb jed-
noho jej́ıho vrcholu. Požadovanou posloupnost překlopeńı zadá uživatel
do textového pole jako posloupnost znak̊u nebo hodnot zastupuj́ıćıch po-
hyby vpravo, vlevo, vpřed a vzad. V aplikaci jsme zvolili zadáńı pomoćı
hodnot 1, -1, 2, -2.
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Obrázek 1: Dráha bodu A překlápěj́ıćı se krychle

Druhá aplikace rozděĺı danou krychli (3 × 3) na požadovaný počet
d́ılk̊u složených z jednotkových krychliček a tyto d́ılky

”
rozháže“ – posune,

ale neotáč́ı. K vyřešeńı úlohy je třeba posoudit, kam který d́ılek patř́ı,
a pomoćı ovladače ho posunout na správné mı́sto. Aplikace dokáže (na
požádáńı) vyhodnotit, zda jsou d́ılky složeny správně.

Pod́ıvejme se dále, jakými prostředky je možné uvedené aplikace se-
strojit.

2.1 Prvý př́ıstup – objekty Geogebry bez použit́ı skriptováńı

Aplikace má umožnit uživateli simulovat pohyb krychle a sledovat jej́ı po-
lohu při postupném plynulém překlápěńı podle zadané posloupnosti jed-
notlivých krok̊u – překlopeńı. Prob́ıhaj́ıćı čas můžeme simulovat hodnotou
interaktivńıho posuvńıku, přičemž každé d́ılč́ı překlopeńı bude prob́ıhat
v časovém intervalu délky 1. Plynulá změna hodnoty posuvńıku vyvolá
iluzi plynulého pohybu krychle. Pokud máme např́ıklad dánu posloupnost
otočeńı, která má délku 5, pak v čase 3,5 krychle provedla 3 překlopeńı
a ve čtvrtém překlopeńı je zat́ım otočená o úhel 45◦.

V aplikaci rotace_krychle potřebujeme pracovat s posloupnost́ı po-
hyb̊u krychle. Potřebujeme si nějak zaznamenat zadáńı úlohy (t́ım je
požadovaná posloupnost otočeńı) a pro toto zadáńı poč́ıtat polohu krychle
v daném časovém okamžiku.

Velmi užitečným nástrojem při sestavováńı členitěǰśıch applet̊u je ob-
jekt seznam. Ten využijeme nejen pro zaznamenáńı zadáńı úlohy, ale i pro
výpočty transformaćı.
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Obrázek 2: Př́ıklad zadáńı úlohy a složená krychle

V GeoGebře jsou pro geometrické transformace dostupné nástroje. Ty
funguj́ı tak, že GeoGebra vytvoř́ı k danému objektu nový objekt, který je
transformaćı objektu daného. Tyto nástroje (či př́ıkazy) tedy nemůžeme
provádět pro jednotlivá překlopeńı postupně, krychličky by se nám ve
scéně množily. Sestroj́ıme a zobraźıme si v appletu jednu krychličku, která
z̊ustane ve výchoźı pozici, a k ńı vytvoř́ıme jej́ı otočenou kopii v zobrazeńı,
které je složeńım všech jednotlivých otočeńı. Využijeme přitom výpočet
souřadnic vrchol̊u krychle pomoćı matice transformace. Urč́ıme matice
jednotlivých pohyb̊u a výslednou transformaci źıskáme jejich násobeńım.
Pro tento účel byly v appletu sestrojeny nástroje pro převod kartézských
souřadnic bodu do homogenńıch a zpět.

Homogenńı souřadnice sice GeoGebra využ́ıvá ve své vnitřńı repre-
zentaci bod̊u, uživatelsky ale dostupné nejsou. Přidané nástroje můžeme
naj́ıt a prozkoumat v menu Nástroje → Správa nástrojů → Otevřı́t.
Podobně – aby nebyl samotný popis modelu zat́ıžen mnoha definicemi –
jsou zde i nástroje, které sestav́ı matici pro otočeńı o daný úhel kolem
jednotlivých souřadnicových os. Tyto matice pak využijeme pro skládáńı
zobrazeńı.

Applet využ́ıvá seznam úhl̊u otočeńı přepoč́ıtaných na intervaly mezi
celoč́ıselnými hodnotami nazvaný parametry, který se aktualizuje podle
hodnoty posuvńıku, seznam poloh pro jednotlivé kroky pohybu a seznamy,
které jsou d́ılč́ımi kroky k určeńı seznamu os otočeńı. Pro výslednou ani-
maci jsou tedy d̊uležité tři seznamy: seznam úhl̊u otočeńı (parametry)
a spoč́ıtané seznamy otoceni – seznam matic výsledných rotaćı a seznam
otcelkem – seznam matic transformace pro jednotlivé kroky výsledného
pohybu (zahrnuj́ıćı nejen rotaci kolem os, ale i posunut́ı). Protože krychli
výsledně otoč́ıme podle matice otfin, která je součinem těchto matic, tj.
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součinem prvk̊u seznamu matic, a protože seznamy poč́ıtáme postupně od
prvého k posledńımu pohybu, muśıme ještě seznam otcelkem obrátit –
to je seznam op, tj. otfin = Soucin(op). Doplňme ještě, že uvedeným
postupem spočteme souřadnice tranformovaného bodu (nemůžeme tak
otáčet např́ıklad krychli). Takže výsledná

”
kráčej́ıćı“ krychlička je sestro-

jena př́ıkazem Cube(AA, BB, CC), kde body AA, BB, CC jsou transfor-
mované polohy vrchol̊u A, B, C p̊uvodńı krychle.

V appletu tedy neńı využito skriptováńı v pravém slova smyslu, vše se

”
schovalo“ do předpis̊u pro sestaveńı d́ılč́ıch seznamů.

2.2 Skriptováńı

Na ukázce krychle rozpadaj́ıćı se na několik d́ılč́ıch část́ı ukážeme rozd́ıl
ve využit́ı ošetřeńı událost́ı pomoćı GeoGebra Scriptu a JavaScriptu.

Problém v konstrukci appletu je náhodně rozdělit krychli (3× 3 nebo
4× 4) na daný počet souvislých část́ı. Tedy část́ı, v nichž každé dvě jed-
notkové krychličky soused́ı stěnou. Algoritmus bude v obou př́ıpadech
stejný: vytvoř́ıme seznamy jednotkových krychliček, které budou repre-
zentovat jednotlivé části, a pro každý seznam vygenerujeme krychličky
v něm obsažené. Přǐrad́ıme k nim ovladače – to budou volné body, jimiž
budeme pohybovat pomoćı myši – a tak budeme d́ılky posouvat.

Jak rozdělit krychli na části? Např́ıklad tak, že vytvoř́ıme seznam
všech krychliček (seznam cely) a postupně budeme aktualizovat seznam
krychliček již zařazených v některé části (seznam jcasti). Z nich pak od-
vod́ıme seznam krychliček dosud čekaj́ıćıch na zařazeńı (seznam zbyle).
Ke každé části si nav́ıc budeme držet aktuálńı seznam krychliček, které lze
v danou chv́ıli k části přidat – seznam sousedi. Kandidátem na sousedńı
krychličku v dané části je každá volná (tj. dosud nezařazená) krychlička,
která soused́ı stěnou s některou krychličkou této části. Na začátku děleńı,
kdy jsou všechny části prázdné, vlož́ıme do každé části jednu (náhodnou)
krychličku, a pak pomoćı cyklu náhodně vybereme část a do ńı přidáme
jednoho kandidáta na souseda (pokud nějaký takový kandidát existuje).
To budeme dělat tak dlouho, dokud budeme mı́t nějaké zbylé, nezařazené
krychličky v poli zbyle.

2.3 Druhý př́ıstup – využit́ı GeoGebra Scriptu

Rozděleńı krychle na části můžeme v aplikaci vyvolat stiskem tlač́ıtka,
kliknut́ım nebo změnou hodnoty nějakého objektu (třeba počtu část́ı, na
něž chceme krychli rozdělit). GeoGebra má vlastńı skriptovaćı jazyk –
GeoGebra Script [1]. V něm můžeme ke každému objektu přǐradit po-
sloupnost př́ıkaz̊u, které se maj́ı v reakci na uvedenou událost provést.
Povolené př́ıkazy jsou všechny př́ıkazy GeoGebry tak, jak je zapisujeme
do př́ıkazové řádky, zejména speciálńı skriptovaćı př́ıkazy, které jsou uve-
deny v seznamu dostupných př́ıkaz̊u v sekci Skriptovánı́.
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Výše uvedený postup v appletu snadno realizujeme pomoćı seznamů.
Problém nastane až v okamžiku, kdy se bude provádět cyklus, který
rozděluje zbylé krychličky do část́ı. Nejen, že v GeoGebra Scriptu nemáme
k dispozici klasický cyklus ř́ızený podmı́nkou a muśıme odhadnout počet
opakováńı nějakou dostatečnou konstantou (při náhodném výběru části
můžeme opakovaně vyb́ırat ty části, které již neńı možné rozš́ı̌rit o daľśı
krychličku, takže potřebný počet krok̊u se bude r̊uznit a cyklus poběž́ı

”
pro jistotu“ zbytečně dlouho). Horš́ı problém je ten, že při pr̊uběhu

cyklu se nestihne aktualizovat řetězec souvisej́ıćıch objekt̊u GeoGebry
(seznamů), takže se bude stávat, že budeme do d́ılku přidávat krychličku,
která je již zařazena jinde, jen se ještě nestihla vyřadit ze seznamu zbylých.
Tento jev se nazývá Race-Condition a při časově náročných operaćıch
s dlouhými seznamy k němu bude docházet často.

Problém v principu nevyřeš́ıme, můžeme ale jeho vliv potlačit t́ım, že
donut́ıme GeoGebru aktualizovat objekty před každým pr̊uchodem cyklu.
Např́ıklad t́ım, že necháme zobrazenou scénu překreslit. V našem appletu
jsme proto provedeńı jednoho kroku cyklu navázali na krok posuvńıku,
který překreslováńı vyvolává. Celému cyklu, který vytvoř́ı rozděleńı velké
krychle, tak odpov́ıdá jeden animovaný pr̊uchod možnými hodnotami po-
suvńıku. Na připraveném appletu si můžete ověřit, že aktualizace objekt̊u,
a t́ım celý rozklad krychle, prob́ıhá velmi dlouho.

Poznámka: Základńım př́ıkazem pro přǐrazeńı hodnoty nějakému ob-
jektu GeoGebry je př́ıkaz NastavitHodnotu (SetValue). Např́ıklad př́ıkaz
NastavitHodnotu(B, A) umı́st́ı volný bod B na aktuálńı pozici existuj́ıćıho
bodu A, aniž by mezi oběma body vznikla vazba. Př́ıkaz B = A by zp̊usobil
předefinováńı bodu B, který by od tohoto okamžiku

”
koṕıroval“ bod A.

2.4 Třet́ı př́ıstup – využit́ı JavaScriptu

Problém s aktualizaćı objekt̊u z vypočtených hodnot vyřeš́ı využit́ı Ja-
vascriptu. Od počátku budeme mı́t v appletu pouze abstraktńı pole repre-
zentuj́ıćı požadované výsledné seznamy a po provedeném výpočtu rozděleńı
jen vygenerujeme v GeoGebře viditelné objekty – seznamy krychliček. Jis-
tou nepř́ıjemnost́ı pro využit́ı JavaScriptu je to, že JavaScriptem je př́ımo
podporováno jen několik př́ıkaz̊u GeoGebry. Seznam těchto př́ıkaz̊u je uve-
den v [2]. K vyvoláńı libovolného př́ıkazu GeoGebry z JavaScriptu slouž́ı
př́ıkaz ggbApplet.evalCommand(prikaz), kde prikaz je textový řetězec,
který má přesný tvar př́ıkazu GeoGebry, a to v jeho anglické (us) verzi.
Např́ıklad:

f o r ( i =1; i <=16; i++) {
ggbApplet . evalCommand(
”SetValue (M”+i +” ,(RandomBetween(−7 ,6) ,RandomBetween (−5 ,8) ,0))”
)}
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je cyklus, který bod̊um M1, M2, . . ., M16 nastav́ı náhodné celoč́ıselné
souřadnice x, y v uvedených meźıch a souřadnici z = 0. Pro př́ıstup
k souřadnićım bod̊u sice existuj́ı př́ımé př́ıkazy JavaScriptu: setCoords()
a getXcoord(), getYcoord(), getZcoord(), ale pokud chceme např́ıklad
nastavit body M do pozic bod̊u A, oceńıme zkratku:

f o r ( i =1; i <=16; i++){
ggbApplet . evalCommand(” SetValue (M”+i +”,A”+i +”)”)

}

Ty části kódu, které zajǐst’uj́ı např́ıklad obarveńı objekt̊u či změnu
jejich polohy, mohou být napsány téměř rovnocenně v GeoGebra Scriptu
i v JavaScriptu, výše uvedený př́ıklad

”
rozházeńı“ bod̊u M však v textové

podobě naṕı̌seme v JavaScriptu pomoćı cyklu intuitivněji.
V JavaScriptu, kde máme v našem appletu spoč́ıtané body uložené

v poli, vytvoř́ıme př́ımo textový tvar objektu. Následuj́ıćı kód vyrob́ı se-
znam d́ılk̊u rozbité krychle. Každý d́ılek je seznam uspořádaných trojic
v kulatých závorkách (souřadnic polohy krychliček d́ılku) a seznam sám
je uzavřený ve složených závorkách:

var t t= ” ” ;
f o r ( i = 0 ; i < pocet −1; i++) {
t t = t t + ”{(” +j c a s t i [ i ] . j o i n ( ” ) , ( ”)+ ” )} , ” ;
}
t t = t t + ”{(” + j c a s t i [ pocet −1] . j o i n ( ” ) , ( ”) + ”)}” ;
ggbApplet . evalCommand(” c a s t i ={” + t t + ”}” ) ;

JavaScriptová verze appletu obsahuje nav́ıc ještě kontrolu správnosti
složeńı kostičky. Kód ověř́ı že každá jednotková krychlička p̊uvodńı krychle
je obsažena v některém d́ılku.

3 Závěr
Všechny tři výše komentované applety jsou k dispozici na úložǐsti GeoGe-
bra Tube pod t́ımto odkazem: https://www.geogebra.org/m/VZbJS2m7 .
Můžete si je odtud stáhnout a prozkoumat jejich kód. Pro př́ımé spuštěńı
jsou jejich okna př́ılǐs velká a také scripty jsou při online použit́ı pomalé,
spust’te si až stažené .ggb soubory.
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Abstrakt. The paper relates to the GeoGebra workshop, which was
held at the Slovak–Czech conference on geometry and graphics. It
deals with such tools of this software that are suitable for geometry
teaching. First, attention is paid to the use of web-based services that
are available to each user free of charge at geogebra.org web page.
These are, for example, environments for the online creation, storage
and use of dynamic materials, collection of them into structured books,
formation of user groups and sharing materials within them. Then, the
rest of the paper deals with particular tools related to the automated
theorem proving that are implemented in GeoGebra.

Keywords: Dynamic geometry, GeoGebra, online, automated proving
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1 Úvod
Článek vycháźı z př́ıspěvku, předneseného na workshopu programu Geo-
Gebra, pořádaném při př́ıležitosti Slovensko–české konference o geometrii
a grafice. Stejně jako v př́ıspěvku budou i v článku nejprve představeny
služby webového prostřed́ı www.geogebra.org, vhodné pro využit́ı ve
výuce geometrie. Jedná se např́ıklad o tvorbu a využit́ı dynamických ma-
teriál̊u, strukturovaných online publikaćı, formováńı skupin uživatel̊u a
online testováńı. Potom se zaměř́ıme na vybrané funkce programu, za
kterými se skrývaj́ı algoritmy poč́ıtačové algebry pro automatické odvo-
zováńı a dokazováńı geometrických vlastnost́ı. Jedná se vesměs o funkce
nové, jejichž postupná implementace do programu dosud prob́ıhá, v sou-
ladu s vývojem a optimalizaćı př́ıslušných algoritmů [6]. Své schopnosti
odhalovat geometrické vztahy v dynamických obrázćıch a dokazovat jejich
obecnou platnost, př́ıpadně je převádět do podoby rovnic množin bod̊u
daných vlastnost́ı proto prokazuj́ı zat́ım jenom na omezeném rejstř́ıku
úloh. Přesto má již smysl přemýšlet, jak se mohou tyto nové schopnosti
programu dynamické geometrie promı́tnout do výuky. V článku popiso-
vané vlastnosti a funkce se vztahuj́ı k verzi 5.0.395.0 programu GeoGebra.

2 Online služby spojené s programem GeoGebra
Ze stránky www.geogebra.org lze program okamžitě spustit v prohĺıžeči,
bez nutnosti jeho instalace. Vytvořené soubory lze ukládat do poč́ıtače
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nebo do cloudového prostřed́ı stránky a dále použ́ıvat. Program je tak
se všemi svými funkcemi i s materiály v něm vytvořenými bezprostředně
dostupný na každém zař́ızeńı s připojeńım na internet a s prohĺıžečem
webových stránek.

Každý uživatel si může na stránce geogebra.org zdarma vytvořit sv̊uj
profil. T́ım źıská př́ıstup ke službám portálu. Jedná se předevš́ım o možnost
ukládat zde své materiály a sd́ılet je s ostatńımi uživateli, bud’ prostřednic-
tv́ım odkazu, nebo veřejně, prostřednictv́ım vyhledáváńı. Materiály ostat-
ńıch uživatel̊u pak lze volně použ́ıvat, stahovat, př́ıpadně dále modifiko-
vat. Učitel tak může mı́t své materiály vždy dostupné prostřednictv́ım
připojeńı k internetu a pomoćı odkaz̊u je sd́ılet se svými žáky. Materiály
lze sdružovat do strukturovaných kolekćı, nazývaných GeoGebra knihy,
[3], [5]. Tak je možné připravovat ucelené soubory materiál̊u pro výuku
rozličných témat.

Kromě správy svých materiál̊u může uživatel na stránce geogebra.org
vytvářet také skupiny uživatel̊u, jakási uzavřená diskusńı fóra, v jejichž
rámci lze sd́ılet materiály. Učitel může tento režim využ́ıt pro distribuci
materiál̊u mezi žáky tř́ıdy nebo studijńı skupiny. Zpětnou vazbu od žák̊u
źıská v rámci diskuse, sd́ıleńı materiál̊u nebo prostřednictv́ım do skupiny
zadaných test̊u. Materiály totiž mohou mı́t r̊uzné formy, nemuśı se jed-
nat jenom o dynamické geometrické obrázky. Jednou z forem je právě
testová otázka, otevřená i uzavřená. Sdružeńım v́ıce otázek pak vznikne
online test. Prostřed́ı skupiny poskytuje přehlednou evidenci pro správu
odevzdáváńı a hodnoceńı těchto test̊u. Vı́ce o skupině viz [4].

3 Nástroje automatického dokazováńı
V současnosti jsou v programu GeoGebra k dispozici tyto funkce pod-
porované symbolickými algebraickými výpočty (protože se v GeoGebře
překládaj́ı i jména př́ıkaz̊u, jsou v závorkách uváděny i anglické varianty
jmen funkćı): Vztah (Relation), Dokazat (Prove), PodrobnostiDukazu (Pro-
veDetails), RovniceMnozinyBodu (LocusEquation) a Obalka (Envelope).
V následuj́ıćıch partíıch bude na konkrétńıch př́ıkladech ukázáno použit́ı
těchto funkćı. Ćılem přitom bude výhradně představeńı jejich možnost́ı.
Otázkami jejich didakticky vhodného či nevhodného využit́ı ve výuce se
nebudeme zabývat.

Naš́ım prvńım úkolem bude ověřit pomoćı nástroj̊u GeoGebry platnost
tohoto tvrzeńı: Body souměrně sdružené s pr̊useč́ıkem výšek trojúhelńıka
podle jeho stran lež́ı na kružnici mu opsané. Po nakresleńı př́ıslušného
obrázku do Nákresny můžeme nejprve využ́ıt jeho dynamického charak-
teru a při tažeńı volných bod̊u konstrukce myš́ı provést vizuálńı evidenci
platnosti uvedeného tvrzeńı, viz Obr. 1. Daľśı možnost́ı je, zeptat se pro-
gramu na vztah mezi vybranými objekty, v tomto př́ıpadě mezi jedńım
z bod̊u O′

a, O
′
b, O

′
c, např. O′

a, a kružnićı ko. Bud’ vybereme př́ıslušný
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Obrázek 1: Modifikace obrázku tažeńım volných objekt̊u

nástroj, jmenuje se Vztah mezi objekty, a v Nákresně postupně ukážeme
na oba objekty, nebo zadáme do vstupńıho řádku nebo v prostřed́ı CAS
př́ıkaz Vztah(O′

a,ko). Jak vid́ıme na Obr. 2, reakce programu je
”
dvou-

stupňová“. Nejprve nám poskytne odpověd’, která vzešla z numerického
ověřeńı (pracuje se skutečnými souřadnicemi), viz Obr. 2, vlevo. Poté, po-
kud o to požádáme stisknut́ım tlač́ıtka Vı́ce..., nám sděĺı obecně platný
výsledek, vycházej́ıćı ze symbolického řešeńı dané úlohy (pracuje s al-
gebraickými rovnicemi, na které je, pokud to jde, obrázek převeden),
viz Obr. 2, vpravo. Tento výsledek vzešel ze symbolického algebraického
d̊ukazu, který byl programem proveden na pozad́ı funkce Vztah, je proto
pravdivý. K úloze můžeme přistoupit i jinak. Řekněme, že po prvotńı veri-

Obrázek 2: Vztah mezi obrazem O′
a ortocentra O a kružnićı opsanou ko

fikaci tažeńım myš́ı formulujeme sledovanou vlastnost ve formě domněnky,
že body A,B,C a O′

a lež́ı na společné kružnici. Potom k jej́ımu d̊ukazu
použijeme funkce Dokazat a PodrobnostiDukazu. Rozd́ıl mezi těmito
př́ıkazy spoč́ıvá v tom, že druhý z nich nám, pokud to jde, sděĺı postačuj́ıćı
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podmı́nky pravdivosti ověřovaného tvrzeńı. Výsledek pro naš́ı domněnku
vid́ıme na Obr. 3. Byla programem dokázána. Výstupy obou př́ıkaz̊u se

Obrázek 3: Body A,B,C a O′
a lež́ı na společné kružnici

shoduj́ı, u druhého z nich nejsou uvedeny žádné podmı́nky. Tvrzeńı o tom,
že uvažované čtyři body lež́ı na společné kružnici, je tedy vždy pravdivé.
Na nás je, jak tento výsledek vyhodnot́ıme vzhledem k danému tvrzeńı
o trojúhelńıku.

Je bezesporu vhodná doba zabývat se otázkou, jak lze představené
nástroje automatického dokazováńı využ́ıt ve výuce. Z př́ıklad̊u je zřejmé,
že při uvedeném použit́ı př́ılǐs nepomáhaj́ı uživateli v tom, aby pronikl do
podstaty př́ıslušného jevu, př́ıpadně aby byl schopen nalézt jeho synte-
tický d̊ukaz. V daľśım př́ıkladu si ukážeme použit́ı funkćı automatického
dokazováńı jako nástroje zkoumáńı geometrického modelu reálného jevu.

V Jeruzalémě byl před necelými deseti lety otevřen lanový most, viz
[7], jehož závěsný systém, ceněný pro svou lehkost a eleganci, se těš́ı pozor-
nosti i pro své geometrické vlastnosti [1]. Jeho zjednodušeným modelem
mohou být dvě r̊uznoběžné úsečky se společným krajńım bodem, předsta-
vuj́ıćı mostovku a pylon, spojené př́ıčkami–lany, jejichž koncovými body
jsou obě tyto úsečky rozděleny vždy ve stejném poměru, ovšem z opačných
stran, viz Obr. 4, vlevo. Výrazným estetickým prvkem mostu je právě
křivka vykreslená jeho t́ımto zp̊usobem ukotvenými nosnými lany. Z ge-
ometrického hlediska nejde o žádnou záhadu nebo kuriozitu. Je známo,
že obálkou takovéhoto systému př́ımek je parabola [2]. Jedná se přitom
o d̊usledek následuj́ıćı vlastnosti paraboly, která byla již kolem r. 200
př. n. l. popsána Apollóniem z Pergy: Libovolné tři tečny paraboly jsou
svými pr̊useč́ıky a body dotyku s parabolou rozděleny na úsečky ve stejném

poměru. Dle Obr. 4, vpravo, tedy plat́ı |AD|
|DG| = |GE|

|EB| = |DC|
|CE| .
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Obrázek 4: Závěsný systém mostu (vlevo) vs. Apolloniova věta (vpravo)

Obrázek 5: Parabola jako obálka př́ımek

Nyńı si ukážeme, jak lze v programu GeoGebra z geometrického mo-
delu źıskat rovnici uvažované křivky. Využit́ım jak funkce Obalka, tak
i RovniceMnozinyBodu, viz Obr. 5 a 6. Funkci Obalka zadáme př́ıkazem se
syntax́ı Obalka(Dráha,Bod), kde parametrem Dráha (v originále Path) se
rozumı́ př́ımka či křivka z parametrického systému, který vytvář́ı obálku,
parametr Bod pak reprezentuje volný bod, jehož pohybem źıskáváme jed-
notlivé křivky systému. Př́ıkaz je aplikován na dynamický obrázek, v němž
by měly být objekty s rolemi parametr̊u sestrojeny eukleidovsky, aby ho
bylo možno převést na soustavu algebraických rovnic. Výsledek výpočtu
obálky systému úseček k (přesněji celých př́ımek) pro A[0, 0], B[10, 0] a
C[6, 8] a pohyblivý bod M vid́ıme na Obr. 5.

Funkci RovniceMnozinyBodu aplikujeme na dynamickou eukleidov-
skou konstrukci Apolloniovy věty, viz obsah Nákresny na Obr. 6. Použijeme
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př́ıkaz se syntax́ı RovniceMnozinyBodu(Bod množiny bod̊u, Pohyblivý bod),
kde jako prvńı parametr figuruje bod S, jako druhý parametr pak bod M .
Pro body A[0, 0], B[10, 0] a C[6, 8] dostáváme pochopitelně stejnou rovnici
jako v př́ıpadě obálky.

Obrázek 6: Parabola jako množina bod̊u S

4 Závěr
Spojeńı témat online služeb programu GeoGebra a nástroj̊u automatického
dokazováńı v tomto článku mělo za ćıl upozornit na skutečnost, že do-
stupnost poměrně vyspělých nástroj̊u symbolického dokazováńı dosáhla
v programu takové úrovně, že si zaslouž́ı, aby byly zvažovány jejich možné
dopady na výuku geometrie.
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Abstract. From the beginnings of architecture, we encounter elements and shapes 

that have a base in a circle or an ellipse. Very often, in technical practice, we meet 

the concept of oval. This term denotes a curve composed of circular arcs, but many 

times also the ellipse itself. When geometrically analyzing an already built 

building, it is very difficult to distinguish whether an oval was constructed using 

circles or ellipses. The quality of approximate constructions may be the reason. In 

the contribution, we will focus on some interesting constructions used by architects, 

theorists such as Sebastiano Serlio and Guarino Guarini. 

Key words: ellipse, oval, geometric analysis, construction 

1 Introduction  

In technical practice, we meet with the notion oval. The word oval derived from 

the Latin word “ovus” for egg. Here it is used in terms of the shape of curves 

that resemble an egg or resemble an ellipse. It is, in fact, a curve for which 

strict mathematical definition is missing but has the following common 

features: 

 is a closed curve in a plane which "loosely" resembles the outline of 

an egg 

 they are differentiable (smooth-looking), simple (not self-

intersecting), convex, closed, plane curves; 

 there is at least one axis of symmetry. 

In a special case, we can see the oval as a curve, which is composed of 

circular arcs. In the past, this approach has been used extensively for 

construction and approximating the ellipse.   

 

2 Ovals in geometry and technical practice 

In the rest of the period, we are engaged in the study and geometric analysis 

of buildings with elements of ovals. These are buildings that have ground plan 

as an oval-ellipse or have been used in the construction of theirs internal 

building elements. In Slovakia we can for example show buildings as Cathedral 

of St John of Matha in Bratislava and elliptic St. Ladislav Chapel in the former 

Ostrihom archbishop´s palace in Bratislava (Fig.1 and Fig.2). 
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Fig. 1: Cathedral of St John of Matha in Bratislava  

 

 
Fig. 2: Ostrihom archbishop´s palace in Bratislava (Primaciálny palác). 

 

The most well-known ovals that are mathematically described can be 

included Cassini ovals or Cartesian ovals (Fig. 3).  

 

       
Fig. 3: Cassini ovals (left), Cartesian oval (right) 

       
When looking at the oval as a curve, which is composed of circular arcs, we 

can use for the construction two or more different circles. Serlio [1] and 

Guarini [2] used two different circles and will be dealt with in more detail later 

on. When we use three different circles as Fig. 4, we can denote |SH|= h, |SK|= 
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k, the radii of two known circles are R and r, with r < R and R-r < h,   

  and radius of the joining circle is  . 

 

 
Fig. 4: Construction of oval using three circles 

 

3 Serlio's constructions  

Architects in practice not try to construct an ellipse exactly, but approximate it 

by circular arches.  Due to the symmetry of an ellipse it made sense to use in 

most cases only two different circles. The constructs are based on the fact that 

they are searching for the centers and radius of the two circles that are 

connected smoothly. The circles have a common tangent in its point of 

connection, which means that the centers H, K (Fig. 5) of these circles must 

belong on one line. Let h = |SH| and k =|SK| where S is the center of the oval. 

Found circles have radii of   . 
 

 
Fig. 5: Construction of two-center oval, based upon Serlio´s treatise. 

 

When we get Serlio’s construction, h a k have description by type of 

construction. 
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Fig. 6: Sebastiano Serlio: Il primo libro d'architettura  

 

The construction of the Fig. 7 a) is in the case that UHK is the equilateral 

triangle and  The ratio of the radius of the circles, and 

the ratio a / b are not constant. These ratios are constant in other Serlio’s 

construction, see [3].  In case Fig. 7b) is h=k = , a/b =   and  the 

ratio of the radii of the arcs is . In case Fig. 7c) is h = k =a/2, a/b=   and the 

ratio of the radii of the arcs is  -1. In case Fig. 7d) is h=a/3, a/b 

= k=  and the ratio of the radii of the arcs is  . 

 

 
Fig. 7: Oval constructions by Serlio 

 

4 Guarino Guarini's oval 

 

Guarini describing construction to an oval generally, but he constructed two 

circles with same radius, see in Fig. 8. We can take two circles with centers 
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A and F, which have any distance,  non-intersecting  or intersect (each other), 

with equal or unequal radii. 

 

 
 

Fig. 8: Guarini, Guarino, 1624-1683;  Architettura civile: opera postuma 

We take non-intersecting circles (Fig. 9) with different radii. Line AF 

intersects this circles in points I and C. We choose any length greater than half 

the line segment Cl and we construct points G and H, such that |IC| equals |CG| 

and is equal to this length. We construct circles with centers A and F and radii 

AO, GF. These circles have common the points M and H. It is clear that the line 

MH is perpendicular to the line IC. We get lines MF, HF, MA, HA. The lines 

intersect the circles at points S, R. (Figure 9). The construction is good when 

the points S and R lie on a circle with center H and the radius |SH|=|HR|.  

 
Fig. 9: Oval constructed using Guarini´s method  

       

We can show that appropriate choice of the characteristics of Guarini's 

oval we can get Serlio's oval. For example we get Serlio's oval in the 

construction of Fig. 7 d) so that we choose the radii of the circles as 2a/3, the 

distance between centers of the circles is 2a/3 and the point G is identical to the 

point A.  

Guarini construction of Fig. 8 can be described also by means of algebra and 

we express certain conditions. 

Let r=|AI|=|CF| and h= |AF|/2. Thus, the length of the major axis is 

a=h+r. Let Z is the center of the oval – ellipse. We know that |GO|= 2(h-r) and  
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|GF| = |FH| = |GO| + r, It follows that |GF|= |FH| = 2h-r and the radius of the 

second circle which describes oval is  |HR|=|HF|+r=2h=|AF|. Let k=|ZH|, can be 

algebraically expressed as . The ratio of the radii of the 

arcs is 2h/r and ratio  

 
 

5 Conclusion 

We think that the constructions mentioned in this article are not used in practice 

today and we meet more with an ellipse. However, it is a pity that these very 

nice constructions have almost disappeared from practice. We think that these 

should be preserved for the future generations as well as for the teaching of 

descriptive geometry, because we can applied their also now as they were 

applicable five hundred years ago. 
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Abstract. The intersection of algebraic varietes is a fundamental
operation. It is a well known fact that the intersection of n given
hypersurfaces in n-dimensional projective space over an algebraically
closed filed which results in a zero-dimensional variety has a degree
which is a product of degrees of the intersecting varieties. The product
of multiplicities of each point in the intersection with respect to the
given hypersurfaces provides a lower bound of local multiplicity. The
question what is the geometric interpretation of the difference of the
lower bound and the true local multiplicity is partially solved in several
papers. We sketch the idea which might lead to the solution in case of
curves.
Keywords: Bézout theorem, local intersection, blowup

1 Introduction
Intersection is a basic operation with algebraic varieties and it is widely
studied. There are several very good sources of intersection theory such
as [4] or recently [2]. The theory is deeply explored, still there are many
questions to answer. The intersection can be studied from both global
and local point of view. The local study, which is the case here, consist
of computing intersection based on the local characteristics such a mul-
tiplicity of the point. The global theorems, such as Bézout theorem, are
considering the whole varieties and their properties with respect to all
points, such as degree in this case.

We consider the idea of computing local intersection multiplicity in
geometric terms. We use blowup technique as a main tool for obtain-
ing the structure of the intersection and classification of special cases of
intersection.

2 Basic facts
In algebraic geometry, the varieties corresponds to the ideals. There are
several good introductory books such as [5]. Let k be an algebraically
closed field. Let V,W ⊂ An(k) be two algebraic varieties with their corre-
sponding ideals IV , IW ⊂ k[x1, . . . , xn], which comprise all polynomials for
which the varieties V and W are subsets of their roots. The intersection
of the varieties corresponds to the sum of the ideals IV + IW . Intuitively,
we require for the points of V additional conditions to be satisfied – they
should be roots of more equations (those for the points of W ).

Algebraically, the intersection can be described using sequence of strictly
embedded ideals IV = I0 ⊂ I1 ⊂ · · · ⊂ In = IV ∩W . The longer the
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sequence, the better the structural description of the new conditions re-
quired for the points of V one might obtain.

Such an intersection can be relatively easy to describe in transver-
sal cases and quite complicated in non-transversal cases. It can be seen
already on a one-dimensional example of intersection of graph of a poly-
nomial in plane with axis. A transversal intersection corresponds to a
simple root of the polynomial, while the non-transversal intersection cor-
responds to a multiple root (e.g. Z(y−x2)∩Z(y) leads to a double origin).
Similarly, not counting the multiplicity of the point (origin in this case)
can lead to a wrong notion of intersection, e.g. Z(x2) ∩ Z(y2) leads to a
point which is locally different from the point Z(x)∩Z(y)). As sets, these
two cases are indistinguishable. Hence, an additional algebraic structure
is required.

The proper setting for the computation is scheme-theoretic setting
(gluing of local rings). The notion of multiplicity of a variety (more pre-
cisely a scheme) is natural there.

We start with the low-dimensional case, intersection of curves. There
are many results known already several centuries. Among them, Bézout
theorem and its applications form a (historical) starting point of a more
complex intersection theory. The intersection has a certain stability, which
is known also as Moving lemma or conservation numbers law in certain
areas. It covers “small” change of a generic situation which does not
change either the structure of intersection, or in case of structure change,
such a property can be used to evaluate the situation in non-generic cases.
A more complex notion of flat family is required. A very important area
of application is computation of singularities of a curve C = Z(f) given
by Z(f,∇f), where f ∈ k[x, y]. Finally, there are many problems leading
to the intersection theory such as applications in configuration counting
(e.g. “How many lines and which do intersect three lines in P 3(C) in
general position?”).

3 Bézout theorem
Planar version of the famous theorem follows

Theorem 3.1 Let F,G ∈ k[X,Y, Z] be homogeneous polynomials and
(F,G) = 1, k an algebraically closed field with characteristic zero. Then
|Z(F,G)| = degF degG counted with multiplicity.

Geometrically, two algebraic curves C = Z(F ) and D = Z(G) in
the projective plane over an algebraically closed field without a common
component have a constant number of points in common counted with
their multiplicity. The constant is the product of degrees of the given
curves.

90 Chalmovianský Pavel



There are several versions of the theorem. The most common n-dimensional
version covers the intersection of n hypersurfaces Z(F1) ∩ · · · ∩ Z(Fn)
in Pn(k) with a finite number of points in common. Then, there are
Πn

i=1 degFi points counted with multiplicity.
The most known proofs are using the sum of local intersections mul-

tiplicities. Hence, multiplicity is the key notion here. Moreover, multi-
plicity of a point on an algebraic variety is a special case of intersection
multiplicity.

The general idea behind the multiplicity of a point on a hypersurface
Z(f) is that all the derivatives of f of the order less than the multiplic-
ity are zero. Hence, multiplicity of a point is the least order of non-zero
derivative of f at the point. There are several ways of computation of the
multiplicity number including its further structure based on (or character-
izing) the local geometry of the point. Most of the methods are technical
and complicated in detail especially in higher dimensional cases. There-
fore, it is beyond the scope of this paper to say more than the following
list of such techniques.

• First get a Weierstrass parameterization of the curve starting at a
point, then count the degree of the first non-zero term.

• Blowup the curve at a point and count the ordinary double points
(nodes) of the final curve. General approach for arbitrary dimension
varieties is available.

• Compute the length of the maximum ideal of the local ring corre-
sponding to the point.

• Find such a number µ that f ∈ mµ
P \mµ+1

P .
• Use Hilbert-Samuel multiplicity e0 defined via Hilbert function.
• Take a variety V ⊆ PN (k) and a point P ∈ V . For a linear

subspace L such that P ∈ L and L ∩ V is finite, sum the in-
tersection multiplicity s(P,L) of all the points except P . Take
iP (V ) = minL{deg(V )− s(P,L)}.

Clearly, the last approach cannot be used to define intersection multiplic-
ity. The number of approaches shows the importance of the notion which
appeared in several areas. The detail can be found e.g. in [8].

4 Local intersection
Multiplicity of a point roughly measures the generality of the local prop-
erties of the point on a variety. The configurations with less multiplicities
are more general.

Local intersection multiplicity can be composed of several summands.
Let C = Z(F ), D = Z(G) be curves and P ∈ C ∩D, then iP (C ∩D) ≤
iP (C)iP (D) which can be seen more-less directly via Weierstrass param-
eterization approach. In an example, the point Ln

1 ∩ Lm
2 is expected to
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have its multiplicity at least mn provided L1, L2 are linearly independent
lines in plane.

We show few examples of local intersections. Considering P = (0, 0)
as the point of interest in an affine plane, we get

• f = y− x2, g = y−λx, iP (C) = 1, iP (D) = 1, then iP (C ∩D) =
1 for λ 6= 0

• f = y − x2, g = y, iP (C) = 1, iP (D) = 1, then iP (C ∩D) = 2

• g = x2, g = y3, ip(C) = 2, iP (D) = 3, then iP (C ∩D) = 6

• f = y−x2, g = x2+(y−λ)2−λ2, ip(C) = 1, iP (D) = 1, then iP (C∩
D) = 2 for λ 6= 1

2

• f = y−x2, g = x2+(y− 1
2 )

2− 1
2

2
, ip(C) = 1, iP (D) = 1, then iP (C∩

D) = 4
The specific value in the last two cases gives osculating circle of the
parabola C. Higher order osculation gives higher correcting term. This
was partially explored in [1] and the references therein.

There is way of axiomatic description of local intersection in the affine
plane A2. The intersection multiplicity is a number iP (C,D) = dimk OP,C∩D =
dimk OP,A2/(f, g) satisfying the following axioms:

1. iP (C,D) = 0 if and only if P 6∈ C ∩D, iP (C,D) = ∞ if C and D
have a common component through P , otherwise iP (C,D) ∈ N, the
set of non-negative integers,

2. iP (D,C) = iP (C,D),
3. iP (C1+C2, D) = iP (C1, D)+ iP (C2, D), where C1+C2 is the curve

defined by f1f2, with fi defining Ci,
4. iP (C

′, D) = iP (C,D), if C ′ is defined by f + gh, some h ∈ k[x, y],
5. iP (C,D) = 1, if f = x − a, g = y − b, or more generally, if the

Jacobian ∂(f, g)/∂(x, y) is not zero at P ,
6. iP (D,E) ≥ min(iP (C,D), iP (C,E)), if P is a simple point on C,

and C has no common component with D or E through P ,
7. iP (C,D) ≥ iP (C) · iP (D), the equality holds if and only C and

D intersect transversaly at P (i.e. if the curves have no common
tangents at P ),

A similar properties can be given for a non-singular surface S taken
instead of plane A2 and the curves C,D are considered on the surface.

The axioms provide a way of more-less intuitive computation of local
intersection multiplicity, since the axioms have clear geometric meaning.

Some cases are easy to describe when computing intersection such
as transversal intersection, moving lemma cases, reduction of multiple
intersection to irreducible cases.
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However, there are many questions hidden inside the intersection cal-
culus. We are concerned with the following one connected to the last
intersection axiom. What additional information does one need in order
to compute the intersection multiplicity based on the multiplicity of the
point on each curve? As we see in the next, the answers are not so direct.

5 Techniques of computation
In order to achieve the result in terms of invariants of the Čech cohomol-
ogy, we use a technique of Koszul complex.

Let a = (a1, . . . , at) denote a system of elements of the ring A. The
Koszul complex K(a;A) is defined as follows: Let F denote a free A-module
with basis e1, . . . , et and Ki(a;A) = Λi(F ) for i = 1, . . . , t. A basis of
Ki(a;A) is given by wedge products ej1 ∧ . . . ∧ eji for 1 ≤ j1 < . . . <
ji ≤ t. The boundary homomorphism Ki(a;A) → Ki1(a;A) is defined by
di : ej1 ∧ . . . ∧ eji 7→

∑i
k=1(−1)k+1aikej1 ∧ . . . ∧ êik ∧ . . . ∧ eji on the free

generators. For an A-complex X, we define K(a;X) := K(a;A) ⊗A X.
We write Hi(a;X), where i ∈ Z, for the i-th homology of K(a;X).

0 → A → At → A(t2 ) → . . . → A → 0

The idea behind Koszul complex is the detection the level of algebraic
independence (syzygies) of the elements in a characterized by the Hilbert-
Samuel intersection multiplicity.

Using the above techniques applied on regular sequence (f, g) in A =
k[x, y](x,y), m = (x, y)A and denoting t the number of common tangents,
one gets

e0(f, g;A) = cd+ t+ ` ≥ cd+ t,

where ` = `A((fm
nc + gmnd +mn+1)/(fmnc + gmnd)) for n � 0.

Similar result can be obtained for A = k[x, y, z](x,y,z) and e0(f, g, h;A).
It is technically same for higher dimensions, however the notation is

very heavy.
The approach of Koszul complexes has been used by Serre, Fulton,

Roberts, Schenzel and they obtained other algebraic results in certain
setup.

• Fulton’s cycle theory forms a Chow ring with a multiplication de-
fined via intersection as Y · Z =

∑
W iW (Y, Z)[W ] for a proper

intersecting varieties Y , Z and all components W therein. Moving
approach required for improper intersections. Rational equivalence
is used. See [4].

• Serre’s formula for the intersection multiplicity of subschemes I,J
in a scheme X at a point x uses the 1 derived functors and gives

∑

i≥0

(−1)ilengthOX,x
TorOX,x

i (OX,x/Ix,OX,x/Jx)
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It works basically as Euler characteristic of a complex corresponding
to the intersection. See [6].

• W. Vogel’s and J. Stückrad’s approach is able to describe even im-
proper intersections. See [3], [7].

The approaches lack geometric interpretation at least in certain cases.
We propose a way of describing it in planar case using the following three
steps.

• The crucial plane case is the case of two curves with a common
tangent (recall parabola and a circle from the set of intersection
examples).

• The cases with more tangents at an intersection point can be reduced
to this case using blowup transform applied simultaneously on both
curves.

• The combination of the local multiplicities has to be done combining
the multiplicities.

6 Conclusion
We have surveyed few notion of intersection multiplicity. The used tech-
niques are in detail described in several outstanding books or publications
and we adopt them for the interpretation of local intersection following
the axiom of the intersection.

We plan to use blowup technique to interpret geometrically the lo-
cal intersection of curves in terms of mutual osculation of curves along
common tangents.
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Abstract. The paper deals with different possibilities of visualisation of 

mathematical relationships in problem solving. A new viewpoint can give us new 

ideas and conception leading to simplified solution of a mathematical problem. 

Key words: visualisation, visual proof, problem solving 

1 Introduction  

The idiom ‘A picture is worth a thousand words’ refers to the notion that a 

complex idea can be conveyed with just a single still image or that an image of a 

subject conveys its meaning or essence more effectively than a description does. 

 

 

Fig. 1: The part of 1913 newspaper advertisement, Ohio, USA [7] 

 

Likely the same idea lead Edward R. Tufte to write his books [1, 2, 3] and 

thus to coin information visualisation in 1983. He illustrated the importance of 

visual grasp of information on convincing example from 1854, when the cholera 

disease raged in London. An exemplary use of map to chart patterns of disease 

was the famous dot map of Dr. John Snow, who plotted the location of deaths 

from cholera in central London for September 1854 [1].  

 

Fig. 2: Snow´s map of location of deaths from cholera in central London  

Slovak�Czech Conference on Geometry and Graphics 2017 97



 

Examining the map in Figure 2, Snow observed that cholera had spread 

among those who lived near and drank from the Broad Street water pump. The 

famous dot map showed itself as lifesaving, because the contaminated pump was 

removed, ending the neighbourhood epidemic which had taken more than 500 

lives. The link between the pump and the disease might have been revealed by 

computation and analysis, but here the graphical view testifies about the data far 

more efficiently than calculation. 

2 Visualisation in problem solving process 

In mathematics, we often associate visualisation with drawing pictures as an aid 

to getting started on problems. But it has a much wider role in problem solving. 

Visualisation helps the development of ideas and supports communication of 

results and understanding. The process of creating a visual picture of 

relationships between key elements of the problem has two steps [6]. In the first 

step the problem solver creates an internal model (mental imagery) and then in 

the second step he or she creates the real visual model (visualisation) of it. 

The problem solver can use visual models basically for two different purposes. 

 

       Fig. 3 

 

His/her visual representation shifts the problem into entirely concrete real life 

case. 

For case B) generalisation, we give the following example to solve a practical 

problem: 

We have got 6 litres of liquid in two 3-litre containers, as well as a 5-litre empty 

container. Spread the liquid into the 3 given containers, 2 litres in each of them. 

A) reify the problem,  

B) generalise the problem. 

For the case A) we give an example of creating 

a visual model during problem solving by 5th 

grade pupil. He/she solved the following 

problem: 

Mara said: “I have so many brothers as sisters.” 

Her brother Jano said: "I have three-times as 

many sisters as brothers.” How many are the 

siblings? 

He/she prepared the visual model pictured in 

Figure 3 and gave a correct answer. Apparently 

he needed to grasp the problem in more concrete 

form: to name the siblings.  
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Fig. 4 

We can visualise the situation on a triangular mesh as in Figure 5. The grid 

points of the mesh have integer triples as coordinates. The solution is located in 

the bordered region because of the given restriction for i, j, k. 

 

 

Fig. 5: Solution of the inverse problem 

 

The practical realisation of the solution is possible only by steps reaching the 

border of marked region (it means to empty one of the containers). Now we can 

see that the original problem has no solution, only the inverse problem, when we 

have got 6 litres of liquid in 3 containers (with capacity 3 l, 3 l, 5 l), 2 litres in 

each of them and we have to spread the liquid into two 3-litre containers and 

leave the 5-litre container empty. 

The task of perpendicular clock hands is found in multiple collections of math 

exercises, and has also been featured as a Mathematical Olympiad assignment. 

One possible wording is [4]: 

The cuckoo clock has the hands just perpendicular to each other now. How many 

minutes later will they be perpendicular to each other again?  

      In the solution process we need to overcome two obstacles. The first obstacle 

is taking into account the constant movement of the hands. If the little hand was 

fixed, the big hand should go for 30 minutes. But during those 30 minutes, the 

We can visualise the problem as in Figure 

4, but it does not help to solve it. We need 

to find a new approach, a new insight into 

the problem.  The general aim is to divide 6 

litres of liquid into 3 parts, i, j, k, such that 

i+j+k = 6, when 0 ≤ i ≤ 3, 0 ≤ j ≤ 3, 0 ≤ k ≤ 

5, what follows from the capacity of the 

containers.  
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small hand crosses halfway between two numbers. Than the big hand has to move 

accurately. But at that time the little hand moves further, and so on. We get an 

endless sum. We will resolve this issue by a different insight into the problem. 

Forgetting about the movement, we'll just look at the initial and final state of the 

hands and compare them. Here we get to the second obstacle. How to describe 

these states with angles between hands? (Usual problem of solvers.) The process 

of converting minutes to angles and back causes opacity of the solution. (The 

same mistake was made in [4].) Then forgetting about the angles, let's assume 

that the hands will be perpendicular again in t minutes. We know it takes 30 

minutes, plus the extra minutes connected to the movement of the big hand for 

time t. 

    Because the big hand moves 12 times slower than the small one, it takes t/12 

minutes.  So we have equation 𝑡 = 30 +
𝑡

12
, and hence 𝑡 =

32
8

11
  minutes. Here, the thought behind the picture is much 

more important than the visual picture itself. 

In these cases the mental picture and the visualisation of 

problem solving show us a way of generalisation and 

possibilities of creating similar tasks. 

 

 

3 Visual proof 

Visual proof shows the core of geometric relationship immediately in picture. 

The most famous visual proof is the proof of Pythagoras theorem. But not only 

typical geometric problems are worthy to visualise. The next example shows the 

visual proof of incommensurability of the side and diagonal of a regular 

pentagon. It is not a rigorous proof, but it makes the result almost apparent at 

first sight [5]. We ask if d (diameter) and s (side) are commensurable (Fig. 7). If 

yes, they are both multiples of a common interval e, and the interval d-s on the 

second picture is also a multiple of the interval e. 

 
Fig. 7  

 

In the inside green pentagram again, we have to find a common part e of the side 

and diameter (Fig. 8). While it is a never ended process, we can see that there 

does not exist such a common part e, thus d and s are incommensurable. 

  Fig. 6 
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Fig. 8 

    Applying the most important Tufte's principles [1], [5] we can create different 

easily understandable visual proofs. Now we summarise the most important 

visual explanation principles in a nutshell: 

1. create visual hierarchy, 

2. integrate text and graphics (to avoid unnecessary eye movements which are 

against easy comprehension), 

3. make the pictures themselves carry a story. 

Example: Proof of the theorem on Wallace-Simson line: Given a triangle ABC 

and a point P on its circumcircle, the three closest points to P on lines AB, AC, 

and BC (C1, B1 and A1) are collinear. 

     
Are C1, B1 and A1 collinear? We prove that the 2 marked angles are equal. Thales circle.                

 

 

     
Inscribed angles are equal. The same is valid in second circle. Circumcircle of C1BA1P. 
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The sum of opposite inscribed angles is 180°, thus the inscribed angles at P are equal.   

 

In Figure 9 we can follow the proof of equality of the angles AB1C1 and CB1A1 

which means the collinearity of points A1, B1 and C1. 

4 Conclusion 

Visualisation in problem solving is a complex cognitive process which is worth 

supporting in every step of thinking:  creating a mental model, a view (mental 

imagery) and final visualisation. The more a teacher supports it, the more the 

students give creative independent problem solving. Geometry teaching is much 

more connected with visualisation than other mathematical disciplines. We 

showed some examples for effective use of visual explanation and visual proof 

in geometry teaching also. 
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Abstract.  In the paper, we demonstrate various robot movement scenarios along a 

square path to show that the desired smoothness lower than C2 leads to a trajectory 

that differs significantly from that required. For this purpose a SW control for the 

SPHERO robot was created. The developed system can be used as a learning aid. 
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1 Úvod – motivace 

Pohyb tělesa je přímo spojený s působící sílou. Tento fakt je kvantitativně 

popsaný druhým Newtonovým zákonem. Jeho vyjádření s využitím časové 

závislosti dává vztah 

   
 
2

2

d

d

t

ts
mtF       (1) 

Pro plynulý pohyb (tj. bez náhlé – skokové změny síly, resp. se spojitým 

průběhem síly) z (1) plyne, že trajektorie musí splňovat parametrickou hladkost 

druhého stupně – C2. 

Takto formulovaná podmínka je často pro studenty příliš abstraktní. Proto je 

vhodné toto demonstrovat reálným experimentem. 

V současné době jsou dostupné jednoduché programovatelné mobilní HW-

systémy. Naprogramování jejich pohybu na základě formalizmu, založeného na 

popisu křivek jako NURBS objektů, dovoluje vyrobit sadu experimentů pro 

demonstraci tvaru výsledné trajektorie v závislosti na předpokládané 

parametrické hladkosti jednotlivých částí požadované trajektorie. 

V příspěvku popisujeme takové experimenty pro mobilní HW-systém 

SPHERO. V rámci experimentů se omezujeme na jednoduchou trajektorii – 

hranici čtverce. 

V následující kapitole popisujeme různé scénáře předpokládaného pohybu 

v závislosti na požadované parametrické hladkosti v rozích čtverce. V Kap. 3. 

je popis zařízení SPHERO a popis samotné aplikace. V závěrečné kapitole je 

ukázka reálně dosáhnuté trajektorie pro různé scénáře pohybu. 

Slovak�Czech Conference on Geometry and Graphics 2017 103



 

 

2 Čtvercová trajektorie a její různé scénáře 

Předpokládejme čtvercovou dráhu vytyčenou body 

       .0,,,,0,,0,0 dDddCdBA    (2) 

Nejjednodušší scénář je daný lineární parametrizací. Ukážeme další tři scénáře 

pohybu. 

Vzhledem na to, že kubická Bézierova křivka je často používaný nástroj, 

vytvoříme tomu odpovídající postup. Následující dva scénáře odvodíme 

z uniformních b-spline křivek druhého a třetího stupně. 

Ve všech případech se omezíme na konstrukce, které používají jenom 

body (2). Je třeba zdůraznit, že podmínku parametrické hladkosti druhého 

stupně splňuje z uvedených případů jen kubický uniformní b-spline. Druhý a 

třetí scénář mají jen parametrickou hladkost C1. První scénář je jenom ze třídy 

C0 (parametrická spojitost). 

2.1 Čtverec s lineární parametrizací 

S lineárním parametrickým vyjádřením úsečky se studenti seznamují již na 

střední škole. Výsledná trajektorie z takto vytvořených částí má po částech 

konstantní rychlost 

 

 
 
 
 

  .

43

32

21
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,
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























tDA

tCD

tBC

tAB

tP

tDAtD

tCDtC

tBCtB

tABtA

tP  (3) 

a očividně je jenom ze třídy C0. 

2.2 Čtverec jako posloupnost kubických Bézierových křivek 

Uvažujme posloupnost kubických bézierových křivek zadanou dvojnásobnými 

řídícími body: 

AABB, BBCC, CCDD, DDAA.    (4) 

Násobnost řídících bodů zaručí, že rychlost pohybu v koncových bodech je 

nulová a výsledná křivka je úsečka. Vzhledem k tomu, že druhá derivace je 

lineární funkce s hodnotami v koncových bodech 

, (5) 

v případě našeho scénáře (4) dostáváme např. na první úsečce hodnoty druhých 

derivací  

.   (6) 
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Např. ve vrchole B tak dostáváme skokovou změnu druhé derivace z hodnoty  

na hodnotu .  

2.3 Čtverec jako kvadratický uniformní b-spline 

Uvažujme kvadratický uniformní b-spline určený řídícími body 

AABBCCDDAA.      (7) 

Kvadratický uniformní b-spline definovaný řídícími body P0 P1 P2 je totožný 

s kvadratickou Bézierovou křivkou určenou řídícími body  

 [1]. Proto scénář např. pro úsečku AB 

obsahuje dvě kvadratické Bézierovy křivky, s řídícími body  a 

. Vzhledem k tomu, že pro druhou derivaci platí 

      (8) 

i v tomto případě dostáváme nespojitost druhých derivací. Např. uprostřed 

úsečky AB nastává skoková změna z hodnoty  na hodnotu a ve 

vrcholu B je to skok z na hodnotu , což je 6 krát méně 

v porovnání se scénářem kubické Bézierovy křivky.  

2.4 Čtverec jako kubický uniformní b-spline 

Uvažujme uniformní kubický b-spline s řídícími body 

AAABBBCCCDDDAAA,     (9) 

tj. posloupnost Coonsových křivek [1] s řídícími body AAAB, AABB, ABBB, 

BBBC, BBCC, BCCC, ... DDAA, DAAA. V tomto případě je např. úsečka AB 

tvořena třemi křivkami – úsečkami s koncovými body 

,      (10) 

Vzhledem k tomu, že druhá derivace Coonsovy křivky je lineární funkce 

s hraničními hodnotami 

, (11) 

na trajektorii AB tak v bodech (10) se dosahují hodnoty 0, , , 0, 

tj. pro celý scénář (9) dostáváme po částech lineární spojitou funkci. 
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Obr.  1: Čtyři scénáře generování úsečky. 

Na Obr.1 je rychlost je znázorněna dělením úsečky (je přímo úměrná délce 

úseček), působící sila šipkou. V případech Bézier3 a b-spline3 je průběh sily 

lineární (v případě b-spline3 je síla v koncových bodech nulová). V případě b-

spline2 je na jednotlivých úsecích síla konstantní. V případě b-spline1 

vzhledem na rovnoměrnost a přímočarost pohybu je působící síla nulová. 

3 SPHERO a jeho ovládání 

V rámci použití experimentu byl využit sférický robot označovaný jako 

SPHERO. Jde o jednoduchý HW-systém skládající se z motorů zajišťujících 

pohyb a několika senzorů, které SPHERO, potažmo uživatel, využívá. K jeho 

ovládání se zpravidla používá smartphone nebo tablet, do kterého se nainstaluje 

příslušná aplikace. Druhou možností je využití přímého programování [2]. Pro 

tyto účely jsou k dispozici i vytvořené SDK balíčky a jednoduché ukázky [3].  

Technické parametry 

 Váha: 170 g, 

 nabíjení: induktivní, 

 baterie: 2x 350 mAh LiPo (až 1 hodina provozu), 

 rychlost: až 2 m/s, 

 obal: tvrzený polykarbonát (odolá nárazu a pádu), 

 robot je vodotěsný (plave na vodě i pod vodou), 

 komunikaci zajišťuje Bluetooth ver 4.0 a novější (dosah až 30 m), 

 senzory: gyroskop, akcelerometr, teploměr, 

 LED diody pro barevné osvětlení robota. 
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Hlavní funkčností robota je samozřejmě kutálení se a využití senzorů. Kromě 

senzorů má v sobě robot zabudovány algoritmy pro orientaci v prostoru, 

přepočet ujeté dráhy na cm, detekci kolizí nebo volného pádu a také detekci, 

jakým směrem se robot natočil. Hodnoty, které můžeme z robota získat, jsou:  

 dráha (cm), 

 orientace (°) 

 hodnoty gyroskopu (°/s) 

 hodnoty akcelerometru (g), 

 rychlost (cm/s) 

 ujetá vzdálenost (cm). 

 

Pro ovládání SPHERA byla využita aplikace Sphero Edu stažena z Google 

Play (pro systém Android). V ní se dá robot ovládat pomocí jednoduchého 

ovládání skládajícího se z virtuálního joysticku. Další možností je programovat 

robota buďto pomocí tzv. bloků, kde každý blok má svůj specifický význam a 

účel a které uživatel skládá za sebou a vytváří celek, který připomíná třeba 

vývojový diagram nebo přímo psaním zdrojového kódu. Zde je využit jazyk 

JavaScript [4]. Jak u bloků, tak i v případě JavaScriptu nebo přímého 

programování se pohyb SPHERA určuje tak, že se mu nastaví rychlost a úhel 

jeho natočení. Pak už je na nás, jak dlouho robota necháme kutálet s takto 

nastavenými hodnotami. Programování v JavaScriptu bylo využito při 

experimentech. 

3.1 Sphero Edu 

Aplikace je vytvořena přímo autory SPHERA a je dostupná pro systémy 

Android, iOS i Amazon Kindle a také jako doplněk pro prohlížeč Chrome. Ve 

všech případech je název aplikace stejný. Po nainstalování aplikace se uživatel 

musí registrovat. V průběhu určí, jakou roli bude zastávat (učitel nebo student), 

kde učitel může navíc vytvářet tzn. kroužky nebo třídy a do nich studenty 

pozvat. Následně může uživatel začít vytvářet vlastní projekty. Aplikace také 

umožňuje prohlížet projekty vytvořené přímo autory SPHERA nebo projekty 

vytvořené komunitou. Cizí projekty je možné si zkopírovat a dále upravovat dle 

potřeby.  

K většímu pohodlí při vytváření, obzvláště při programování v JavaScriptu, 

je lepší nainstalovat aplikaci v prohlížeči Chrome a na svém počítači nebo 

notebooku psát zdrojový kód. Jelikož aplikace zatím nepodporuje ovládání 

robota přímo pomocí počítače, stačí se na mobilu či tabletu přihlásit pod 

stejným účtem jako na počítači, obnovit seznam vlastních projektů a následně 

aktualizovaný projekt spustit.  
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3.2 Vytvořené projekty 

Během experimentů bylo vytvořeno celkem 7 projektů – JavaScript programů. 

Kromě lineárního případu byly křivky naprogramovány ve 2 variacích. První 

počítá rychlost jako rozdíl teoretické polohy v sousedních hodnotách časové 

diskretizace, druhá využívá hodnoty odvozených prvních derivací v bodech 

časové diskretizace. Projekty se dají najít v aplikaci pod názvem: 

SQUARE [typ_krivky] ([vypocet_rychlosti]) 

 [typ_krivky] – Bezier3, b-spline2, Coons, 

 [vypocet_rychlosti] – derivation, discretization, 

 Speciální případ je SQUARE Polyline. 

 

Např.: SQUARE Bezier3 (derivation) 

4 Výsledky experimentů 

SPHERO poskytuje export všech naměřených hodnot. Níže uvádíme, Obr.2–5 

zaznamenanou polohu u realizovaných experimentů. Každá varianta byla 

opakována třikrát. Vzhledem k tomu, že rozdíly byly malé, uvádíme jen 

jednoho zástupce z každé varianty. 

Obr. 2 ukazuje, že lineární řízení C0 je pro danou trajektorii zcela nevhodné. 

Setrvačnost pohybu zařízení ovlivní výslednou trajektorii tak, že prakticky 

vůbec neodpovídá předepsané dráze. 

Řízení kubickým Bézierovým splinem Obr. 3 i uniformním kvadratickým b-

splinem Obr. 4 ukazuje, že pro řízení robota v rozích čtverce je C1 hladkost 

nedostatečná. Pozitivním výsledkem je, že řízení kvadratickým b-splinem je 

lepší. Toto je v souladu s teorií (kap. 2.3). Zde stojí za zmínku, že nespojitá 

změna druhé derivace se při daném tvaru trajektorie uprostřed hrany čtverce 

pro řízení b-spline2 neprojevuje. 

Nejlepší výsledky vykazuje řízení kubickým Coonsovým splinem, co 

potvrzuje, že daný HW je dostatečně vhodný nástroj pro demonstraci nutnosti 

C2 hladkosti při řízení těles s nezanedbatelnou hmotností. 

 

    
a) b) c) d) 

Obr. 2: Řízení robota a) Lineární, b) Bezier3, c) b-spline2, d) Coons 
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5 Závěr 

Výsledky experimentů s použitím různých scénářů pro řízení pohybu robota 

ukazují, že HW SPHERO je vhodným nástrojem, na kterém je možné 

demonstrovat ne jenom rozdíl řízení s různým stupněm hladkosti C0 – C2, ale i 

rozdíly v rámci C1. 

Další výzvou je pokusit se zpřesnit řízení tak, aby robot dosáhnul cíl 

(uzavřenost trajektorie). 

Poděkování  

Tento článek vznikl v rámci institucionální podpory rozvoje KIP PřF OU. 
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Modeling of technical surfaces and their 3D
print
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Abstrakt. Ruled surface are often used in civil engineering. In this
poster we describe parametrization and modeling for 3D print some
of them. We use OpenSCAD solid 3D CAD modeler. Unlike most free
software for creating 3D models it does not focus on the artistic aspects
of 3D modelling but instead on the CAD and programmers aspects.

Keywords: OpenSCAD, 3D modeling, ruled surface, parametrization

Kĺıčová slova: OpenSCAD, 3D modelováńı, př́ımkové plochy, paramet-
rizace

1 Úvod
Př́ımkové plochy jsou často využ́ıvány ve stavebnictv́ı. V tomto článku
ukážeme parametrizaci a modelováńı pro 3D tisk některých z nich. Použi-
jeme modelovaćı software OpenSCAD. Na rozd́ıl od většiny volně šǐritel-
ných 3D modelovaćıch programů se nezaměřuje na vzhled objekt̊u, ale
na technickou a programátorskou stránku navrhováńı. Při vytvářeńı ob-
jektu můžeme využ́ıt širokou škálu nástroj̊u — množinové operace (sjed-
noceńı, pr̊unik, rozd́ıl) na předdefinované primitivńı tělesa, matematické
funkce, speciálńı modelovaćı funkce (sweep, extrude) a dokonce pomoćı
vestavěného makrojazyka si vytvořit vlastńı primitiva s využit́ım cykl̊u,
podmı́nek a daľśıch programátorských nástroj̊u.

2 Modelováńı př́ımkových ploch stavebńı praxe
Př́ımkové šroubové plochy se snadno parametrizuj́ı, a proto jsou vhodné
na úvod do problematiky modelováńı př́ımkových ploch. Jednoduchost
neńı jenom matematická, ale i konstrukčńı - neńı snad jiná možnost, jak
vytvořit zakřivenou plochu jenom pomoćı př́ımých nosńık̊u. Daľśı jejich
výhodou jsou při vhodné volbě rozměr̊u a śıly nosńıku exceletńı statické
vlastnosti.
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Obrázek 1: Kosoúhlá uzavřená př́ımková šroubová plocha

2.1 Př́ımková šroubová plocha

Nejznáměǰśı a nejčastěji využ́ıvanými zástupci př́ımkových ploch jsou př́ım-
kové šroubové plochy. Využit́ı je rozmanité, např. šrouby, schodǐstě a jejich
originálńı zastřešeńı.
Parametrizace šroubovice je zobecněńım kružnice do prostoru, spolu s jed-
noduchou parametrizaćı př́ımky, proto jsou tyto plochy ideálńı pro úvod
do problematiky parametrizace ploch.
Při 3D tisku je třeba poč́ıtat s dostatečně velkou základnou, aby nedošlo
k odtržeńı objektu od základny, při sklonu šroubovice alespoň 40◦ pak
neńı nutné ani použit́ı podpěr.

2.2 Hyperbolický paraboloid

Hyperbolický paraboloid neboli sedlová plocha. Jednou z možnost́ı zadáńı
jeho části je určit ji zborceným čtyřúhelńıkem (protěǰśı strany jsou mi-
mobežné), tvoř́ıćı př́ımky prot́ınaj́ı vždy dvojici protěǰśıch stran a jsou
rovnoběžné s ř́ıd́ıćı rovinou. Ve stavebnictv́ı se s ńım můžeme setkat ve
dvou formách:
a) záměrně vytvořený — zastřešeńı lichoběžńıkového p̊udorysu
b) nechtěný — při nepřesně zhotovené pultové střeše, jej́ıž protěǰśı hrany
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Obrázek 2: Hyperbolický paraboloid

(nosńıky) nejsou rovnoběžné (v př́ıpadě skleńıku se skleněné desky úhlo-
př́ıčně lámou)
Pro tisk je nutné vhodné umı́stěńı podpěr, které by ale neměly narušit
prostorový dojem z plochy.

2.3 Plocha marseilleského oblouku

Zaj́ımavým př́ıkladem př́ımkových ploch ve stavebńı praxi jsou konusoidy.
Jedná se o př́ımkové nerozvinutelné plochy určené trojićı křivek, tvoř́ıćı
př́ımky plochy muśı prot́ınat všechny zadané křivky např. Marseilleský
oblouk je určen př́ımkou a dvojićı kružnic, z nichž jedna je posunuta
vertikálně dol̊u, analogicky můžeme vytvořit tzv. ”šikmý pr̊uchod”, jedna
kružnice se posune horizontálně.
Tisk je možný při umı́stěńı bud’ na vhodně dimenzovanou podstavu, př́ı-
padně při otočeńı na čelńı p̊ulkružnici s dostatečnou š́ı̌rkou.
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Obrázek 3: Marseilleský oblouk

3 Závěr
Na př́ımkových plochách můžeme student̊um ukázat praktické využit́ı
analytické geometrie v prostoru — parametrizaci př́ımky (úsečky), kružni-
ce, šroubového pohybu, aplikaci goniometrických a cyklometrických funkćı
včetně problémů s definičńım oborem a oborem hodnot.
Technologie 3D tisku nám umožňuje uzavř́ıt celý řetězec ”vymyslet, vypo-
č́ıtat/vyřešit a vytvořit”. Úlohy už nejsou jenom abstraktńımi problémy
ale reálnými. Je nutné nejen naj́ıt teoretické řešeńı, ale ještě ho převést do
realizovatelné podoby s ohledem na možnosti tiskáren, materiálu, náklady
i čas realizace. Vytvořené modely použ́ıváme ve výuce deskriptivńı a kon-
struktivńı geometrie.

Poděkováńı
3D tiskárny Pr̊uša i3 MK2 a Flashforge Creator Pro byly poř́ızeny z grantu:
Projekt 7/2016 : Inovace poč́ıtačových učeben a inovace náplně některých
poč́ıtačových předmět̊u.
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Zaj́ımavé vlastnosti elipsy,
které se neprob́ıraj́ı v rámci běžného učiva

Interesting properties of the ellipse which
are not mentioned in the standard syllabus

Alice Králová
Ústav matematiky LDF Mendelovy univerzity v Brně

Zemědělská 3, Brno, 613 00
alice.kralova@mendelu.cz

Abstrakt. Deduction of parametric representation of the ellipse, which
is in position that its major axis is rotated in relation to the x-axis.
Using these equations we will be able to draw the ellipse if three of its
points are given – vertex A, co-vertex C and a common point M .

Keywords: Parametric representation, Ellipse, Revolution.

Kĺıčová slova: Parametrické rovnice, elipsa, otáčeńı.

1 Pootočená elipsa
V tomto př́ıspěvku se pod́ıváme na to, jak budou vypadat parametrické
rovnice elipsy, jej́ıž hlavńı osa je pootočena vzhledem k ose x o zadaný
úhel α. Źıskané rovnice užijeme pro konstrukci elipsy, která je určena
hlavńım vrcholem A, vedleǰśım vrcholem C a obecným bodem M .

2 Parametrické rovnice elipsy
Mějme zadánu elipsu v

”
základńı poloze“ se středem v bodě S[0; 0], hlavńı

poloosou délky a v ose x a vedleǰśı poloosou délky b v ose y. Tuto elipsu
můžeme parametrizovat rovnicemi x = a · cos t, y = b · sin t, t ∈ 〈0; 2π〉,
které vyhovuj́ı jej́ı středové rovnici x

2

a2 + y2

b2 = 1.

Obrázek 1: Parametrizace elipsy v
”
základńı“ poloze

Muśıme však vědět, že úhel t v těchto parametrických rovnićıch neńı od-
chylkou úsečky SM , kde M je obecný bod elipsy, od kladného směru
osy x! Tuto odchylku označ́ıme jako úhel ϕ.
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Abychom zjistili skutečný význam úhlu t, který nazýváme excentrická
anomálie, uvažujme rozd́ılovou proužkovou konstrukci elipsy. Sestroj́ıme-
li pro obecný bod M elipsy úsečku MP o délce a tak, že bod P lež́ı na
vedleǰśı ose elipsy a bod Q na hlavńı ose elipsy je vnitřńım bodem úsečky
MP , bude |MQ| = b.

Úhel t udává odchylku úsečky MP od hladného směru osy x a pa-
rametrické rovnice elipsy lze vyjádřit z pravoúhlých trojúhelńık̊u MM1Q
a MM2P , kde M1 a M2 jsou kolmé pr̊uměty bodu M na osy x a y. Spo-
jitost mezi úhly ϕ a t je dána vztahem
tgϕ = y

x = b·sin t
a·cos t = b

a · tg t ⇒ ϕ = arctg
(
b
a · tg t

)
.

Zvolme nyńı souřadnicový systém 〈S, x′, y′〉, v němž osa x′ sv́ırá s osou x
zadaný úhel α ∈

〈
0; π2

〉
. Necht’ je dána elipsa E se středem S, jej́ıž hlavńı

osa o1 je totožná s osou x′. Protože maj́ı souřadnice obecného bodu M
elipsy E v systému 〈S, x′, y′〉 tvar x′ = a · cos t, y′ = b · sin t, t ∈ 〈0; 2π〉, je

|SM | =
√
a2 · cos2 t+ b2 · sin2 t.

Úsečka SM je vzhledem k ose x otočena o úhel α+ϕ = α+arctg
(
b
a · tg t

)
.

Protože je hodnotou funkce arkus tangens úhel v rozsahu
(
−π2 ; π2

)
, źıská-

me parametrizaci jedné poloviny elipsy E , a to oblouku omezeného ved-
leǰśımi vrcholy C a D na ose y′, jenž protne kladný směr osy x′ v hlavńım
vrcholu A.

Pro parametrizaci zbývaj́ıćıho oblouku CBD elipsy E muśıme uvažovat
úhel α + ϕ + π = α + arctg

(
b
a · tg t

)
+ π. Vzhledem k periodicitě funkce

tangens stač́ı omezit t ∈
(
−π2 ; π2

)
.

Je-li bod P kolmým pr̊umětem bodu M do osy x, urč́ıme souřadnice
x a y bodu M v systému 〈S, x, y〉 užit́ım pravoúhlého 4SPM tak, že
cos(α+ ϕ) = x

|SM | ⇒ x = |SM | · cos(α+ ϕ),

sin(α+ ϕ) = y
|SM | ⇒ y = |SM | · sin(α+ ϕ).

Obrázek 2: Parametrizace elipsy v pootočené poloze

Protože cos(α + ϕ + π) = − cos(α + ϕ), sin(α + ϕ + π) = − sin(α + ϕ),
parametrické rovnice elipsy E maj́ı tvar (∗)
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x =
√
a2 · cos2 t+ b2 · sin2 t · cos

[
α+ arctg

(
b
a · tg t

)]

y =
√
a2 · cos2 t+ b2 · sin2 t · sin

[
α+ arctg

(
b
a · tg t

)]
}

t∈
(
−π2 ; π2

)

pro oblouk
DAC

x = −
√
a2 · cos2 t+ b2 · sin2 t · cos

[
α+ arctg

(
b
a · tg t

)]

y = −
√
a2 · cos2 t+ b2 · sin2 t · sin

[
α+ arctg

(
b
a · tg t

)]
}
t∈
(
−π2 ; π2

)

pro oblouk
CBD

Vedleǰśı vrcholy C
(
ϕ = π

2

)
, D

(
ϕ = −π2

)
parametrizujeme samostatně

C = [−b · sinα, b · cosα], D = [b · sinα,−b · cosα].

2.1 Konstrukce elipsy, je-li dán hlavńı vrchol A, vedleǰśı vrchol C
a obecný bod M

Provedeme algebraické řešeńı této úlohy. Aby se celá situace zjednodušila,
zavedeme nový souřadnicový systém 〈O, x′, y′〉, v němž je bod O středem
úsečky AC a vrcholy A a C lež́ı na ose x′. Polož́ıme A = [−r; 0], C = [r; 0],
kde r ∈ (0;∞). V tomto systému bude mı́t bod M obecné souřadnice
[m1;m2].

Střed S hledané elipsy E lež́ı na Thaletově kružnici k nad pr̊uměrem
AC, která je určena středem O[0; 0] a poloměrem r, jej́ı parametrické
rovnice jsou tedy x′ = r · cos ρ, y′ = r · sin ρ, ρ ∈ 〈0; 2π〉.

Protože délka a = |AS| hlavńı poloosy elipsy muśı být větš́ı (nebo ale-
spoň rovna) délce b = |SC| vedleǰśı poloosy, pro nalezeńı polohy středu S
omeźıme velikost úhlu ρ na interval

〈
−π2 ; π2

〉
\{0}.

Délku a = ‖−→AS‖ vyjádř́ıme v upraveném tvaru 2r · cos
(
ρ
2

)
a délku

b = ‖−→CS‖ ve tvaru 2r ·
∣∣sin

(
ρ
2

)∣∣. Protože je |�COS| = ρ, odchylka α
hlavńı osy elipsy E od osy x′ je rovna |�CAS| = ρ

2 .

Obrázek 3: Konstrukce elipsy při zadaných bodech A,C,M

Pro vyjádřeńı elipsy užijeme odvozené parametrické rovnice (∗), v nichž
k pravé straně přičteme souřadnice středu S elipsy, nebot’ ten je posunutý
mimo počátek O souřadnicového systému. Po dosazeńı źıskáme rovnice
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x′ = ±2r
√

cos2
( ρ
2

)
cos2 t+ sin2

( ρ
2

)
sin2 t · cos

[ ρ
2
+ arctg

(∣∣tg
( ρ
2

)∣∣ · tg t
)]

+ r cos ρ,

y′ = ±2r
√

cos2
( ρ
2

)
cos2 t+ sin2

( ρ
2

)
sin2 t · sin

[ ρ
2
+ arctg

(∣∣tg
( ρ
2

)∣∣ · tg t
)]

+ r sin ρ,

kde ρ ∈
〈
−π

2
; π
2

〉
\{0}, t ∈

(
−π

2
; π
2

)
.

Jelikož bod M [m1;m2] lež́ı na elipse E , dosad́ıme jeho souřadnice
za proměnné x′ a y′, a následně uprav́ıme pravé strany rovnic. V pro-
gramu Maple tedy řeš́ıme jednu ze dvou soustavu rovnic (v obou rovnićıch
zaṕı̌seme bud’to znaménko +, nebo −)
m1 = ±r

√
2 · √1 + cos ρ cos 2t · cos

[
ρ
2 + arctg

(∣∣tg
(
ρ
2

)∣∣ · tg t
)]

+ r cos ρ,

m2 = ±r
√

2 · √1 + cos ρ cos 2t · sin
[
ρ
2 + arctg

(∣∣tg
(
ρ
2

)∣∣ · tg t
)]

+ r sin ρ,

kde ρ ∈
〈
−π2 ; π2

〉
\{0}, t ∈

(
−π2 ; π2

)
.

Výsledkem výpočtu je velikost úhlu ρ, kterým otoč́ıme vedleǰśı vrchol C
kolem středu úsečky AC do hledaného středu S elipsy, č́ımž je elipsa E
určena. Při chybné volbě dvojice rovnic program Maple úhel ρ nespoč́ıtá.

2.2 Parametrizace křivek, po nichž se pohybuj́ı ohniska F a G

V závislosti na poloze středu S hledané elipsy E se měńı poloha jej́ıch
ohnisek F a G na hlavńı ose o1 =↔ AS. Budou se pohybovat po jisté
křivce, jej́ıž parametrické vyjádřeńı nyńı odvod́ıme.

Použijeme-li bod A a vektor
−→
AS, můžeme parametrické rovnice hlavńı

osy zapsat ve tvaru

o1 :

{
x = −r + u · r · (1 + cos t)
y = u · r · sin t , u ∈ R.

(Z formálńıch d̊uvod̊u úhel ρ přeznač́ıme jako t.)

Osu o1 protneme v ohnisćıch F a G kružnićı l se středem ve vedleǰśım
vrcholu C a poloměrem a s rovnićı (x− r)2 + y2 = 4r2 · cos2

(
t
2

)
.

Dosazeńım źıskáme kvadratickou rovnici

(−2r + u · r · (1 + cos t))2 + (u · r · sin t)2 = 4r2 · cos2
(
t
2

)

s proměnou u, kterou následně uprav́ıme do tvaru

u2 · cos2
(
t
2

)
− 2u · cos2

(
t
2

)
+ sin2

(
t
2

)
= 0.

Pak je u1,2 =
cos2( t

2 )±
√

cos4( t
2 )−cos2( t

2 )·sin2( t
2 )

cos2( t
2 )

= . . . = 1±
√

2 cos t
1+cos t .

Pro u1 = 1 −
√

2 cos t
1+cos t a u2 = 1 +

√
2 cos t
1+cos t je u1 ≤ u2, což znamená, že

hodnota u1 udává polohu ohniska F , které je na ose o1 bĺıže hlavńımu
vrcholu A, a hodnota u2 určuje ohnisko G vzdáleněǰśı od vrcholu A.

Po dosazeńı hodnot u1 a u2 do parametrických rovnic osy o1 źıskáme
parametrizaci křivky f(t), na ńıž lež́ı ohnisko F , resp. křivky g(t) obsa-
huj́ıćı ohnisko G.
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Po úpravě můžeme psát, že

f(t) :





x = r ·
(
cos t−

√
2 cos t · (1 + cos t)

)

y = r · sin t ·
(
1−

√
2 cos t
1+cos t

)

g(t) :





x = r ·
(
cos t+

√
2 cos t · (1 + cos t)

)

y = r · sin t ·
(
1 +

√
2 cos t
1+cos t

)

Přitom plat́ı, že t ∈
〈
−π2 ; π2

〉
\{0}.

Výrazy definuj́ıćı proměnnou y lze zjednodušit, pokud tuto množinu
rozděĺıme na dva samostatné intervaly

〈
−π2 ; 0

)
a
(
0; π2

〉
.

Pokud t ∈
〈
−π2 ; 0

)
je sin t < 0, proto sin t = −

√
sin2 t = −

√
1− cos2 t,

zat́ımco pro t ∈
(
0; π2

〉
je sin t > 0, tedy sin t =

√
sin2 t =

√
1− cos2 t.

Pak se křivky f(t) a g(t) rozpadnou na dvě části f1(t) a f2(t), resp.
g1(t) a g2(t), jejichž parametrické rovnice jsou ve tvaru

f1(t) :





x = r ·
(

cos t−
√

2 cos t · (1 + cos t)
)

y = r ·
(

sin t+
√

2 cos t · (1− cos t)
) pro t ∈

〈
−π2 ; 0

)

f2(t) :





x = r ·
(

cos t−
√

2 cos t · (1 + cos t)
)

y = r ·
(

sin t−
√

2 cos t · (1− cos t)
) pro t ∈

(
0; π2

〉

g1(t) :





x = r ·
(

cos t+
√

2 cos t · (1 + cos t)
)

y = r ·
(

sin t−
√

2 cos t · (1− cos t)
) pro t ∈

〈
−π2 ; 0

)

g2(t) :





x = r ·
(

cos t+
√

2 cos t · (1 + cos t)
)

y = r ·
(

sin t+
√

2 cos t · (1− cos t)
) pro t ∈

(
0; π2

〉

Vyřešeńım rovnice |FM |+ |GM | = 2a v programu Maple najdeme po-
lohu středu S elipsy E . |FM | a |GM | jsou výrazy obsahuj́ıćı proměnnou t,
2a = 4r · cos

(
t
2

)
.

2.3 Př́ıklad : Určete elipsu E, je-li A[−4; 2], C[2; 4] a M [5; 2].

V novém souřadnicovém systému 〈O, x′y′〉 je počátkem O střed úsečky
AC, proto O[−1; 3]. Osa x′ =↔AC. Muśıme spoč́ıtat, jaké budou sou-
řadnice bod̊u A,C a M v novém souřadnicovém systému:−→
OA = (−3,−1), |OA| = ‖−→OA‖ =

√
10⇒ A[−

√
10; 0], C[

√
10; 0], r =

√
10.

Označ́ıme-li M1 a M2 kolmé pr̊uměty bodu M na osy x′ a y′, urč́ıme nové
souřadnice m1 a m2 bodu M výpočtem délek |OM1| a |OM2|. K tomu ale
potřebujeme znát |OM | a |�MOC|.−−→
OM = (6;−1), |OM | =

√
37. Z 4MOC spoč́ıtáme |�MOC| pomoćı

kosinové věty, přičemž |OC| =
√

10 a |CM | =
√

13, nebot’
−−→
CM = (3;−2).

|CM |2 = |OM |2 + |OC|2 − 2 · |OM | · |OC| · cos (|�MOC|), odkud
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cos (|�MOC|)= 17√
370

a sin (|�MOC|) = +
√

1− cos2 (|�MOC|) = 9√
370

.

Obrázek 4: Konstrukce elipsy pro konkrétńı zadáńı určuj́ıćıch bod̊u

Vyjádř́ıme |m1| = |OM1| = |OM | · cos (|�MOC|) = 17√
10

,

|m2| = |OM2| = |OM | · sin (|�MOC|) = 9√
10

.

V závislosti na zvolené orientaci os x′ a y′ polož́ıme M =
[

17√
10

;− 9√
10

]
.

Výsledek źıskáme pomoćı programu Maple vyřešeńım soustavy rovnic

17 = 10
√
2 ·
√

1 + cos ρ cos 2t · cos
[ρ
2
+ arctg

(∣∣∣tg
(ρ
2

)∣∣∣ · tg t
)]

+ 10 cos ρ

−9 = 10
√
2 ·
√

1 + cos ρ cos 2t · sin
[ρ
2
+ arctg

(∣∣∣tg
(ρ
2

)∣∣∣ · tg t
)]

+ 10 sin ρ

Vypoč́ıtáme dvě hodnoty úhlu ρ, a to ρ1
.
= −72,32◦, ρ2

.
= −22,64◦, jimiž

otoč́ıme vrchol C kolem počátku O do středu S elipsy E .
Tentýž výsledek bychom źıskali také vyřešeńım jediné rovnice ve tvaru
[(

17√
10
−
√

10 ·
(
cos t −

√
2 cos t(1 + cos t)

))2
+

(
− 9√

10
−
√

10 ·
(
sin t +

√
2 cos t(1 − cos t)

))2] 1
2

+

+

[(
17√
10
−
√

10 ·
(
cos t +

√
2 cos t(1 + cos t)

))2
+

(
− 9√

10
−
√

10 ·
(
sin t −

√
2 cos t(1 − cos t)

))2] 1
2

=

= 4
√

10 cos
(
t
2

)

3 Poznámka na závěr: grafické řešeńı uvedené úlohy
Ačkoliv jsme schopni elipsu E sestrojit na základě vypoč́ıtané hodnoty
úhlu ρ, otázka, jak elipsu narýsovat čistě geometricky bez užit́ı předlože-
ného výpočtu, z̊ustává otevřená. . .
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1 Úvod 

Výučba kužeľosečiek, orientovaná na ich syntetické konštrukcie, prebieha na 

stredných odborných školách a vysokých školách technického zamerania. V 

tomto príspevku  ponúkneme opis vytvoreného študijného materiálu „Metrické 

konštrukcie elipsy“ na FMFI UK [3], ktorý sme zamerali práve na syntetické 

konštrukcie elipsy pomocou rysovacích potrieb. Následne v interakcii s 

GeoGebrou zabezpečíme vykreslenie elipsy aj pri  zmene polohy bodov či 

vstupných údajov. Použitý dynamický softvér GeoGebra je voľne šíriteľný a 

podľa nášho názoru je vhodné zaradiť tento softvér do výučby a podporiť 

inovatívne vyučovacie metódy o digitálny rozmer [2].  

     Pri vypracovaní študijného materiálu sme mali na zreteli zostaviť študijný text 

tak, aby čitateľ rozumel konštrukcii elipsy, jednotlivé kroky konštrukcie boli 

čitateľovi zrejmé a pri interakcii so softvérom GeoGebra vedel, čo program 

„robí“. 

     Študijný text je rozdelený na tri časti: Teoretické východiská; Zbierka 

riešených príkladov; Zbierka cvičení, ktoré majú  pre jednoduchšiu orientáciu v 

študijnom texte rovnakú stavbu. 

2 Elipsa – teoretické východiská  

Pri konštrukciách elipsy z daných prvkov je potrebné poznať základné pojmy a 

súvisiace vlastnosti. Pre metrické konštrukcie elipsy sú to: ohnisková definícia 

elipsy, súvisiace pojmy I. (ohniská, sprievodiče bodu, súčet dĺžok sprievodičov, 

stred elipsy, lineárna excentricita, hlavná os elipsy, vedľajšia os elipsy), súvisiace 

pojmy II. (hlavné vrcholy, vedľajšie vrcholy, dĺžka hlavnej a vedľajšej osi, 

charakteristický trojuholník elipsy), bodová konštrukcia elipsy, vykresľovanie 
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elipsy pomocou oskulačných kružníc, dotyčnica elipsy v jej bode, určujúce a 

vrcholové kružnice elipsy. 

     Oboznámenie sa s týmito pojmami je dôležité pri  následnej práci v Zbierke 

riešených príkladov. Detaily, úplné definície, vety a ich dôkazy sú umiestnené v 

práci [3], ktorá tvorí prílohu študijného textu a má podobnú štruktúru. Príloha [3] 

je určená pre čitateľa, ktorý chce poznať, o ktoré definície a vety sa konštrukcia 

opiera. 

 

K ilustrácii tejto časti uvedieme segment: Bodová konštrukcia elipsy 

a) pomocou rysovacích potrieb, obr.1 

Zostrojte body elipsy , ak sú dané ohniská F1, F2 a súčet dĺžok sprievodičov 

F1M + F2M = PQ = 2a a platí F1F2  F1M + F2M. 

Vstup: |F1F2| = 4j, |F1M| + |F2M| = 5j spĺňajú podmienku |F1F2| < |F1M| + |F2M| 

 

 
 

Obr.  1: Bodová konštrukcia elipsy 

 

Postup konštrukcie:  

1. Zvoľme  vnútorný bod M1 úsečky PQ, kde |PM1| = r1, |M1Q| = r2.  

2. Zostrojme kružnice k1(F1, r1), k2(F2, r2). 

3. Určme priesečníky kružníc k1∩k2 = {M, N}. Ak je splnená podmienka 

    |r1 – r2| ≤ |F1F2|, tak priesečníky existujú a body  M, N sú body elipsy . 
4. Ďalšie body elipsy zostrojíme opakovaním krokov 1, 2, 3. 

Výstup: body elipsy  

 

b) pomocou softvéru GeoGebra, obr.2 

a) Vykreslí elipsu pre vstupné dáta po kliknutí na bod M1 a zapnutí   

    „Animating“; 

b)  Ponúkne možnosť meniť polohu:  ohnísk F1, F2 a dĺžku úsečky |PQ|; 

c)  Pri nesplnení podmienky |r1 – r2| ≤ |F1F2| t. j. priesečníky neexistujú, sa v  

     algebrickom okne vypíše informácia „Undefined“. 
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Bodová konštrukcia elipsy 

 

 

Obr.  2: Grafický výstup z GeoGebry pre bodovú konštrukciu elipsy 

3 Elipsa – zbierka riešených príkladov 

Nosnou časťou študijného materiálu je Zbierka riešených príkladov, ktorých 

riešenie je realizované pomocou informácií získaných v teoretickej časti. Do 

Zbierky bolo zaradených 25 úloh, ktorých zadania sa vyskytli v rôznych 

učebniciach [1], [4]. 

Príklady v Zbierke riešených príkladov sú rozdelené do štyroch skupín: 

I. Konštrukcia elipsy pomocou charakteristického trojuholníka; 

II. Konštrukcia elipsy, ak poznáme hodnoty a, b, e a polohu bodov A, B,   

C, D, F1, F2, M; 

III. Konštrukcia elipsy, ak je daná dotyčnica; 

IV. Konštrukcia dotyčnice elipsy.  

 

Všetky riešené príklady majú spoločnú stavbu: 

Text úlohy s grafickým vstupom na obrázku označenom a), ktorý odporúča, ako 

si zvoliť vstupné prvky. 
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Riešenie  a) pomocou rysovacích potrieb 

Postup konštrukcie: pozostáva z jednotlivých krokov konštrukcie, odôvodnenie 

kroku je uvedené v prílohe [3]. 

Výstup: riešením je elipsa určená prvkami vhodnými na bodovú konštrukciu  

a vykreslenie elipsy. Vykreslené riešenie je na obrázku b). 

Táto časť riešenia a) pomocou rysovacích potrieb obsahuje aj diskusiu o počte 

riešení, ktorá závisí od vstupných prvkov. 

Riešenie  b) pomocou softvéru GeoGebra 

Na základe vstupných údajov a pomocou krokov z časti a) je vykreslené riešenie 

úlohy a v interakcii s GeoGebrou je možné vstupné dáta meniť.  

Práve interakcia ponúkne okamžité  vykreslenie elipsy alebo informáciu o 

neexistencii riešenia. Avšak bez vypracovanej časti a) príslušnej úlohy by sme 

nevedeli, čo program spracováva. To bol dôvod, prečo je najskôr zaradené 

riešenie a) pomocou rysovacích potrieb a následne riešenie b) pomocou softvéru 

GeoGebra. K ilustrácii vyberieme príklad 5. z II. skupiny príkladov (čísla 

obrázkov sú ako v texte [3]). 

 

Príklad 5.: Zostrojte elipsu ε, ak je dané ohnisko F1, jej dva body M, N (body 

F1, M, N sú nekolineárne) a dĺžka hlavnej polosi je určená dĺžkou úsečky KL. 

 

Riešenie: a) pomocou rysovacích potrieb, obr. 3 

Vstup: ohnisko F1, dĺžka hlavnej polosi a =|KL|, M, N  ε, obr.3a). 

 

                     a)                                                     b) 

 
Obr.  3: Riešenie príkladu 5 
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Postup konštrukcie: (Obr. 3b) 

1. Na polpriamke F1M zostrojíme bod Q, pričom |F1Q| = 2a = 2|KL|. 

2. Na polpriamke F1N zostrojíme bod P, pričom |F1P| = 2a = 2|KL|. 

3. Zostrojíme kružnicu k(M, |MQ|). 

4. Zostrojíme kružnicu l(N, |NP|). 

5. Vyznačíme k ∩ l = {F2, F2´}. 

Výstup: elipsa ε(F1, F2, M), ε'(F1, F2´, M) 

Diskusia: Počet riešení závisí na vzájomnej polohe kružníc k, l: 

- k ∩ l = {F2, F2´}, tak úloha má dve riešenia (obr. 3b)  

ε(F1, F2, M), ε´(F1, F2´, M), 

- k ∩ l = {F2}, tak úloha má jedno riešenie, 

- k ∩ l = , tak úloha nemá riešenie. 

 

Riešenie: b) pomocou softvéru GeoGebra 

Keďže čitateľ vie, čo zostrojoval, je vhodné použiť softvér GeoGebra, v 

ktorom je vykresľované riešenie s možnosťou zmeny vstupných dát. To je hlavný 

prínos GeoGebry – interakcia používateľa  medzi vstupnými dátami a riešením 

úlohy. 

  

príklad 5 

 

 

 
 

 

Obr. 4: Grafický výstup z GeoGebry pre príklad 5 
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4 Elipsa – zbierka cvičení 

K samostatnej práci a overeniu získaných poznatkov klasickou metódou t. j. 

pomocou rysovacích potrieb je zostavená zbierka cvičení. Odporúča sa zvoliť 

polohu resp. hodnotu vstupných údajov tak, ako ich ponúka zadanie ilustrované 

na obrázku. 

    Navrhnutých je 27 úloh, mnohé majú aj viac zadaní, označených a), b), c). 

Niektoré úlohy môžu mať dve riešenia, práve jedno riešenie alebo žiadne 

riešenie. 

 

Napríklad:  Zadanie 6. 

Zostrojte elipsu, ak je dané ohnisko F2 a vedľajší vrchol C, |F2C| = 2,5j, a veľkosť 

vedľajšej polosi je:  a) b = 3j ;  b) b = 2,5j;    c) b = 2j.   

Zbierka cvičení neobsahuje postup konštrukcie ani výsledky riešení. Je určená 

pre samostatnú prácu k overeniu získaných poznatkov z teoretickej časti či zo 

zbierky riešených príkladov. 

5 Záver 

Klasické metódy konštrukcie elipsy doplnené o interakciu v prostredí softvéru 

GeoGebra otvárajú širšie možnosti využitia. Najskôr tréning v syntetickom 

poňatí geometrických konštrukcií výrazne napomôže v technickej vizualizácii 

postupov nielen v deskriptívnej geometrii  či konštrukčnej geometrii.  

Našou snahou bolo, aby sme čitateľovi napomohli pri riešení úlohy tak, že : 

● vezme si papier a rysovacie potreby; 

● podľa zadania a návrhu hodnôt a polôh vstupných dát na obr. a) si ich   

   zakreslí; 

● podľa krokov postupu konštrukcie dosiahne údaje vhodné na vykreslenie  

   elipsy pomocou rysovacích potrieb, ilustrované na obr. b).  

Konštrukcie elipsy realizované pomocou rysovacích potrieb ale i v interakcii so 

softvérom GeoGebra súvisia s využívaním digitálnych technológií a predstavujú 

námet na inovatívne vyučovanie. 

Literatúra 

[1] M. Harant,O. Lanta: Deskriptívna geometria pre SVŠ, SPN, Bratislava 

1965  

[2] L. Koreňová: Digitálne technológie v školskej matematike, KEC 

FMFIUK Bratislava 2015, ISBN 978-80-8147-025-7 

[3] S. Kudličková, A. Mackovová:  Metrické konštrukcie elipsy, dostupné 

na internete: https://flurry.dg.fmph.uniba.sk/webog/sk/kudlickova-

vyucba/56-kudlickova/436-zobrazovacie-metody-2 

[4] A. Urban:  Deskriptivní geometrie I, SNTL, 1967 

126 Kudli£ková So¬a, Mackovová Alºbeta, Bátorová Martina



  

 

Možnosti zásuvného modulu GeoGebra 

systému Moodle 

GeoGebra plug-in options for Moodle 

Alexander Maťašovský, Tomáš Visnyai 

Institute of Information Engineering, Automation, and Mathematics, 

Slovak University of Technology in Bratislava 

Radlinského 9, 812 37 Bratislava, Slovak Republic 

email: alexander.matasovsky@stuba.sk, tomas.visnyai@stuba.sk 

Abstract. The aim of the article is to present the making of GeoGebra questions 

with randomly generated elements and their using in online quizzes through 

learning management system Moodle. 

Keywords: GeoGebra, online quiz, e-learning, e-testing. 

Kľúčové slová: GeoGebra, online test, e-vzdelávanie, e-testovanie. 

1 Úvod a motivácia 

V dnešnej dobe je samozrejmosťou, že na univerzitách jednotlivé predmety sú 

podporované aj elektronickými kurzami, kde študenti prihlásení do kurzov si 

môžu nájsť rôzne informácie, elektronické materiály k danému predmetu. 

V niektorých krajinách dokonca táto e-learningová forma vzdelávania nahradila 

tú klasickú formu vzdelávania. Na riadenie týchto elektronických kurzov 

existuje niekoľko systémov ako napríklad LMS Moodle (LMS – Learning 

Management System). 

Tieto systémy okrem iného, podporujú aj tvorbu elektronických úloh 

z ktorých je možné zostaviť test a poskytnúť ich študentom na otestovanie 

získaných a osvojených vedomostí. Výhodou elektronického testovania je 

okamžitá spätná väzba pre študenta a pre učiteľa automatické vyhodnotenie 

odpovedí, manažment známok, variabilita testov a iné. 

Prvý celoslovenský elektronický testovací systém pre základné a stredné 

školy vznikol v roku 2013 v rámci národného projektu Zvyšovanie kvality 

vzdelávania na základných a stredných školách s využitím elektronického 

testovania, ktorý realizoval Národný ústav certifikovaných meraní vzdelávania 

v rámci Operačného programu Vzdelávanie spolufinancovaný zo zdrojov 

Európskeho sociálneho fondu. Od roku 2015 vybrané základné a stredné školy 

sa každoročne zúčastnia na tzv. certifikačných testovaniach, ktorými sú pre 

základné školy Testovanie 5 a Testovanie 9 a pre stredné školy Maturita (pozri 

[2] alebo [5]). 

Najčastejšími typmi otázok v elektronických testoch sú uzavreté otázky ako 

úloha s výberom jednej správnej odpovede z ponúkaných možností, úloha 

s výberom viac správnych odpovedí z ponúkaných možností alebo úloha 
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zoraďovacia a otvorené otázky ako úloha s krátkou odpoveďou a úloha 

s doplnením odpovede/í do textu. Tieto systémy vedia jednoznačne vyhodnotiť 

len uzavreté otázky na základe definovaného kľúča správnych odpovedí. 

Odpovede na otvorené otázky ešte musia prechádzať manuálnou kontrolou 

zo strany učiteľa resp. hodnotiteľa. 

Tvorba divergentných úloh, pri ktorých existuje niekoľko alternatívnych 

riešení ako napríklad konštrukčné úlohy, vôbec neprichádza do úvahy, keď 

hovoríme o elektronickom testovaní. Pridávaním zásuvného modulu Otázka 

typu GeoGebra (question type) do LMS Moodle vyrieši tento problém. 

V nasledujúcej časti si ukážeme, ako vytvoriť geometrickú úlohu v Moodle 

pomocou GeoGebra a ako ju využiť v online testovaní. 

2 Tvorba úloh a testov 

V nasledujúcom predpokladáme, že čitateľ pozná GeoGebru aspoň na 

používateľskej úrovni. 

2.1 Tvorba úlohy v GeoGebre 

Úlohu do testu vytvoríme pomocou softvéru GeoGebra, ktorý je voľne 

dostupný a môžeme si ho stihnúť z webovej stránky pozri [3]. Alternatívnym 

riešením je tvorba úlohy v online prostredí GeoGebry. My sme si zvolili spôsob 

tvorby úlohy pomocou nainštalovaného softvéru v počítači. 

Ako príklad si ukážeme úlohu, ako znázorniť súčet dvoch vektorov. Postup 

konštrukcie je popísaný v nasledujúcich bodoch. 

1. Konštrukcia bodov A, C so súradnicami A=C=(0,0). 

2. Definovanie náhodných čísel bx, by, dx a dy ako 

NáhodnýPrvok({-1,1})*NáhodnýPrvok({1,2,3}). 

3. Definovanie čísla h=HodnosťMatice({{bx,by},{dx,dy}}). 

4. Konštrukcia bodu B so súradnicami B=(bx,by). 

5. Konštrukcia bodu D so súradnicami D=(Ak(h≟1,-dx,dx),dy). 

6. Konštrukcia vektorov u=Vektor(A,B), v=Vektor(C,D). 

7. Konštrukcia riešenia, ako súčet vektorov w1=u+v. 

8. Konštrukcia bodov E=(0,0), F=(1,0) a vektora, ktorý je definova-

ný týmito bodmi w=Vektor(E,F). 

9. Definovanie logickej hodnoty pre správnu (spr) a pre nesprávnu 

(nspr) odpoveď, pričom spr=w≟w1 a nspr=¬spr a do legendy 

si napíšeme spätnú väzbu (slovné hodnotenie) v tvare Správna 

odpoveď a Nesprávna odpoveď (pozri Obr. 1). 

Našou snahou je vytvoriť náhodne generovanú úlohu, preto v bode 2 sme 

súradnice koncových bodov vektorov definovali ako náhodné čísla z množiny 

{-3,-2,-1,1,2,3}. Vylúčili sme tak nulový vektor a pomocou podmienok z bodov 

3 a 5 sme vylúčili lineárne závislé vektory. Takto vytvorenú úlohu uložíme vo 

formáte ggb súboru. 
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Obr.  1: Definovanie správnej a nesprávnej odpovede 

2.2 Tvorba úlohy v Moodle 

Aby sme mohli nahrať GeoGebra úlohu do Moodle je nutné, aby bol 

nainštalovaný zásuvný modul GeoGebra question type, ktorý si môžeme 

stiahnuť zo webstránky (pozri [3]). Inštalácia si vyžaduje práva administrátora. 

V tejto časti sa predpokladá, že čitateľ pozná Moodle, vie ako sa vytvárajú 

úlohy a testy. V Moodle namiesto termínu „úloha“ sa používa „otázka“. Všade 

v ďalšom, kde na obrázku bude figurovať termín „otázka“, budeme pod nim 

rozumieť „úlohu“. 

 

 
Obr.  2: Vytvorenie úlohy typu GeoGebra v Moodle 

2.3 Nastavenia úlohy 

Po kliknutí na tlačidlo „Pridať“ (Obr. 2) sa zobrazia základné nastavenia úlohy, 

ktoré sú uvedené v nasledujúcich bodoch (pozri [1] a [4]). 

1. Kategória. 

2. Názov otázky – povinný údaj. 
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3. Text otázky – povinný údaj a môže obsahovať aj parametre; pozri tiež 

10. bod. 

4. Východzia hodnota známky – preddefinovanou hodnotou je 1. 

5. Všeobecná spätná väzba – je priestor na zadávanie textu, ktorý sa má 

zobraziť každému študentovi, keď zodpovedali konkrétnu úlohu. Toto 

pole sa dá rovnako využiť na zadávanie doplňujúcich informácií ako 

napríklad informácie o zdrojoch k danej téme. 

6. URL alebo ID pracovného listu GeoGebra – môžeme použiť buď 

tlačidlo Šíriť na stránke GeoGebra a kopírovať a vložiť odkaz, alebo 

použiť úložisko GeoGebra. Applet a jeho parametre sú uložené priamo 

v Moodle databáze. Applet nebude znova načítaný z GeoGebry, ak o to 

nepožiadame; pozri tiež 8. bod. 

7. ... alebo použi ggb súbor – pomocou techniky Ťahaj a pusť (Drag and 

drop) môžeme premiestniť nami vytvorený ggb súbor z nášho počítača 

priamo na toto miesto. Ak použijeme túto metódu zobrazia sa nám 

ďalšie pokročilé nastavenia úlohy. 

a. Povoliť pravé kliknutie a úpravy pomocou klávesnice. 

b. Povoliť premiestňovanie pomenovaní. 

c. Ukáž ikonu na resetovanie konštrukcie. 

d. Povoliť Shift-Drag a Zoom. 

e. Ukáž Menu. 

f. Ukáž paletu nástrojov. 

g. Ukáž príkazový riadok. 

8. (Znovu) načítanie a zobrazenie appletu – (znovu) načítanie appletu 

z GeoGebry a uloženie novej verzie do Moodle databázy. 

9. Existujú nejaké premenné, ktoré by mali byť náhodne zvolené? – môže 

mať hodnotu „Áno“ alebo „Nie“. 

10. Nastavovanie premenných za náhodné – zoznam premenných, ktoré by 

mali byť náhodne zvolené (oddelené čiarkami). Náhodne môžu byť 

zvolené len hodnoty posuvníka vytvorené v GeoGebre, pričom je 

definovaná jeho minimum, maximum a veľkosť kroku. Tieto premenné 

môžu byť tiež použité aj v texte zadania ako dynamické texty len 

musíme ich uviesť v množinových zátvorkách napr. {a} je odkaz na 

premennú „a“. 

11. Obmedzenia (podmienky) – ak existujú nejaké obmedzenia resp. 

podmienky pre premenné napr. a<b, tak ich možno uviesť na tomto 

mieste. Jednotlivé podmienky treba oddeliť pomocou čiarky. 

Podporované relácie medzi premennými sú <, <=, >, >=. 

12. Premenná n – ak chceme použiť automatické vyhodnotenie úlohy a ak 

GeoGebra applet obsahuje logickú premennú pre (čiastočne) správnu 

resp. nesprávnu odpoveď, tak toto pole sa vypĺňa automaticky 

po nahratí úlohy do Moodle. Nastavením známky, Moodle dokáže 

automaticky vyhodnotiť úlohu (Obr. 3). 
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13. Spätná väzba – je automaticky prevzatá z Legendy danej premennej 

GeoGebra súboru (Obr. 3). 

 

 
Obr.  3: Automaticky doplnená správna a nesprávna odpoveď z GeoGebra 

úlohy s hodnotením a s príslušnou spätnou väzbou 

2.4 Úloha v teste a vyhodnotenie odpovede 

Na základe nastavení úlohy v bode 2.3 sa v teste zobrazí dynamická úloha 

na tému súčet dvoch vektorov. Dynamická v tom zmysle, že každému 

študentovi sa náhodne zobrazia dva vektory a ich úlohou je premiestniť 

koncový bod zobrazeného vektora na správne miesto tak, aby reprezentoval ich 

súčet (Obr. 4 a Obr. 5). 

 

 
Obr.  4: Zobrazenie GeoGebra úlohy v teste vytvorenom v Moodle na základe 

nastavení (začiatočný stav) 
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Obr.  5: Automatické vyhodnotenie odpovede a zobrazenie spätnej väzby 

3 Záver 

Ukázali sme ďalšie, menej známe využitie GeoGebry vo forme testovacej 

úlohy prostredníctvom LMS Moodle a tým sme dali možnosť učiteľom zaradiť 

do didaktických testov aj úlohy zo širšej oblasti geometrie. 
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Abstract. As a byproduct of our recent papers [4], [6], and the
previous initiative of the first author, we have recently found an infinite
sequence of hyperbolic polyhedra Cw(2z, 2z, 2z) (6 ≤ 2z, 3 ≤ z odd
integer) which can be equipped with a fixed point free face pairing, as a
gluing procedure, so that the polyhedron become a compact hyperbolic
manifold. That means each point has a ball-like neighbourhood. The
visualization of such "finite Worlds" seems to be a timely task, and
we try to involve our students as well. First, we model the famous
hyperbolic football manifold, and restrict ourselves only for Cw(6, 6, 6)
manifold as in [6]. The description of fundamental groups and other
properties, moreover visualization of such "finite Worlds" seem to be
interesting problems, as well.
Keywords: Fixed point free isometry group of hyperbolic space, infinite
series of compact hyperbolic manifolds and possible material structures
(nanotubes).

1 Introduction
Complete Coxeter simplex (now orthoscheme) O = Wuvw, its extended
Coxeter’s reflection group G and its symmetric Coxeter-Schläfli matrix
(i, j ∈ {0, 1, 2, 3}

(bij) = (cos(π − αij)) =

=




1 − cos(α01) − cos(α02) − cos(α03)
− cos(α10) 1 − cos(α12) − cos(α13)
− cos(α20) − cos(α21) 1 − cos(α23)
− cos(α30) − cos(α31) − cos(α32) 1


 = (〈bi,bj〉

(1.1)
are mean tools of describing regular polyhedra in absolute geometry, their
metric realization in Euclidean space E3 (signature of (bij) is (+,+,+, 0)),
in spherical space S3 (signature is (+,+,+,+)), or in the Bolyai-Loba-
chevskian hyperbolic space H3 (+,+,+,−), respectively.

Here projective spherical space PS3(V4,V 4,R,∼+) on real (R) vector
space V4, its dual form space V 4, model points (see [5]): (x) = (y) iff
y = cx, x,y ∈ V4, c ∈ R+ (positive reals), planes: (u) = (v) iff v = 1

cu,
u,v ∈ V 4, 1

c ∈ R+. Point X = (x) is incident to plane U = (u)
iff xu = 0. It stands X ∈ u+, i.e. X lies in the positive half-space
(half-sphere) u+, iff xu > 0, i.e. the form u take positive real value
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on the vector x. Identifying opposite points (x) and (−x) (and forms
(u) ∼ (−u)), we get projective space P3(V4,V 4,R,∼) for modelling
Euclidean and hyperbolic geometry (also elliptic space) in the usual way.

For regular Platonic polyhedron P (u, v, w) we introduce the charac-
teristic Coxeter - Schläfli orthoscheme A0A1A2A3 (Fig. 1.a) where A3 is
the 3-centre (or solid centre) of the polyhedron, then A2 is a 2-centre
(face centre) of P , A1 is the 1-centre of an incident (to the previous face)
edge, finally A0 is a vertex of the previous edge. At the same time we
introduce the side faces b0, b1, b2, b3 of A0A1A2A3, so that bi = AjAkAl,
{i, j, k, l} = {0, 1, 2, 3}. Ai-s will be characterized by the vectors ai ∈ V4,
while bj-s will be by the forms bj ∈ V 4. The Kronecker symbol δji = aib

j .
just describes the incidences of the above simplex as a projective coordi-
nate simplex as well. For the regularity of P we assume (postulate) the
angles

∠bibj = αij , so that α01 =
π

u
, α12 =

π

v
, α23 =

π

w
,

(3 ≤ u, v, w ∈ N), the others are α02 = α03 = α13 =
π

2
(rectangle).

(1.2)
Thus, we also guaranteed A0A1A2A3 = b0b1b2b3 to be the characteristic
orthoscheme of the regular polyhedron P (u, v, w) with reular u-gon faces,
meeting v pieces at each vertex. Then π

u + π
2 + π

v > π ⇔ π
u + π

v >
π
2 for

the angle sum of spherical triangle, guarantees A3 as proper centre. This
is equivalent with

det




1 − cos πu 0
− cos πu 1 − cos πv

0 − cos πv 1


 > 0 and (+,+,+, ·) (1.3)

in the signature of the very important quadratic form

bijuiuj = (b00u0u0 + 2b01u0u1 + b11u1u1 + 2b12u1u2 + b22u2u2)+

+2b23u2u3 + b33u3u3.
(1.4)

Similarly, the vertex A0 will be proper iff

π

v
+
π

w
>
π

2
. (1.5)

Thus, the face angle α23 = π
w will be important for P , so that it will be

a space-filler regular polyhedron, w pieces meeting at each edges.
Now the hyperbolic regular mosaic (honeycomb) with congruent pieces

of P will be characterized just the determinant of (1.1) specified by

det(bij) < 0. (1.6)
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Figure 1:

Now we consider doubly truncated orthoschemes, as in Fig. 1.a , where
π
u + π

v < π
2 guarantees that A3 is outer point. Then we cut (truncate)

the simplex with its polar plane a3 = QEJ . Furthermore, we assume
that π

v + π
w < π

2 i.e. A0 is also outer vertex with truncating polar plane
a0. The corresponding minor determinant is also negative, as the com-
plete determinant in (1.6), too. Our aim in [2] was to construct the first
non-orientable series (besides orientable ones) on generalized regular poly-
hedron PQ with centre Q in Fig. 1.a, where 4u truncated orthoschemes
meet. Moreover, we intended to equip this PQ with face identification
(gluing procedure) so that this P̃Q has hyperbolic ball-like neighborhood
in each point. To that procedure u = v = w even was needed. But
then the complete (truncated) orthoscheme O =Wuuu have an additional
halfturn h about axis F03F12, where F03 and F12 are midpoints of A0A3

and A1A2, respectively. So the problem arises, whether a smaller hyper-
bolic space form (a half of the previous one) can also be constructed. Our
results are shortly formulated in (see [7])

Theorem 1.1 The cobweb manifold Cw(6, 6, 6) to Fig. 1 has been con-
structed by face identification in Fig. 1.b.

The fundamental group Cw(6, 6, 6) can be described by three generators
and three relations in formulas (2.13-15).

The volume of Cw(6, 6, 6) is ≈ 8.29565. The largest ball contained
in Cw(6, 6, 6) is of radius r ≈ 0.57941. The diameter of Cw(6, 6, 6) is
2R ≈ 3.67268.

2 Construction of cobweb manifold Cw(6, 6, 6)
By the theory of [8] we have to construct a fixed point free group acting
in hyperbolic space H3 with compact fundamental domain.
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In [7] and in the Introduction to Fig. 1 we have described the ex-
tended reflection group G(6, 6, 6) to the complete Coxeter orthoscheme
O = W666 and glued together the cobweb polyhedron Cw(6, 6, 6) as
Dirichlet-Voronoi (i.e. D-V) cell of the kernel point Q by its orbit un-
der the group G(6, 6, 6). Now by Fig. 1.b we shall give the face identi-
fication of Cw(6, 6, 6), so that it will be fundamental polyhedron of the
fixed-point-free group, denoted also by Cw, generated just by the face
identifying isometries (as hyperbolic screw motions).

The complete construction of C̃w(6, 6, 6) has appeared in Fig. 1.b with
face pairs, signed and numbered (from 1 to 24) edge triples, signed vertex
classes, all together 1 + 3× 3 = 10 vertex classes.

In the previous considerations we described the extended complete
reflection group G(6, 6, 6). Fig. 1.a, by its fundamental domain, where
the stabilizer subgroups of G can also be established. By gluing 4u = 24
domains at Q (whose stabilizer subgroup GQ is just of order |stabQG| =
4u = 24) we can "kill out" the fixed points of G.

To this v = u = 6 edge domains (signed by −−B) is just necessary and
sufficient at the former edge F03J of half W666 for a ball-like neighbour-
hood of points in −−B edges. This can be achieved by 3 screw motions
s1, s2, s3 for the 6 middle faces of the cobweb Cw(6, 6, 6), si : s−1

i →
si. The 12 images of the former F03 will form a vertex class �, since
|stabF03

G| = 4v = 24 and just 24(= 4u) domains will form the ball-like
neighbourhood at these 12 �-images.

The most crucial roles are played by the former edges at the halv-
ing planes of the orthoscheme W666 to the half-turn axis F03F12. The
stabilizers of the mirror points are of order 2 divided into two parts
at W666, namely at F03E02 and at F03E13 for the odd numbered edges
1, 3, . . . 21, 23, and of F12E02, F12E13 for the even numbered edges 2, 4,
. . . , 22, 24, respectively. The different roles of reflection mirrors of m1 and
m2, resp. m0 and m3 in the gluing procedure at Q yield that both edge
classes appear in three copies on the cobweb polyhedron Cw(6, 6, 6), each
of both classes maintains ball-like neighborhood at each point of them.

Now comes our tricky constructions for identifying the former half-
turn faces, furthermore the two base faces s−1 and s of Cw(6, 6, 6) with
each other (see Fig. 1.a). Two from the edge triple 1 (to F03E13) lie on
the faces s−1

1 and s1, we introduce the deciding third edge 1 (to F03E12)
and the orientation preserving motions a1 : a−1

1 → a1 and its inverse
a−1
1 : a1 → a−1

1 by the mapping faces a−1
1 , a1. This edge triple 1 with faces

s−1
1 , s1, a

−1
1 , a1 defines a third face pairing identification b2 : b−1

2 → b2 so
that

1 : a−1
1 s1 = b2 holds. (2.1)

Namely, three image polyhedra join each other, e.g. at the first 1 edge in
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space H3 (now in combinatorial sense):

a−1
1 (Cw)s−1

1 , s
s−1
1

1 (Cw)s
−1
1 b

s−1
1

2 , (b−1
2 )b2s

−1
1 (Cw)b2s

−1
1 a

b2s
−1
1

1 . (2.2)

Now comes again the identity polyhedron through the images

(a−1
1 )a1b2s

−1
1 (Cw)a1b2s

−1
1 (s−1

1 )a1b2s
−1
1 . (2.3)

That means we get

a1b2s
−1
1 = 1 the identity ⇔ b2 = a−1

1 s1, (2.4)

indeed as in (2.1).
This general method for space filling with fundamental polyhedron,

equipped by face pairing generated group, has been discussed in [3] in
more details.

The next edge class 3 defines the new face pairs with motion

3 : s1a
−1
1 : a1s

−1
1 → s1a

−1
1 and its inverse a1s

−1
1 : s1a

−1
1 → a1s

−1
1 .
(2.5)

The next edge class 2 (to edges F12E13, F12E02), again with triple, just
defines the identification of the base faces of Cw(6, 6, 6):

2 : s = (a1s
−1
1 )a1 : s−1 → s, (2.6)

as a screw motion s with 2π/3 rotation. Repeating s we get a "nanotube"
and - finally a tiling with it - for the later material structure.

For the edge triple 4 (to F12E13, F12E02) we get relation

4 : a1b
−1
2 (s−1

1 ) = 1 which will be a1(s
−1
1 a1)(a

−1
1 s1a

−1
1 ) = 1

a trivial relation for generators a1 and s1.
(2.7)

Our next "lucky" choice (it comes from the starting triples 1) for edge
triple 5 was influenced by the trigonal symmetry of our cobweb polyhedron
Cw(6, 6, 6). Then the triples 6, 7, 8 follow as formulas in (2.8) show

5 : s−1
1 b1, 6 : b1s

−1, 7 : (sb−1
1 )s1, 8 : (s−1

1 b1)s
−1(sb−1

1 s1) = 1. (2.8)

The last relation to edge class 8 is trivial again.
The procedure is straightforward now, and it nicely closes. The edge

triple 9 defines the face pairing motion

a2 : a−1
2 → a2 moreover, a new motion a−1

2 s2 = b2. (2.9)

The further triples 10 − 16 and identifications are completely analogous.
The same holds for edge triples 17 − 24, starting with the face pairing
motion a3.
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Figure 2:

It turns out that the first three screw motions s1, s2, s3 can be ex-
pressed by a1,a2,a3 and s at triples 2, 10, 18, respectively:

s1 = a1s
−1a1, s2 = a2s

−1a2, s3 = a3s
−1a3. (2.10)

The relation, to the middle edge class −−B of 6 edges yields then the
relation

1 = (a1s
−1a1)

2(a2s
−1a2)

2(a3s
−1a3)

2 (2.11)
for the fundamental group of our cobweb manifold Cw(6, 6, 6). But in this
cyclic process, the pairing motion b1 to edge class 5 is not independent.
Symilarly to 1 : b2 = a−1

1 s1 = s−1a1, as above, we cyclically obtain b1 =
a−1
3 s3 = s−1a3. So we get, at the edge class 7, the motion (sb−1

1 )s1 =
s(a−1

3 s)(a1s
−1a1),

1 = (sa−1
3 sa1s

−1a1)sa
−1
2 , (2.12)

as well at (2.11). Analogously, at edge class 19, so we get the relations

1 = (sa−1
1 sa2s

−1a2)sa
−1
3 ; and

1 = sa−1
2 sa3s

−1a3sa
−1
1 ; eliminating a3, we get

1 = sa−1
2 s(sa1s

−1a1sa
−1
2 s)s−1(sa−1

1 sa2s
−1a2s)sa

−1
1 ,

so 118 = sa−1
2 s2a1s

−1a1sa
−1
2 sa−1

1 sa2s
−1a2s

2a−1
1 .

(2.13)
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Figure 3:

Thus,a3 can be expressed, from (2.12) and (2.13), keeping 1↔ 2 symme-
try, and we obtain for the fundamental group Cw(6, 6, 6) three relations
for the three generators a1, a2, s. From (2.12-13) we get first (a 10 letters
relation)

110 = a1a1s
−1a1sa

−1
2 a−1

2 sa−1
2 s−1, (2.14)

Second, from (2.11) we obtain (a 38 letters relation), symmetrically with
indices 1 and 2,

138 = (a1s
−1a1)

2(a2s
−1a2)

2(sa1s
−1a1sa

−1
2 sa−1

1 sa2s
−1a2s)

2. (2.15)

But we do not give more details, e.g the first homology group H1 of
manifold Cw(6, 6, 6), by the commutator factorgroup of Cw(6, 6, 6) can
easily be determined, as Z3 × Z12 × Z6 direct product of cyclic groups.

Of course, this group Cw, is a subgroup of our former G(6, 6, 6) by
Fig. 1.b. These generators a1, a2, s can be expressed by the former
reflections m0, m1, a3 and the half-turn h about F03F12 (Fig. 1.a).

The above manifold Cw(6, 6, 6) with 6 = 2z, i.e. z = 3 = 4p − 1, i.e.
p = 1 provides us the analogous case Cw(14, 14, 14) with 14 = 2z, i.e.
z = 7 = 4p− 1, i.e. p = 2 (see Fig. 2). The screw motion s has a rotation
component 2π(z−1)

2z .

3 Construction of cobweb manifold Cw(10, 10, 10)
In this section we only note, that we obtain similarly to the above section
the cobweb manifold Cw(10, 10, 10). The face pairing structure of this
manifold can be derived by Fig. 3.a. Fig. 3.b shows the Dirichlet-Voronoi
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cell of group Cw(10, 10, 10) with kernel point Q (see Fig. 1.a). The screw
motion s has rotation component 2π(z−1)

2z . We plan to turn back to this
topic in more comprehensive paper.
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Abstract. The idea of tensigrity structures is very interesting. And the history 
of developing this idea is interesting either. Who is the original author 
of the concept? Master or pupil? The authors are trying to give the answer 
on the question, in the paper. And the general idea of tensigrity has been presented 
in it, too. 

Key words: tensegrity structure, architecture, geometry 

1 Introduction – the history of the idea 
The concept of “tensegrity”, tensional integrity, was firstly patented 

in 1962, by Richard Buckminster Fuller. But in real, the concept 
of the structure, which is composed of simple rods and strings, has been started 
earlier, and more then only one inventor had been working over it. The idea 
of tensegrity is most often associated with three creators: Richard Buckminster 
Fuller, Kenneth Snelson and David G. Emmerich. But the research of literature, 
which has been realised by authors, has led to conclude that the undoubted 
contribution to the formation of the concept of tensegrity is related to the work 
of the Soviet constructivists and Bauhaus professors. 

Each of three the most famous tensegrity creators, Fuller, Snelson 
and Emmerich, has patents related to the concept of tensegrity. [1] Two 
of them, Kenneth Snelson and Richard Buckminster Fuller, had possibility 
to work together over the concept, at the Black Mountain College in North 
Carolina, in the USA. The third one, David G. Emmerich, had been working 
regardless, in Paris, in France. Sneller's and Fuller's collaboration started 
by accident. Kenneth Snelson as a student of art had been met Richard 
Buckminster Fuller at the Black Mountain College in 1948. Fuller had been 
working there as a lecturer and Snelson had been assisted and helped him 
with construction of geometrical models which were necessary for Fuller' 
lectures. On a base of such relationship of academic teacher and student, 
Kenneth Snelson presented to Fuller his concepts of spatial structures, 
with the most important one, called by him X - Piece. Richard Buckminster 
Fuller was very interested in this structure and described it as “discontinuous - 
pressure - and continuous tension structural advantage”. Snelson’s model was 
a base for further Fuller’s publications connected with the idea of tensional 
integrity and even for his further patents of tensegrity structures. 
The background of Snelson’s spatial structure and his interest of them probably 
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went from another relationship of academic teacher and student. At the Black 
Mountain College, Kenneth Snelson took part in three - dimensional design 
class of Josef Albers, the teacher of Bauhaus. Josef Albers, during his activity 
in the USA, focused his interest in painting; he is known as the one of the most 
famous American colour specialists. At the Bauhaus he were working with 
another famous artist, Hungarian, Laszlo Moholy Nagy, the author of book 
for students of Bauhaus - Von Material zu Architecture. They were working 
together as the directors of the beginning course of the Bauhaus and they were 
responsible of metal and wooden workshops. Laszlo Moholy Nagy was special 
interested in the idea of constructivism. He had presented pictures of exhibition 
of works of the group of young Soviet artists called Constructivists in his book. 
The exhibition took place in Moscow, in 1921. There were presented 21 works 
there, and 9 of them, spatial structures constructed with rods and strings, were 
composed by Karl Ioganson, the Latvian artist. [2] 

It is very probably that Josef Albers during his three - dimensional design 
classes, which had been taken place in Black Mountain College, had inspired 
students by constructivism idea. In this area, unfortunately, such conclusion 
cannot be relied on publishing literature, one can only speculate on the basis 
of the description left by Kenneth Snelson, which presents its genesis 
of tensegrity. [3] But the third of the most famous creators of tensegrity, David 
G. Emmerich, left publication in which he describing work of Karl Ioganson 
Study in Balance and he related it to the Laszlo Moholy Nagy book. According 
to Emmerich’s description, Ioganson’s structure was consisted of three struts 
and nine cables, but he realized that cables were not prestressed. 

 
 
 
 
 
 
 
 
 
 

 
 

 
 
 
 
 

 
Fig. 1: Kenneth Snelson work - X - Piece; http://www.tensegriteit.nl/e-

xmodule.html 
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Fig. 2: Second exhibition of young artists - Moscow, 1921 - Works 
of Karl Ioganson - Spatial structures; http://monoscop.org/Karl_Ioganson 

2 The general idea 
Richard Buckminster Fuller have been described the tensegrity concept 

as islands of compression inside an ocean of tension. [3] But this definition is 
very broad and general. In accordance with this definition - inflated balloon 
could be classified as a tensegrity structure. Attempts to define the tensegrity 
system have been made by many researchers: Anthony Pugh (1976), Schodeck 
(1993), Bin-Bing Wang (1998), René Motro (2003) and many others [1] 

According to Valentin Gomez Jauregui publication, related 
to architectural application of tensegrity, tensegrity is a structural principle 
based on the use of isolated components in compression inside a net 
of continuous tension, in such a way that the compressed members, usually 
bars and struts, do not touch each other and the prestressed tensioned 
members, usually cables or tendons, delineate the system spatially. [Gomez…] 
The authors have adopted the following definition of tensegrity structures 
for research and comparative analysis: Tensegrity structures are spatial 
structures composed of simple rods and strings, in which mutual stabilization 
of the stretched and compressed elements occurs. They are characterized 
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by durability comparable to lattice systems. Tensegrity structures can be 
divided into several groups. One of the more precise subdivisions was 
formulated by Anthony Pugh and was based on the subdivision of flat 
structures and spatial structures. According to Pugh subdivision - flat structures 
are concentric or not concentric. Spatial structures are: regular, non regular, 
prismatic, spherical and others. [4] 

 
Tensegrity structures 

2D structures 3D structures 
concentric not 

concentric 
regular not 

regular 
prismatic spherical others 

Table 1. Subdivision of tensegrity structures according to A. Pugh 

3 Tensegrity structures in Architecture 
The research interests of authors are tensegrity structures occurring 

in architectural objects. In the context of the analysis of architectural spatial 
systems, the authors assume the division of structures into: open, closed, 
dependent and dispersed. Such division of spatial structures will enable 
comparative analyses of architectural objects in which tensegrity structures 
occur. Existing objects with a tensegrity structure can be subdivided into the 
following types: roof covering - roofing; buildings; bridges; artistic 
installations. 

The authors conducted a preliminary comparative analysis based 
on the accepted division of spatial structures for selected architectural objects 
such as: 
§ roof of world cycling centre in Aigle, Switzerland 2002 - Velodrome 

Architects - Pierre and Pascal Grand, 
§ roof of the sports and entertaiment hall Spodek in Katowice, Poland 1971 - 

architects - Maciej Gintowt, Maciej Krasiński, 
§ building “The Cloud” EXPO 2002, Yverdon-les-Bains, Switzerland, 

architects - Pierre and Pascal Grand, 
§ para-tension pavilion London, England 2010, architects - Guangyuan Li, 

Merate Barakat, Sebastian Nau, Sevinj Keyaniyan, 
§ Kurilpa Bridge, Brisbane, Australia 2009, architects - Cox Rayner 

Architects, 
§ Forthside Pedestrian Bridge, Stirlig, Scotland 2009, architect: Keith Brownl, 
§ Needle Tower, Washington, USA 1968, architect - Kenneth Snelson, 
§ Kenichi Kawaguchi's Arch, Tokyo, Japan 2011, architect - Kenichi 

Kawaguchi. 

144 Sroka-Bizo« Monika, Polinceusz Piotr



4 Conclusion 
Analysis of the research literature and preliminary comparative analysis 
of selected architectural objects allows formulating the following conclusions: 
§ the original definitions of tensegrity structures were based primarily 

on the experiment and analysis of the structure of the physical models 
of the structure, 

§ definitions of tensegrity structures formulated by Anthony Pugh and other 
researchers, based on the geometrical analysis of tensegrity structures were 
the basis for formulating of the mathematical model of these structures, 

§ formulated mathematical model of structures enables the use of computer 
tools for studying and analysing tensegrity structures, 

§ nowadays, the computer programs for parametric and generative design 
allow the analysis of tensegrity structures in a manner similar to the analysis 
of the physical model of the structure, 

§ subdivision of tensegrity structures formulated by Anthony Pugh, based 
on the geometrical analysis of tensegrity structures can be the basis 
for adaptation of these structures in architectural objects, 

§ formulating the additional spatial division of architectural objects, which 
takes into account the designing of the architectural space, made it possible 
to carry out a preliminary analysis of the architectural objects in which 
tensegrity structures occur, in the context of the shaping of architectural 
space which is very important in architectural contexts of the research, 

§ tensegrity structures used in architecture give the architect the freedom 
to shape architectural space, 

§ the use of kinematic elements in tensegrity structures enables dynamic 
shaping of the form of an architectural object, 

§ the use of kinematic elements in tensegrity structures enables dynamic 
regulation of sun exposure and ventilation of the building, during usage. 
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Abstract. The Euclidean geometry of quadratic cones is equivalent
to the study of spherical conics. The normal (or orthogonal) quadratic
cones have circular sections being orthogonal to vertex generators.
These cones can be generated by congruent pencils of planes with
intersecting axes. The corresponding conics are the spherical analogues
of Thales circles.
Equilateral quadratic cones are characterized by a vanishing trace. The
associated equilateral spherical conics have the property that the three
vertices of a regular right-angled spherical triangle can simultaneously
move along. Dualization yields cones which are the envelopes of triples
of mutually orthogonal planes. If cones of this type are tangent to a
regular quadric then their apices are located on a sphere. This reveals
the movability of ellipsoids in circumscribed boxes.

Keywords: quadratic cone, spherical conic, normal cone, equilateral
cone.

1 Introduction

A result of Linear Algebra says that for each quadratic cone (= cones of
2nd degree) with real points other than the apex exists a coordinate frame
such that the cone’s equation has the standard form

c1x
2 + c2y

2 + c3z
2 = 0 with c1 > 0 > c2 ≥ c3. (1)

Irreducible quadratic cones intersect the unit sphere centered at the apex
along two symmetric spherical conics. We call each connected compo-
nent of its intersection with the unit sphere a spherical ellipse. Spherical
ellipses share many properties with planar ellipses, e.g., the gardener’s
construction, or the optical property: all rays radiating from one focus
pass through the other focus.

Each point P on the sphere has an antipode P ∗. Therefore each spher-
ical ellipse can also be seen as one branch of a spherical hyperbola. Fur-
thermore, all spherical parabolas c are spherical ellipses with the major
axis 2a = π

2 [1, p. 444].

Among conic constructions which hold in the plane as well as on the
sphere, we mention the construction of Proclus (or de la Hire) for points
of ellipses. But also the centers of curvature at the vertices can be found
for planar and spherical ellipses in a similar way. The latter construction
can even be recognized as an analogue of that for planar hyperbolas.
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Figure 1: The semiaxes a, b and the eccentricity e of a spherical conic.

If a spherical conic on the unit sphere is given by the standard equation
(1) then the semiaxes a, b and the eccentricity e satisfy (Fig. 1)

tan2 a = − c1
c2

, tan2 b = − c1
c3

, cos a = cos b cos e.

We are going to study below the two particular cases:
• normal cones or conics are characterized by c1 + c3 = c2.

• equilateral cones or conics have a vanishing trace, c1 + c2 + c3 = 0.

2 Normal cones
The cone c1x

2 + c2y
2 + c3z

2 = 0 with apex O at the origin is normal if
and only if sin a = tan b. It is easy to confirm that exactly in this case
the circular sections of the cone, which are parallel to one of the planes
x
√
c1 − c2± z

√
c2 − c3 = 0, are orthogonal to one of the generators in the

plane y = 0 of symmetry.

Theorem 1. On the sphere the set of points P with <) APB = π/2, i.e.,
the spherical analogue of the Thales circle, is a normal conic c with A and
B as vertices on the minor axis (Fig. 2).

Proof. This can be proved using basic Descriptive Geometry: Let g, h
be the lines which connect the given points A,B, respectively, with the
center O of the sphere. We are looking for diameter lines p such that their
connecting planes with g and h are orthogonal. If we specify g in vertical
position then for any plane ε through g the normal line n through any
point H ∈ h to ε is horizontal, and n spans with h a plane orthogonal
to ε. The line p of intersection of these two planes passes through the
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Figure 2: The spherical analogue of the Thales circle is a normal conic.

pedal point of H in ε. For H 6= O, this pedal point lies on a horizontal
circle, due to Thales’ theorem. Therefore the lines p belong to a cone,
which contains a horizontal circle and a vertical generator g in a plane of
symmetry.

Remark. In other cases the spherical isoptic curves c for the segment PQ,
i.e., the sets of points X with <) PXQ = ϕ or π − ϕ, where ϕ 6= π

2 , are
spherical quartics (see [1, Fig. 10.20, p. 465].

In the plane, the constance of the angle ϕ of circumference and the
constant sum of interior angles in each triangle imply: Circles can be gen-
erated by an orientation-preserving congruence between two line pencils
P,Q. On the sphere the analogue curves are no more isoptic.

Theorem 2. An orientation-preserving congruence between the pencils
P , Q of great circles generates a pair of antipodal normal conics with the
spherical bisector of P and Q as the minor axis (Fig. 3).

Proof. By virtue of standard results of Projective Geometry, the given
congruence generates a pair of spherical conics c, and the great circle
1 = 2′ connecting P and Q corresponds to the respective tangents 1′ and
2 at Q and P . The angle bisectors 3, 4 of 1, 2 are mapped onto the angle
bisectors 3′, 4′ of 1′, 2′. Their points of intersection A ∈ 3, 3′ and B ∈ 4, 4′

lie on the orthogonal bisector of P and Q, which is an axis of symmetry
of the generated conic c. Hence, A, B and Q define c already uniquely,
and the conic c is normal, by virtue of Theorem 1.

Remark. After replacing one base point P by its antipode, we obtain a
similar result in the case of an orientation-reversing congruence.
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Figure 3: On the sphere an orientation-preserving congruence between
two pencils of great circles generates a normal conic.

3 Equilateral cones

x0
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cc
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Figure 4: In an equilateral conic a spherical octant can move around.

The cone (1) is equilateral iff c1 + c2 + c3 = 0, hence iff

sin2 b =
sin2 a

3 sin2 a− 1
, where

√
2
3
< sin a < 1.
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Figure 5: The conic p is inpolar to the conic c.

Theorem 3. In each equilateral spherical conic c a regular right-angled
triangle ABC can move around while all three vertices A, B, and C run
along c.

We prove this by using Projective Geometry.

Definition 1. A conic p is called inpolar (apolar) to the conic c if there
exists a triangle ABC auto-polar w.r.t. p and inscribed in c (Fig. 5).

Together with ABC there is a always one-parameter set of triangles GHK
which are auto-polar with respect to p and inscribed in c. All these
triangles are circumscribed to the conic ĉ which is polar to c w.r.t. p.

Proof. A result of von Staudt says: If the two triangles ABC and GHK
are auto-polar w.r.t. p the six vertices are located on a regular or singular
curve of degree 2. This curve is already uniquely defined by the five points
A,B,C,G,H .

We show that in the case of Theorem 3 the polarity in p means or-
thogonality in the bundle, and the cone c is equilateral. For this purpose
we need another theorem from analytic Projective Geometry [1, p. 420].

Theorem 4. Given p : xTPx = 0 and c : xTCx = 0 with symmetric
matrices P and C, with c containing real points.

Then, p is inpolar to c if and only if in the characteristic polynomial

det(σP + τC) = j0 σ
3 + j1 σ

2τ + j2 στ
2 + j3 τ

3

the coefficient of σ2τ vanishes, i.e., j1 = detP · tr(CP−1) = 0 [1, p. 420].

In our case we have P = I3, hence tr(C) = 0.
The sides of the moving triangle envelope another spherical conic ĉ.

The cones connecting c and ĉ with the center are mutually orthogonal.
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Figure 6: Boxes circumscribed to a tri-axial ellipsoid can move around.

A regular right-angled triangle circumscribed to ĉ can move such that all
sides remain tangent to ĉ. Such conics are called dual-equilateral.

Theorem 5. The point S = (ξ, η, ζ) is the intersection of three mutually

orthogonal tangent planes τ1, τ2, τ3 of the ellipsoid x2

a2 + y2

b2 + z2

c2 = 1 if

ξ2 + η2 + ζ2 = a2 + b2 + c2, (2)

and then Mτ1
2
+Mτ2

2
+Mτ3

2
= a2 + b2 + c2.

A parameter count reveals (Fig. 6): Boxes circumscribed to a tri-axial
ellipsoid, hence inscribed in the director sphere (2), can move around [2].

4 Conclusion
Almost all presented theorems can be found in the classical geometry
literature. Nevertheless, one can still enjoy their beauty and the elegance
of reasoning. Furthermore, they are also a challenge to use modern media
for their visualization.
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Abstrakt. Příspěvek má za cíl seznámit s historií a současností výuky deskriptivní 

geometrie na Stavební fakultě VUT v Brně a novými směry při vytváření výukových 

materiálů, především za pomoci dynamického systému GeoGebra. 

Abstract. The aim of the paper is to get acquainted with the history and the present 

of the tuition of descriptive geometry at the Faculty of Civil Engineering, BUT, and 

the new directions in the creation of teaching resources, especially with the help of 

the dynamic GeoGebra system. 

Klíčová slova: Konstruktivní geometrie Zoner Context, OtherCAD, LaTeX, 

GeoGebra.  

Keywords: Constructive geometry Zoner Context, OtherCAD, LaTeX, GeoGebra. 

 

1 Historie výuky deskriptivní geometrie na Stavební fakultě  

Ústavy matematiky I, II a Ústav deskriptivní geometrie vznikly bezprostředně po 

založení České vysoké školy technické v Brně v roce 1899. Stolice deskriptivní 

geometrie byla jednou z prvních čtyř, které byly na české technice v Brně v roce 

1899 založeny a tvoří tedy základ této školy. Zakladatelem Ústavu deskriptivní 

geometrie byl prof. Dr. Jan Sobotka. Po jeho odchodu na Filosofickou fakultu 

Karlovy university v roce 1904 vedl ústav prof. Bedřich Procházka a v roce 1908 

se ústavu ujal prof. Miroslav Pelíšek. Po odchodu prof. Pelíška na odpočinek v 

roce 1925 se stal jeho nástupcem prof. Ing. Dr. Josef Klíma. 

V letech 1946 – 1950 byl přednostou Ústavu deskriptivní geometrie prof. 

Klapka. V roce 1951 byla všechna  tři pracoviště (Ústavy matematiky I, II a 

Ústav deskriptivní geometrie) sloučena v jedinou Katedru matematiky a 

deskriptivní geometrie s vedoucím prof. Kauckým. V letech  1956 – 1961 

Slovak�Czech Conference on Geometry and Graphics 2017 153



 

 

vyučovala tato katedra matematiku a deskriptivní geometrii na všech znovu 

zřízených fakultách, od roku 1962 převzaly výuku na strojní a elektrotechnické 

fakultě nově vzniklé samostatné katedry matematiky. 

V průběhu v posledních zhruba třiceti let se postupně snižovala hodinová 

dotace předmětu Deskriptivní geometrie – z rozsahu 3/3 ve třech 

semestrech  přes 2/2 v zimním semestru a 0/2 v letním semestru až k dnešnímu 

2/2 v semestru letním. 

Zároveň se také měnil obsah kurzu. Například v akademickém roce 1992/93 

(rozsah 2/2, zkouška v ZS; 0/2, klasifikovaný zápočet v LS) obsahoval 

harmonogram v zimním semestru zejména promítací metody - Mongeovo 

promítání a kolmou axonometrii, dále pak šroubovici a plochy šroubové, rotační 

plochy a plochy zborcené. Obsahem letního semestru byla šikmá axonometrie, 

perspektivní promítání, osvětlení a topografické plochy. V současné době – na 

základě požadavků odborných ústavů – obsahuje harmonogram zejména 

kótované promítání, teoretické řešení střech a topografické plochy (při dotaci 2/2 

v LS, zkouška). 

Vývoj předmětu Deskriptivní geometrie nyní akreditovaného jako 

Konstruktivní geometrie doprovázel také vývoj studijních materiálů a pomůcek. 

Mnohé části byly v původní literatuře zpracovány jen okrajově a s ohledem na 

požadavky odborných ústavů vznikla nutnost doplnění, případně vytvoření 

nových výukových projektů. 

Od klasických tištěných skript pro výuku přednášek a cvičení přes CD-Rom 

s teorií a řadou řešených krokovaných příkladů (toto vzniká po roce 2000 s 

přechodem na bakalářské studium) až po dnes připravované studijní materiály 

v dynamickém systému GeoGebra. 

 

2 BA03 vs BA008 

Při přechodu na nově akreditovaný předmět Konstruktivní geometrie došlo 

k poměrně velkým změnám v obsahu předmětu, jak ukazuje následující 

srovnávací tabulka.  

 

BA03 – Deskriptivní geometrie 

 

1. Rozšířený euklidovský prostor. 

Princip promítání středového a 

rovnoběžného. Perspektivní 

kolineace, perspektivní afinita. 

2. Systém základních úloh, užití na 

příkladech. Mongeovo promítání. 

3. Mongeovo promítání. 

4. Mongeovo promítání. 

5. Axonometrická zobrazení. 

BA008 – Konstruktivní geometrie 

 

1. Rozšířený euklidovský prostor. 

Princip promítání středového a 

rovnoběžného. Perspektivní 

kolineace, perspektivní afinita. 

2. Systém základních úloh, užití na 

příkladech, kótované promítání. 

3. Kótované promítání (základní 

konstrukce, průmět tělesa). 
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6. Axonometrická zobrazení. 

7. Úvod do středového promítání. 

Lineární perspektiva. 

8. Lineární perspektiva. 

9. Lineární perspektiva. 

10. Teorie křivek a ploch. 

Šroubovice. 

11. Přímý šroubový konoid. 

Zborcené plochy. Zborcené plochy 

druhého stupně. Zborcený 

hyperboloid. 

12. Hyperbolický paraboloid. Plochy 

stavebně - technické praxe. 

13. Rezerva. 

4. Kótované promítání (řezy těles). 

Mongeova projekce – uvedení do 

problému. 

5. Topografické plochy (základní 

pojmy a konstrukce). 

6. Topografické plochy. Teoretické 

řešení střech. 

7. Teoretické řešení střech. 

8. Kolmá axonometrie. 

9. Kolmá axonometrie. 

10. Úvod do středového promítání. 

Lineární perspektiva. 

11. Lineární perspektiva. 

12. Lineární perspektiva. 

13. Rezerva. 

 

Současné studijní materiály však nepokrývají všechny partie nově 

akreditovaného předmětu BA008 – Konstruktivní geometrie a tak vyvstala 

potřeba tyto učební texty doplnit.  

Pro vytvoření stávajících studijních materiálů bylo v roce 2000 rozhodnuto 

použít autorský nástroj Zoner Context, přičemž dynamické obrázky byly 

řešeny pomocí OtherCADu. Nicméně toto řešení už v současnosti nevyhovuje a 

tak vyvstala otázka, v čem nové studijní materiály vytvářet. Nakonec se pro 

vytváření textů využilo typografického systému LaTeX a pro dynamické obrázky 

systému GeoGebra. 

3 Současné studijní materiály 

3.1 Zoner Context 

Zoner Context byl ve své době výkonný a univerzální autorský nástroj pro 

elektronické publikování. Podporoval vlastní pokročilou hypertextovou 

technologii, umožňující spojit širokou škálu dat – text a tabulky, grafiku, kresby, 

obrázky a multimédia. Vlastní plnohodnotný hypertextový „WYSIWYG“ editor. 

Umožňoval přehlednou stromovou strukturu obsahu, vyskakovací (pop-up) 

okna, tvorbu rejstříku klíčových slov, vytváření systémových odskoků, spouštění 

externích aplikací, kontroly hypertextových vazeb a vložených souborů, 

automatické generování matrice pro duplikaci CD-ROM. 

3.2 OtherCAD 

V případě programu OtherCAD se jednalo o původní český grafický systém 

firmy ALPRO, s.r.o. a jeho minimální verze byla doplněná o slideshow od Petra 

Slepičky. 
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Obr.  1: Výsledný vzhled CD-Romu Deskriptivní geometrie vytvořený 

pomocí Zoner Contextu 

 

 
Obr.  2: OtherCAD  
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OtherCAD umožňuje práci s vektorovou i rastrovou grafikou. Jedná se o 

modulární grafický systém, který neklade velké nároky na počítač ani na kapacitu 

disku. K základnímu systému lze doplnit velké množství profesních knihoven a 

nadstaveb. 

 

 

 

 
Obr.  3: LaTeX 

 

 

 

 
Obr.  4: GeoGebra 
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4 Nové studijní materiály 

4.1 LaTeX 

 LaTeX byl původně vytvořen Lesliem Lamportem. Jedná se o balík maker 

programu TeX, jenž umožňuje autorům textů sázet a tisknout svá díla ve velmi 

vysoké typografické kvalitě. LaTeX je dostupný zdarma a pro všechny rozšířené 

operační systémy. Vzhled dokumentu nezávisí na tom, pod kterým operačním 

systémem byl přeložen, umožňuje velmi dobré (ne-li nejlepší) možnosti tisku 

matematických textů. Součástí instalace LaTeXu jsou i konvertory do postscriptu 

a PDF. 

4.2 GeoGebra 

Tvůrcem GeoGebry je Markus Hohenwarter. Jedná se o multiplatformní 

dynamický software pro všechny úrovně vzdělávání. Spojuje geometrii, algebru, 

tabulky, znázornění grafů, statistiku a infinitezimální počet. GeoGebra je volně 

šiřitelný multiplatformní software. Instalace GeoGebry není nutná, plnou verzi 

programu lze kdykoliv spustit v internetovém prohlížeči. Program poskytuje 

autorizační nástroje k vytvoření výukového materiálu na webové stránce. 

5 Manuál pro tvorbu dynamických obrázků 

Do vytváření studijních materiálu byl zapojen i student 4. ročníku Stavební 

fakulty Jozef Sivčák, který se na Ústavu matematiky a deskriptivní geometrie 

jako „studentská pedagogicko-vědecká síla“ podílel na vytváření modelů pro 

výuku Konstruktivní geometrie a v současnosti pracuje na vytvoření podrobného 

manuálu pro konstrukci dynamických obrázků pomocí GeoGebry.  

Následuje ukázka z pracovní verze manuálu pro vytváření interaktivních 

příkladů v programu GeoGebra.  

 
 

NÁVOD K VYTVÁŘENÍ INTERAKTIVNÍCH 

PŘÍKLADŮ V PROGRAMU GeoGebra 

ÚVOD 

GeoGebra je dynamický matematický software, který propojuje geometrii, algebru a 

matematickou analýzu. Tento návod vám přiblíží zejména geometrickou část programu 

a konstrukci části vybraného příkladu na topografické plochy. Nachází se tu poznatky 

užitečné hlavně pro začátečníky s GeoGebrou a informace které se v čase vytváření 

tohoto podkladu těžko nebo vůbec nedaly dohledat na internetu. Jedná se o některé 

příkazy pro kreslení složitějších objektů (např. křivky – vrstevnice), dále princip a 
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vytváření krokování a animování konstrukcí příkladů a užitečné rady pro lepší 

přehlednost a orientaci v prostředí softwaru.  

1 ZÁKLADNÍ FUNKCE SOFTWARU 

Než začneme pracovat s GeoGebrou, představíme si pár nezbytných funkcí a 

nastavení programu, které bude vhodné k vytváření příkladu. 

 

1.1 NASTAVENÍ PROSTŘEDÍ 

Na začátek doporučuji zapnout v nabídce Zobrazit možnosti: Algebraické okno, 

Nákresna a Vstupní pole. V této nabídce dále vybereme možnost Rozvržení …, a na 

kartě Předvolby – Rozvržení  možnost Zobrazit nápovědu k panelu nástrojů.  

1.2 NASTAVENÍ VLASTNOSÍ OBJEKTŮ 

Změna vlastností objektů je potřebná z mnoha důvodů a využijeme to téměř při 

každém objektu. Například: zdůraznění některých objektů, přehlednost, barevnost 

konstrukce nebo zvýraznění výsledku příkladu.  

 

     Vlastnosti najdeme v oknu Předvolby, nebo když klikneme pravým tlačítkem myši 

na libovolný objekt v Nákresně nebo Algebraickém oknu. Nabídka vlastností, které se 

mohou měnit, závisí na vybraném typu objektu. Ve zkratce - GeoGebra umožňuje 

měnit základní vlastnosti (název, definice, popisek, zobrazit objekt, zobrazit popis + 

výběr popisu …), barvu a styl objektů – tyto vlastnosti se liší v závislosti na objektu 

(viz obrázek 4, 5 a 6). Dále se v tomto oknu nachází vlastnosti Pro pokročilé, kterými 

se budeme podrobně zabývat později při popisu krokováni a animováni konstrukce. 

Dalšími vlastnostmi jako Skriptování, Algebra, nebo pozice, se zabývat nebudeme. 

 

Obrázek 1 – okno Rozvržení 

Obrázek 2 – nabídka Zobrazit 
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     U textu je velkou výhodou možnost zadávaní v LaTeXu. 

 

     Rychlejší a praktičtější možnost úpravy se nám nabízí po označení 

kteréhokoliv objektu levým tlačítkem myši, hned pod horní lištou okna Nákresna 

(viz obrázek 7). 

 

     Nejpotřebnější vlastnost zobrazit/skrýt objekt se dá jednoduše zapínat/vypínat 

v algebraickém oknu klinutím na modrý/bílý bod vedle daného objektu (viz obrázek 

7). Slouží hlavně k zpřehlednění a vyčištění konstrukce od objektů, které jsou důležité 

pro zkonstruování příkladu, ale nedají se vymazat, protože na ně navazují další objekty, 

které by se odstranily taky. Vyčištění příkladu je znázorněno na obrázcích 8 a 9. 

2 KONSTRUKCE PŘÍKLADU 

2.1 SESTROJENÍ ZADÁNÍ 

Zadání jsme měli narýsované jenom na papíru a kvůli výsledku jsme potřebovali 

příklad co nejpřesněji přerýsovat do nákresny GeoGebry. Proto jsme využili možnost 

vložení obrázku, resp. Skenu, do nákresny a co nejpřesněji překreslili zadání. 

 

 

Obrázek 6 – kontextové menu 

objektu 

Obrázek 4 – vlastnosti úsečky 

Obrázek 5 – vlastnosti bodu 

Obrázek 3 – vlastnosti textu 
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 Vložení obrázku 

– možnost se nachází v nabídce Úpravy → Vložit obrázek z … vybereme 

úložiště Soubor nebo Schránka, následně vyhledáme obrázek a zvolíme 

Otevřít,  

– obrázek se dá jednoduše vložit taky přemístěním ze souboru do prostoru 

nákresny a GeoGebra si ho načte s dvěma uchopovacími body,  

– pomocí uchopovacích bodů se dá obrázek podle potřeby 

zmenšovat/zvětšovat a taky otáčet,  

– víme, že náš obrázek je sken A4, narýsujeme pomocí čtyř bodů (rohové se 

souřadnicemi rozměrů A4) a mnohoúhelníku formát s rozměrem A4 a 

naskenovaný obrázek uchopovacími body přesuneme do tohoto formátu, 

– body se tažením chytají k mřížce nebo se dají kdykoliv dvojklikem 

v algebraickém oknu přepsat jejich souřadnice. 

 Obkreslení zadání 

– zadání obkreslíme pomocí bodů, úseček, přímek, kolmic, rovnoběžek, 

osové i středové souměrnosti a jiných nástrojů z panelu nástrojů, jako 

bychom rýsovali za pomoci dvou pravítek a kružítka, 

– pro nanášení vzdálenosti využijeme kružnici s poloměrem nebo úsečku 

s pevnou délkou, 

– na vrstevnice použijeme křivku. Nenachází se v panelu nástrojů, ale kreslí 

se pomocí příkazu spline, který napíšeme do vstupního pole. Nejprve ale 

naklikáme na jednu vrstevnici minimálně 4 body (vrcholy a inverzní body 

křivky), doporučuji ale alespoň 6–8 bodů pro lepší manipulaci s křivkou, 

a až potom zadáme příkaz spline a vypíšeme body na vrstevnici přes které 

má  křivka procházet, 

– křivky nakopírujeme a pomocí bodů přesuneme a nastavíme přibližně na 

určené pozice,   

– dopíšeme textem označení objektů, případně text zadání, 

– nakonec vypneme nepotřebné objekty včetně podloženého skenu a 

zpřehledníme tak zadání přikladu.  

2.2 KONSTRUKCE ŘEŠENÍ 

…  

2.3 ANIMACE PŘÍKLADU 

… 

3 ZÁVĚR 

… 
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1 Úvod
V současné době je téměř nemyslitelné představit si výuku bez využ́ıváńı
techniky, zejména poč́ıtač̊u. Výpočetńı a daľśı technika je použ́ıvána ve
všech předmětech (technických, př́ırodovědných, ale i humanitńıch) a ani
matematika a geometrie nemůžou být výjimkou. Otázkou je, jakým zp̊uso-
bem zapojit techniku do výuky, neochudit studenty o výcvik praktických
dovednost́ı, ale naopak využ́ıt jej́ı potenciál. Speciálně pro geometrii je
významné zvyšováńı názornosti studované látky. V př́ıpadě použit́ı bo-
dových (tedy lokálńıch) konstrukćı (řezy, pr̊uniky, charakteristiky) umož-
ňuje poč́ıtačová podpora vizualizaci celku (tedy globálńı výsledek).

Skladba geometrických předmět̊u je na ZČU je velice široká a také stu-
denti, kteř́ı je navštěvuj́ı, jsou z r̊uzných studijńıch programů a dokonce
z r̊uzných fakult. Přednáš́ıme geometrii pro strojńı fakultu, kde máme
neǰsirš́ı záběr od zobrazovaćıch metod, přes analytickou geometrii až po
geometrii křivek a ploch, transformace objekt̊u a krátkého nahlédnut́ı do
geometrického modelováńı. Daľśımi našimi studenty jsou posluchači oboru
stavitelstv́ı, které seznámı́me se zobrazovaćımi metodami, křivkami a plo-
chami zejména ze syntetického pohledu a dále studenti programů Geo-
matika a Matematika, kterým k tomuto syntetickému pohledu nab́ıźıme
také pohled analytický a diferenciálńı a zprostředkováńı znalost́ı z geomet-
rického modelováńı. Dále jsou zde studenti programu Učitelstv́ı a studenti
Fakulty designu a uměńı, kteř́ı si z naš́ı nab́ıdky vyb́ıraj́ı geometrii podle
svého zaměřeńı.
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V nab́ızených předmětech je nutné nab́ıdnout jak teoretický základ,
tak podle typu předmětu vhodné praktiké ukázky formou ukázek prezen-
tovaných vyučuj́ıćımi, ale i samostatnou nebo skupinovou praćı s vhodným
geometrickým softwarem. Část student̊u procháźı i praktickou stránkou
vývoje modul̊u pro řešeńı geometrických úloh ve vhodném vývojovém
prostřed́ı (Matlab, Mathmatica).

2 Vybrané úlohy
V následuj́ıćım textu uvád́ıme některé z úloh řešených na praktickém
cvičeńı z předmětu Diferenciálńı geometrie. V těchto úlohách jsou pomoćı
softwaru Rhinoceros vizualizovány základńı pojmy diferenciálńı geomet-
rie, jako jsou ekvidistanty, křivosti křivek a křivosti ploch (teoretická část
využ́ıvá klasickou literaturu [1], [3] a pomocný učebńı text [2]). Studenti
se při práci se softwarem setkávaj́ı s problémy (někdy je vhodné je k nim
i nasměrovat), o kterých je vhodné s nimi diskutovat.

Př́ıklad 1 Pro elipsu zkonstruujte vnitřńı a vněǰśı ekvidistantu.

Řešeńı úlohy na teoretickém cvičeńı:
parametrizace elipsy: P (t) = (a cos t, b sin t), t ∈ R
normálový vektor: ~n = 1√

a2 cos2 t+b2 sin2 t
(a cos t, b sin t), t ∈ R

ekvidistanta: R(t) = P (t) + ~n · d, d ∈ R
R(t) = (( d√

a2 cos2 t+b2 sin2 t
+ 1)a cos t, ( d√

a2 cos2 t+b2 sin2 t
+ 1)b sin t),

d ∈ R

Vizualizace úlohy na praktickém cvičeńı:

Obrázek 1: Vykreslená ekvi-
distanta, kde d je menš́ı než ve-
dleǰśı osa elipsy

Obrázek 2: Vykreslená ekvi-
distanta, kde d je rovno vedleǰśı
ose elipsy

Otázky pro studenty k zamyšleńı a diskuzi:
1. Je ekvidistantou elipsy elipsa?

2. Funguje algoritmus výpočtu ekvidistanty správně?
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Př́ıklad 2 Vypoč́ıtejte 1. křivost šroubovice. Vymodelujte ji a proved’te
vizualizaci vektor̊u 1. křivosti.

Řešeńı úlohy (ve zkrácené formě) na teoretickém cvičeńı:

P(s) = (r cos s√
r2+c2

, r sin s√
r2+c2

, cs√
r2+c2

), s ∈ (−∞,∞)

Ṗ(s) = (−r 1√
r2+c2

sin s√
r2+c2

, r 1√
r2+c2

cos s√
r2+c2

, c√
r2+c2

)

P̈(s) = (−r 1
r2+c2 cos s√

r2+c2
,−r 1

r2+c2 sin s√
r2+c2

, 0)

1k =‖ P̈ ‖=
√

(r 1
r2+c2 )2 = r

r2+c2

Vizualizace úlohy na praktickém cvičeńı:

Obrázek 3: Šroubovice Obrázek 4: Vizualizace křivosti

Otázky pro studenty k zamyšleńı a diskuzi:

1. Co můžeme ř́ıct o prvńı křivosti šroubovice?

2. Jaký je problém vzhledem k prvńı otázce ve vizualizaci? Z čeho tento
problém vyplývá (jak je zřejmě šroubovice datově reprezentována)?

Př́ıklad 3 Vypoč́ıtejte Gaussovu křivost válcové plochy. Vymodelujte ji
a proved’te vizualizaci Gaussovy křivosti.

Řešeńı úlohy (ve zkrácené formě) na teoretickém cvičeńı:

X(s, t) = P(s) + tu, s, t ∈ R

g11 = P′ ·P′, g12 = P′ · u, g22 = u · u
h11 = P′′ · (P′ × u) · 1

||P′×u|| , h12 = 0, h22 = 0

K = h11h22−(h12)
2

g11g22−(g12)2 = 0
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Vizualizace úlohy na praktickém cvičeńı:

Obrázek 5: Ilustrace k para-
metrizaci válcové plochy

Obrázek 6: Vizualizace Gaussovy
křivosti

Otázky pro studenty k zamyšleńı a diskuzi:
1. Jaké typy bod̊u existuj́ı na válcové ploše?

2. Jaký problém vzhledem k předchoźı odpovědi vid́ıte ve vizualizaci
a č́ım je zp̊usoben?

3 Závěr
Při práci s geometrickým software docháźı k zaj́ımavým situaćım, kdy
vizualizace neodpov́ıdá našim výpočt̊um a je třeba diskutovat o tom, proč
tomu tak je. Někdy je na vině chyba v použitém algoritmu, pak můžeme
diskutovat o tom, jakým zp̊usobem je možné chybu ošetřit, jindy je to
zp̊usob ukládáńı dat nebo zaokrouhlovaćı chyba. Např́ıklad ve vizualizaci
Gaussovy křivosti můžeme diskutovat o rozsahu zobrazovaných hodnot a
př́ıpadném přenastaveńı přesnosti.

Pokud vhodným zp̊usobem využijeme jak výhod, tak nepřesnost́ı a
chyb geometrických softwar̊u, můžeme zvýšit přidanou hodnotu předmětu
a v́ıce ho přibĺıžit student̊um. Zejména se to týká teoretických předmět̊u,
jakým je v článku použitý př́ıklad Diferenciálńı geometrie.
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1 Introduction 

At the turn of the 1950s and the 1960s, several articles on new types of 

projections were written by authors such as Adam Zawadzki [1,2,3,4,7] and 

Stanisław Polański [5,6], associated with the Silesian University of 

Technology. 

This article constitutes a supplement to the work by Adam Zawadzki and 

Karol Bolek “Double-image parallel projection” [7], which, apart from the 

representation of the principle of double-image projection, includes a mapping 

of a line passing through two arbitrary points given, a projection of a line 

parallel to one of two directions, a line parallel to the projection plane, an issue 

of parallelism, a transformation of one of the directions, an issue of 

perpendicularity, and rabattement, and basic transformation. This article omits 

these issues yet supplements the record of projection parameters and related 

issues. This supplement allows for the restitution of objects on the basis of their 

double-image projection, as well as the possibility of use in technical issues in 

the longer perspective. 

2  Mapping principle 

Proposed by the authors, [7], the method of mapping the Euclidean space 

consists in adopting any projection plane of the projection plane  and adopting 

two directions k1 k2 non-parallel to each other or to the projection plane. For 

point P not belonging to projection plane , we lead two projection radiuses 

parallel to direction k1 and k2 respectively. These radiuses have common points 

with projection plane . Each of the radiuses penetrates the projection plane, 

while the penetration points are the projections of point P and are marked as P1 

P2. If the point lies on the projection plane, then both its projections are 

identical with this point, e.g. R=R1=R2 (Fig. 1). For a point P lying above the 
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projection plane , we assume line orientation P1P2 as positive. We will place 

a distinguished positive orientation in the form of an arrow described as k1,2 on 

the projection plane.  

2.1 Possibilities of restitution 

Unfortunately, the record of k1,2, orientation itself did not allow for restitution 

in this method of mapping. It was unnecessary due to the considerations 

contained in the description of the method [7]. The projections themselves do 

not allow for restitution. There are a lot of solutions for the given projections 

and unknown projection directions k1 k2 (Fig.2). 

2.2 Double-image parallel projection record 

For arbitrary directions k1 and k2 satisfying the condition k1,k2 In order to 

record all parameters allowing for restitution, it is necessary to determine two 

directions, i.e. two lines. In general, four points of the Euclidean space are 

needed. If one point is common to both lines, then three points are sufficient. 

Assuming that two of these three points can lie on the projection plane , these 

two points are unequivocally described with their projection. The third point 

remains which, in principle, cannot lie on the projection plance, since it would 
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Fig. 1 Double-image parallel projection mapping principle [7] 

 

 
Fig. 2 Records of orientation k1,2 and projections of point P(P1,P2) do not 

allow for its restitution 
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mean that k1,k2, which is contrary to the assumption made earlier. For an 

unequivocal point record, we need e.g. a normal projection and a point height, 

two projections into perpendicular projection planes, etc. Adopting the version 

with a normal projection and the height of apoint, we may adopt the convention 

that we select the third point so that it is at a height of one unit and lines 

parallel to directions k1 and k2 will pass through it. However, determining the 

length of the unit vector will be then necessary. Therefore, the method of 

moving any point together with providing its height seems correct. Thus, the 

placed record will be reduced to providing the position of the points 

determining this mapping, 1,2,N,X (where: 1 - projection of the point in the 

direction k1, 2 - projection of the point in the direction k2, N - normal 

projection of the point, X - point rabattement), wherein segment NX will 

always be perpendicular to segment 12.  

3 Restitution of a point in the base of its double-image 

projection 

With orientation k1,2 and points N,X as well as double-image projections of 

point R in the form of points R1,R2 (Fig. 4c) the remaining data can be 

constructed for the restitution of R, i.e. points Rn,Rx. In the figure, points 1,2 

were exceptionally marked on orientation k1,2 which is not needed, yet in this 

case necessary for legibility and clarity of the construction and its description. 

 

 
Fig. 3 Record of information necessary for the restitution of point 

Q(Q1,Q2,Qn,Qx) 

 
Fig. 4  a) record proposed by the authors [7], b) supplemented record 

allowing for restitution, c) restitution of point R and S R on the 

basis of their two projections R1,R2 and S1,S2 as well as recorded 

directions of projection (12NX). 
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In order to find point Rn, we use the parallelism of lines NN1RnR1 and 

N2RnR2, and find the searched point by constructing the corresponding 

parallel lines. Point Rx, which is found using parallelism 2XR2Rx and 

NXRnRx remains to be constructed. Instead the second parallelism 

NXRnRx, we may also use parallelism RnRxR1R2.  

A similar algorithm is used for point S with data S1 and S2, except that point 

S lies below the projection plane. 

It is worth noting that knowing two projectionsof a point, e.g. T of four 

(T1,T2,Tn,Tx) unequivocally determining the the position of a point in space, we 

can determine the position of the remaining two points on the basis of the 

similarity of quadrangle 1,2,N,X.  

4 Line mapping 

Most of the issues related to the line have already been developed, yet some 

issues have not yet been addressed. Without providing additional information 

concerning projection directions, it is not possible to distinguish between 

perpendicular line projections and lines creating other angles with the 

projection plane. 

Figure 5 shows a suitable example. In case of a line perpendicular to the 

projection plane and the given projection directions k1 and k2, the projections of 

the lines will be parallel to the projections of the projection directions.  

5 Transformation  

The issue of projection direction change has already been developed. 

Supplementing the record with projection directions 11,21,N1,X1 in case of 

changing the projection plane requires the determination of parameters for the 

new projection plane to describe the projection direction - points 12,22,N2,X2. 

 

Fig. 5 In the case of a simple perpendicular to the viewport and the given 

projection directions k1 and k2, the projections of the straight lines will be 

parallel to the projections of the projection directions. Projections of line 

b with a record of its normal projection, a simplified record for line c 

sufficient for an unequivocal interpretation of the projections 
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We have mapping parameters 1
12 (11, 21, N1, X1) on projection plane 1 and 

projections A11, A21 of point A respectively from the projection direction k1 and 

k2. Let the new projection plane2 be determined with line x1,2, which, similarly 

to Monge's projections, will be the edge of projection planes 1 and 2 and 

dihedral angle 1,2, formed by the two projection planes. In order to simplify 

the record of this angle, planeperpendicular to line x1,2

projection onto that auxiliary projection plane were adopted. We must find the 

projections of point A on projection plane 2 maintaining unchanged projection 

directions k1 and k2. The construction of points 12, 22, N2, X2 is based on 

finding the points of penetrating the projection plane with projection radiuses k1 

k2 with projection plane 2. A line parallel to the projection plane 1 and a 

rectangular projection applied on the projection plane perpendicular to axis x1,2. 

were used here. The concise nature of the study does not allow a complete 

discussion of the structure. It seems unnecessary for persons familiar with 

descriptive geometry. 

6 Application 

Observing Google maps at different times, it can be noticed that the image 
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Fig. 6 Introduction of a new projection plane with projection directions 

maintained 

a) b) c)  
Fig. 7 Images of two identical adjacent buildings featured in Google maps 

at different times a) earlier b) current c) projections constructed on the 

basis of images (yellow sections) 
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shooting parameters are changing (Fig. 6a, 6b). The images are taken from the 

circumterrestial orbit and it can be assumed that for ordinary buildings this is 

not a perspective projection but a parallel projection. With two images taken 

from different satellite positions, it can be assumed that we have two parallel 

projections of the same element at our disposal. By combining these two 

images, we get a double-image projection of the object. We only need to 

combine the projections of the same points. Having an object of a known 

height, we can construct points defining the directions of projection k1 and k2. 

7 Conclusions 

The presented supplement may allow the use of a double-image parallel 

projection in technical applications implementing satellite imagery. 
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1 Introduction 

Analytic representation of classical geometric photogrammetric methods used 

for 3D data reconstruction from uncalibrated images, supported by epipolar 

geometry strategies, enable development of reasonably precise algorithms for the 

reconstruction of selected objects depicted in 2 photographic images taken from 

stable positioned cameras. Corresponding images of real points selected on 

reconstructed objects have to be detected manually, which leads to certain 

incorrectness in performed calculations. Aim of the project was to find methods 

for optimisation of calculation results and some improvements of basic algorithm 

for calculations of real data – 3D coordinates of points from 2D coordinates of 

their images in 2 photos, and real distances between selected points. Interactive 

user-friendly application CamWitt with Graphical User Interface has been 

developed for manual detection of corresponding pairs of images of points on 

selected objects in 2 uncalibrated photographic images of reconstructed 3D 

scene. Application was supported by calculation module written in C++ 

programming language. Implementation was based on previous algorithm testing 

in software package Maple. Parallel comparison of calculation results has been 

performed using programming language Python, in order to detect possible 

errors. The analysis of algorithm aimed to test its robustness, constraints and its 

failures due to specific unsuitable input data geometric configurations have been 

performed, too.  

Project partners cooperating on project, Slovak University of Technology in 

Bratislava and Criminological and Expertise Institute of Ministry of National 

Defence of Slovak Republic, solved different tasks related to their expertise. 

Scientists from university developed application CamWitt and implemented 

algorithm in the supportive calculation module. Criminalists, who opted to use 

project results in their criminalistics practise, dealt with the construction of tested 

3D scenes in their photogrammetric laboratory, where photographic images were 
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taken by installed stable cameras with known calibration. Two experimental 

scenes were generated, see in Fig. 1 and Fig. 2, in both a cube was selected as 

reconstructed object whose real dimensions had to be calculated by developed 

algorithm. Calibration was done by detection of 6 pairs of corresponding points 

in the 2 photographic images of scenes. These points were visibly marked for 

better detection, avoiding thus, to a certain extent, some incorrectness that could 

occur in calculations due to improper detection of their position in the scene. 

Then, related pairs of points would be not really corresponding.  

 

 

Fig. 1: Example of 2 views of tested 3D scene with selected object – cube 

 

 

Fig. 2: – More complex example of 3D scene with selected object – cube 

2 Algorithm analysis 

Results of the analysis proved some of the originally stated hypothesis derived 

in accordance with the experiences gained by using experimental data.  

Hypothesis 1. 3D scenes displaying weak space variability perform worse results 

and are not suitable for precise reconstructions.  

Scene in Fig. 1, example of a weak space variability (only 3 visible perpendicular 

planes) was not very suitable for precise reconstruction, and calculations of 3D 

coordinates of selected vertices on depicted cube were overloaded by higher 

percentage of errors. Scene in Fig. 2, with higher variability of different objects, 

enabled homogeneous distribution of points used for calibration, therefore 

calculated results were more realistic and precise.   
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Various approaches were used in order to optimise calculation results not 

depending on the detection of corresponding pairs of points in their views in 

images of the 2 testing scenes. They were related to changes in input parameters 

– distance of cameras (estimated parameter, which need not be precise), focal 

distance (variable with respect to camera self-focusing), position of principal 

point in image (view of centre of projection). Comparison of calculation results 

in different algorithm implementations are presented in the following tables. 

Table 1 contains columns with results of 3 different implementations (CamWit 

– C++, original implementation in Maple, new optimised implementation in 

Maple), including input parameters (distance of cameras, focal distance – 

position of focus to image plane, horizontal position, vertical position), number 

of used scene (1, 2), name of tested edge, calculated length of this edge, its real 

length, and columns with difference of calculated and real length of the edge in 

mm and in percentage. 

Table 2 shows five most precise results of searching for minimal differences by 

means of changing focal length in scene 1. Table 3 brings survey of all resulting 

differences for various configurations of parameter focal distance f, horizontal in 

row and vertical in column. 

 

 
Distance of 

cameras,   Length Difference 

Algorithms 

Implement. 
focal length, 

X, Y, points Scene Edge Calculated Real [mm] [%] 

CamWit 

1100, 2432, 2736, 

1824, 10 1 G 552,6 550 2,6 0,47% 

CamWit 
1100, 2432, 2736, 
1824, 10 1 E 525,7 530 -4,3 0,81% 

CamWit 

1100, 2432, 2736, 

1824, 10 1 F 88,0 88 0,0 0,00% 

CamWit 

1100, 2432, 2736, 

1824, 10 1 F1 83,1 88 -4,9 5,57% 

CamWit 
1100, 2432, 2736, 
1824, 10 1 B 439,9 450 -10,1 2,24% 

CamWit 

100, 5320, 

2736,1824, 15 2 B2 67,0 88 -21,0 23,86% 

CamWit 
100, 5320, 
2736,1824, 15 2 B1 64,7 88 -23,3 26,48% 

CamWit 

100, 5320, 

2736,1824, 15 2 B 71,4 88 -16,6 18,86% 

CamWit 
100, 5320, 
2736,1824, 15 2 C1 16,8 88 -71,2 80,91% 

CamWit 

100, 5320, 

2736,1824, 15 2 C 24,3 88 -63,7 72,39% 

CamWit 

100, 5320, 

2736,1824, 15 2 A 19,4 102 -82,6 80,98% 
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CamWit 

100, 5320, 

2736,1824, 15 2 A1 29,4 102 -72,6 71,18% 

Maple orig. 

1100, 2432, 2736, 

1824, 18 1 G 500,32 550 -49,68 9,03% 

Maple orig. 
1100, 2432, 2736, 
1824, 18 1 E 481,87 530 -48,13 9,08% 

Maple orig. 

1100, 2432, 2736, 

1824, 18 1 F 79,19 88 -8,81 10,01% 

Maple orig. 
1100, 2432, 2736, 
1824, 18 1 F1 76,44 88 -11,55 13,13% 

Maple orig. 

1100, 2432, 2736, 

1824, 18 1 B 384,45 450 -65,55 14,57% 

Maple new 
1100, 2432, 2736, 
1824, 18 1 G 501,00 550 -49,00 8,91% 

Maple new 

1100, 2432, 2736, 

1824, 18 1 E 476,20 530 -53,80 10,15% 

Maple new 

1100, 2432, 2736, 

1824, 18 1 F 79,40 88 -8,60 9,77% 

Maple new 
1100, 2432, 2736, 
1824, 18 1 F1 75,50 88 -12,50 14,20% 

Maple new 

1100, 2432, 2736, 

1824, 18 1 B 394,30 450 -55,70 12,38% 

Maple new 
120, 5320, 
2736,1824, 31 2 B1 62,60 88 -25,40 28,86% 

Maple new 

120, 5320, 

2736,1824, 31 2 B 313,20 88 225,20 255,91% 

Maple new 
120, 5320, 
2736,1824, 31 2 C1 45,47 88 -42,53 48,33% 

Maple new 

120, 5320, 

2736,1824, 31 2 C 331,20 88 243,20 276,36% 

Maple new 

120, 5320, 

2736,1824, 31 2 A 172,30 102 70,30 68,92% 

Table 1 – Part of results from testing on real data 

 

Parameter change 
Differences between  

calculated and real results [mm] 
In total 

[mm] 
Focal 
length 

Horizont. 
position 

Vertical 
position 

G E F F1 B 

-5% -5% 10% 0,53 7,95 0,28 3,82 29,43 42,00 

-5% -5% 5% 2,00 14,77 0,70 2,46 27,81 47,73 

-5% -5% 0% 2,48 19,44 0,94 1,43 25,30 49,59 

-5% 0% 5% 13,81 7,22 2,49 4,94 26,95 55,40 

-5% 0% 10% 14,72 13,24 2,80 6,18 25,42 62,35 

Table 2 – Best results for variable focal distance in scene 1 
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Data presented in tables prove certain assertions, which can be regarded useful 

as guide for choice of best data input and algorithm self-improvements, and 

which were proved to be valid during testing real data in experimental scenes.  

A1. Complicated scenes are more suitable and enable more accurate calculations 

of reconstruction. 

Taking into consideration only algorithms in programme CamWit, average 

difference in scene 1 is 1,82 %, while in scene 2 up to  53,52 %. In the 

implementation Maple new it is even higher (11,08 % vs. 135,68 %) 

A2. Higher number of detected pairs of points in images does not guarantee 

higher precision.  

Algorithms Maple new in scene 2 was calculated with 31 points but the error 

remained quite high (135,68 % in average). 

A3. Errors can be very different for various edges.  

Algorithms Maple new in scene 2 and edge B1 showed small error (28,86 %) 

comparing to edge C, where the relative error was almost ten times higher 

(276,36 %). 

A4. Algorithm is not able to improve precision of results in all directions and 

domains, from the provided input data. 

Data in Table 2 show that although difference on all edges decreased under 10 

mm, difference on edge B remains over 25 mm. This fact can cause a problem 

provided not enough reference distances are available. 

A5. Even the simple form of algorithm can find the best possible solution by 

means of consequent change of parameters   

Best results can be seen for values [-1, -1, 2] (see Table 2). Simple form of 

algorithm searching for the best result, which starts in the arbitrary point 

and proceeds by one step in just one direction, finds this best results in 56 % of 

various initial positions. In all other situations it could end up in some of the 

points [-2, 0, -2], [-2, 2, 2], [0, -2, -2]. These open possibilities for design of more 

intelligent searching algorithms with smaller steps (actually it is 5 %), which 

could find more precise solution. Parallel running of several algorithms from 

different positions could more reliable prove that found solution is really the best 

possible (actually from 4 parallel running algorithms at least one could find the 

best solution with probability almost 96 %). 

3 Conclusions 

Interactive application CamWitt equipped with the calculation module for 3D 

data reconstruction from 2 photographic images of 3D scene based on classical 

geometric photogrammetric methods and concepts of epipolar geometry was 

presented. Application was tested on experimental data and its robustness and 

preciseness have been analysed with respect to suggested modifications of the 

set of input data, namely distance of two cameras, focal distance, and changing 
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position of principal point in the image in vertical and horizontal direction. 

Statistical analysis of differences in real and calculated distances of detected 

points in the 2 images of 2 experimental scenes were presented and compared, 

and possible assertions useful for configuration data detection leading to most 

precise calculations were formulated and explained.  

Other improvements of the reconstruction algorithms are possible, namely 

combination of various searching algorithms in the space of solutions for 

different input parameters and due to change in the calculation of the 

fundamental matrix, or their combination. New experimental scenes must be 

generated to analyse suggested optimisation approach, and also real scenes from 

the practical reconstruction problems should be considered. 
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Abstract. In the contribution, we talk about synthetic methods in
the projective extension of the real plane or three-dimensional space
for solving problems of projective incidence and affine geometry. We
use the concept of von Staudt’s „Wurf“ , defined in his Beiträge zur
Geometrie der Lage, and the derived property that cross-ratios are
invariant under projective transformations. The concept of choosing an
infinite hyperplane is used for making hypothesis in an affine space to
solve projective problems and vice-versa. Insight into the von Staudt’s
constructions on the projective scale is given. The methods are shown
on some examples in elementary planimetry and stereometry.
Keywords: Projective geometry, synthetic geometry, synthetic method.

1 Introduction
Projective geometry was systematically formalised by Karl Georg Chris-
tian von Staudt on synthetic reasoning in his Geometrie der Lage [1] and
Beiträge zur Geometrie der Lage [2]. In contrast with current fashion in
textbooks on projective geometry, we follow this point of view and show
some intuitive synthetic ways of solving problems with the use of projec-
tive geometry. We avoid deeper theoretical issues and suggest well written
book [5] in both synthetic and analytic way, for further reading.

2 Synthetic projective methods
The real projective space can be defined in various ways. Von Staudt
constructed it in an axiomatic manner based on the incidence property
by composition of perspectivities. A classical textbook in which incidence
projective geometry is constructed axiomatically is [3]. Our method of
projection follows this point of view. Another construction of the projec-
tive space may be obtained by projective extension of the affine or eu-
clidean space. We only need to add infinite points corresponding to affine
directions. Currently, the most common definition is of existential nature,
where projective space is vector space up to scalar multiplication. Sub-
traction of a hyperplane from the projective space gives an affine space.
Last two definitions suggest possibility of working with infinite elements,
which leads to the method of selection of the infinite hyperplane.

2.1 Method of projection
The basic machinery for treating projective geometry synthetically is the
method of projection. Von Staudt called placement of four elements in
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some (one-parametric) system „Wurf“ („throw“). The value of throw is an
analogue of our cross-ratio. Two important facts are needed: Perspectivi-
ties preserve cross-ratio. Projectivity is a perspectivity or composition of
perspectivities. Perspectivities are denoted by [, projectivities by Z. We
demonstrate the method on the following property, which can be found
in ([3], p.12).

Theorem 1. Let us have four collinear points A,B,C and D. The cross-
ratios (A,B;C,D) and (B,A;D,C) are equal.

Proof. (Figure 1) We need to find the sequence of perspectivities, which
maps the points A,B,C and D to B,A,D and C, respectively. Let O be
an arbitrary point not on the line AB and draw a distinct line through
the point D.

Assume the following composition
of perspectivities:

ABCD
(O)

[ A′B′C ′D

A′B′C ′D
(A)

[ OXC ′C

OXC ′C
(B′)

[ BADC
therefore ABCD ZBADC
and (A,B;C,D) = (B,A;D,C).

Figure 1: Method of projection.

2.2 Method of selection of the infinite hyperplane
The second method consists of selecting the infinite line (in RP2). If we
draw a picture on a paper or computer screen, we consider it embedded
in an affine plane (there simply exist parallel lines). To think projectively,
we have two choices: We can accept directions of parallel lines to be the
infinite points and work in our affine plane of the paper. On the other
hand, we can select the infinite line in the paper, which is the line of
points of intersections of original parallels (more properly, we perform
a collineation which maps the infinite line onto a finite line). Figure 2
demonstrates the idea on two images of the same parabola.

Using the method, we can clarify, from our experience in elementary
geometry in affine setting, why some projective constructions work. In
Figure 3 (Left) is the common interpretation of the „von Staudt’s con-
struction“ of addition of two elements A1 and B1 on the projective scale
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Figure 2: (Left) The infinite line is mapped onto a finite line. (Right) The
infinite line is the set of intersections of parallels.

given by the projective coordinate system 01, 11,∞1 (for details see [5],
pp. 89—91, [4], pp. 20—24, 88—91). The construction is performed in
the following steps:

Figure 3: Addition on a projective scale.

1. choose an arbitrary point S not on the line A1B1 and join it with
01 and B1

2. choose an arbitrary distinct line (green) through∞1 and not passing
through S

3. join the intersection of the line 01S and the green line with A1, and
find its intersection with the line S∞1

4. join the last intersection on the line S∞1 with the intersection of
the green line and B1S and find its intersection point A1 +B1 with
the line A1B1

If we consider the line S∞1 to be the infinite line, it is analogous to the
affine situation, and the construction becomes much easier to understand.
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Translation of the oriented segment 01B1 to an arbitrary parallel line in
the „direction“ of S and another translation of the segment to point A1

may be one of the interpretations. Figure 3 (Right) shows the construction
of addition on a conic. The join of the intersection of the tangent at the
point ∞ with the line AB with the point 0 intersects the conic in the
point A+B. Von Staudt used similar constructions to form the fields of
real and complex numbers ([2], vol. 2).

The most important construction in synthetic projective geometry is
the construction of the harmonic conjugate D of the given point C with
respect to a pair A,B (Figure 2.2). The cross-ratio of such points, har-
monic quadruple, is (A,B;C,D) = −1.

1. choose two arbitrary distinct
points E and F not on the line
AB

2. find the intersections G of the
lines AE and CF , and H of
the lines BE and CF

3. join the intersection I of the
lines AH and BG with E

4. the point D is the intersection
of the lines AB and EI

Figure 4: Construction of the harmonic conjugate.

Figure 5: Transformations of the harmonic conjugate construction.
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If we consider the line EC to be the infinite line, the point D is the
midpoint of the segment AB, and the construction becomes the paralle-
logram rule in the affine setting (Figure 5) (Left) or a simple property of
a rectangle in the euclidean plane (Figure 5) (Right).
The construction of the harmonic conjugate can be effectively used for
solving the following property, which is usually proven in elementary ge-
ometry with the use of areas of triangles or homotheties.

Theorem 2. Let ABHG be a trapezoid, where AB‖HG and E be the in-
tersection point of AG and BF . The intersection point I of the diagonals
AH and BG lies on the median of the triangle ABE through E.

Proof. We will conveniently transform the theorem into the projective
extension of the real space.

Let C be the intersection of par-
allel sides AB and HG. Nam-
ing CE the infinite line, we have
the construction for harmonic con-
jugate, where A,B,C and D form
harmonic quadruple. Hence, the
point I lies on the join of E and
the midpoint of AB.

Figure 6: The property of trapezoid.

Our last construction can be taken as a planar generalisation of the har-
monic conjugate construction on a line. Strictly speaking, we will find the
pole of a line with respect to a triangle. Poles and polars with respect
to a triangle are described for example in [6], pp. 61—62. Let us have a
triangle ABC and a line l∞ in a plane (Figure 7, Left).

1. choose an arbitrary point V not in the plane ABC and join it with
the vertices of the triangle

2. choose an arbitrary distinct plane ρ through the line l∞ and find its
intersection points A′, B′ and C ′ with the lines AV,BV and CV ,
respectively

3. find the intersection point O of the planes ABC ′, BCA′ and ACB′

4. the point T (pole of the line l∞) is the intersection of the line V O
and plane ABC

Again, if we transform our problem into an affine setting with l∞ being
the line at infinity, the point T is nothing else then the centroid of the
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Figure 7: A pole and polar with respect to a triangle.

triangle ABC. Figure 7 (Right) shows the net of the pyramid ABCV in
which we can easily notice three constructions of harmonic conjugates on
the sides of the triangle ABC.

3 Conclusion
We described and gave new applications of synthetic methods of projection
and selection of the infinite hyperplane on examples of some elementary
geometric properties and projective constructions. The given methods
show that we can effectively use intuitive „projective“ thinking not only
to solve projective, but also affine or euclidean problems.
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Velichová Daniela ÚMF SjF, STU v Bratislave
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